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Announcement : 
 
"The LIGO and Virgo collaborations were very proud to 
announce that, on September 14th 2015 at 9:50 AM, the 
two LIGO interferometric detectors recorded an event, 
called GW150914, that was identified as the passage of a 
gravitational wave produced by the coalescence of two 
black holes of respectively 29 and 36 times the mass of the 
sun, located at a distance of 1.3 billion light-years.
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Who are "we" ?

The collaborations
LSC (LIGO Scientific Collaboration)
Virgo

Together they form the LVC (LSC-Virgo Collaboration) since 2007
A network of interferometric observatories  
Advanced LIGO, Advanced Virgo and GEO

Detectors that contributed :
LIGO Hanford
LIGO Livingston

Data analysis :  
LIGO Scientific collaboration  
               + Virgo
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First direct detection of gravitational waves and first direct 
observation of a black hole binary
And we did it twice !!!!

On December 26, another event (GW151226) was detected
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properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.
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from 35 Hz to a peak amplitude at 450 Hz. The signal-to-
noise ratio (SNR) accumulates equally in the early inspiral
(∼45 cycles from 35 to 100 Hz) and late inspiral to merger
(∼10 cycles from 100 to 450 Hz). This is different from the
more massive GW150914 binary for which only the last 10
cycles, comprising inspiral and merger, dominated the
SNR. As a consequence, the parameters characterizing
GW151226 have different precision than those of
GW150914. The chirp mass [26,45], which controls the
binary’s evolution during the early inspiral, is determined
very precisely. The individual masses, which rely on
information from the late inspiral and merger, are measured
far less precisely.
Figure 1 illustrates that the amplitude of the signal is less

than the level of the detector noise,where themaximum strain
of the signal is 3.4þ0.7

−0.9 × 10−22 and 3.4þ0.8
−0.9 × 10−22 in LIGO

Hanford and Livingston, respectively. The time-frequency
representation of the detector data shows that the signal is not
easily visible. The signal is more apparent in LIGO Hanford
where the SNR is larger. The SNR difference is predomi-
nantly due to the different sensitivities of the detectors at the
time. Only with the accumulated SNR frommatched filtering
does the signal become apparent in both detectors.

III. DETECTORS

The LIGO detectors measure gravitational-wave strain
using two modified Michelson interferometers located in
Hanford, WA and Livingston, LA [2,3,46]. The two
orthogonal arms of each interferometer are 4 km in length,
each with an optical cavity formed by two mirrors acting as
test masses. A passing gravitational wave alters the

FIG. 1. GW151226 observed by the LIGO Hanford (left column) and Livingston (right column) detectors, where times are relative to
December 26, 2015 at 03:38:53.648 UTC. First row: Strain data from the two detectors, where the data are filtered with a 30–600-Hz
bandpass filter to suppress large fluctuations outside this range and band-reject filters to remove strong instrumental spectral lines [46].
Also shown (black) is the best-match template from a nonprecessing spin waveform model reconstructed using a Bayesian analysis [21]
with the same filtering applied. As a result, modulations in the waveform are present due to this conditioning and not due to precession
effects. The thickness of the line indicates the 90% credible region. See Fig. 5 for a reconstruction of the best-match template with no
filtering applied. Second row: The accumulated peak signal-to-noise ratio (SNRp) as a function of time when integrating from the start of
the best-match template, corresponding to a gravitational-wave frequency of 30 Hz, up to its merger time. The total accumulated SNRp

corresponds to the peak in the next row. Third row: Signal-to-noise ratio (SNR) time series produced by time shifting the best-match
template waveform and computing the integrated SNR at each point in time. The peak of the SNR time series gives the merger time of
the best-match template for which the highest overlap with the data is achieved. The single-detector SNRs in LIGO Hanford and
Livingston are 10.5 and 7.9, respectively, primarily because of the detectors’ differing sensitivities. Fourth row: Time-frequency
representation [47] of the strain data around the time of GW151226. In contrast to GW150914 [4], the signal is not easily visible.
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Context

Gravity and General Relativity
Linearized gravity
Gravitational waves
Generation of gravitational waves
Scientific goals of a detection

The full calculations can be found, for example, in :  
“General Relativity”, M.P. Hobson, G. Efstathiou and N. Lasenby Cambridge University Press 
“General Relativity”, R.M. Wald, The University of Chicago Press 

A very nice general public introductory book :  
“A Journey into Gravity and Space-time", J. A. Wheeler, Scientific American Library 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How does it work ? 

One of the main ingredients : gravity
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How does gravity work ?

Newton :

9
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How does gravity work ?

Experiences show that this is not a complete picture
Einstein : «General Relativity» (GR) theory

A mass "bends" and "deforms"  
space-time

The trajectory of a mass 
is influenced by the curvature of space-time
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How does gravity work ?

But this is only a picture !
Space-time is not an elastic surface in  2 dimensions !
Very difficult to represent in 3 (rather 4) dimensions
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"Curved" space-time

What is a curved space ? ( = "manifold" )
examples : sphere, saddle

Can we measure curvature ?
we cannot see our space from "outside"
but we can measure angles
the sum of the angles of a triangle  
is not always equal to      !
positive curvature 

negative curvature

12
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Curvature of space-time

Newton : space is Euclidian (flat) and time is universal
flat space-time !

General Relativity
space is curved and time is defined locally

one cannot go "out" to see the curvature

"intrinsically" curved space

intrinsic curvature

go straight (free fall) = follow a "geodesic" 

note that the time is also curved !

as a first approximation, finds  
the results (trajectories) of newtonian mechanics

Rµ⌫
�
1

2
gµ⌫R

=
8⇡G

c4
Tµ⌫
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"Reminder" about tensors

Tensor = mathematical object
Does not depend on the coordinate system
Extends the notion of vector
In a specific coordinate system,  
                                     multidimensional array
Example : electrical conductivity of an anisotropic cristal

Note : summation is implicit over repeated indices  
                                                                                      (Einstein convention)
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The metric

In space-time, measure
the distance between two points
the angle between two vectors

Measure of the distance between two infinitesimally close events in 
spacetime
Need a "metric", start from the "line element" seen in special relativity :

Which can be written

          is the metric of a flat spacetime, the Minkowski spacetime, used 
in special relativity

and dx

0 = dt, dx

1 = dx,

dx

2 = dy, dx

3 = dz

15
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The metric

But the space is not flat !
The metric can be general : 

It contains all information about spacetime curvature
It is a rank 2 tensor
The curvature is also defined by another tensor, which depends on         ,  
the Ricci tensor 
But what generates curvature of spacetime ?

16
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The Einstein field equations

Answer : the energy-momentum content of spacetime !
this includes mass

Einstein Field Equations :

Energy-momentum bends spacetime
being far from some energy density doesn't mean there is no bending !

Spacetime tells mass (energy momentum) how to move
These equations are non-linear

curvature term energy-momentum 
term

17

still c = 1 !

would be           
.
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New effects (w.r.t. Newtonian mechanics) but faint
the trajectory of some celestial bodies is modified (Mercury)
light follows the geodesics of space-time,  
its trajectory is curved nearby the sun  
                                                   (or any other body)

Novelties of the General Relativity

Eddington, 1919 18



Damir Buskulic, GraSPA school, Annecy, July 2016

Novelties of the General Relativity

19
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Linearized gravity

General Relativity (Einstein, 1916)
Minkowski flat space-time with a small perturbation of the metric

where (Minkowski flat space-time metric) :

and                      is a perturbation of this metric

then...

gµ� = �µ� + hµ�

hµ� � 1

20
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start from the Einstein equations

First step
linearization of all the constituents

replace           by 
remove the higher order terms in 

One obtains an equivalent equation which is still complicated
Have to change variable   

where the trace reverse is defined as :  

Linearized gravity

gµ� �µ� + hµ�

hµ�

h̄µ� ⇥ hµ� �
1
2
�µ�h

21
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In General Relativity, the physics doesn't depend on the choice of 
coordinate system (gauge)
Choose a particular set of coordinate systems  
where a certain condition is met, that simplifies the equations

The field equations may be written as :

Where        is the d'Alembertian (or the wave operator) :

Linearized gravity

22

Gauge condition
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In vacuum (                ), the Einstein field equations are equivalent to a 
wave equation :  
 
 
 
 
with a gauge condition :  

where c = 1 and a harmonic gauge choice

in the following, consider solutions

Gravitational waves

Tµ� = 0

�µh̄µ� = 0

23
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Gravitational waves

Constraints
Satisfying the wave equation                         :  
 
 
 
                                             
Use the gauge conditions                          :  
 
 
 
 
⇒  6 remaining independent elements in the amplitude tensor

k�k
� = 0

� h̄µ� = 0

� �2 = c2|⇥k|2 ⇒  the wave propagates at the speed of light c

�µh̄µ� = 0

k�A
�⇥ = 0

24

c = c for a 
moment
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Can still simplify the expression of the amplitude
Among the set of coordinate systems, choose a particular one such that

for a wave traveling along the z axis, the amplitude is then :

choice                                      ,   polarization called “+”
choice                                      ,   polarization called “x”
This particular gauge (coordinate system) is called Transverse Traceless (TT)

Gravitational waves

A11 = 1, A12 = 0
A11 = 0, A12 = 1

A0� = 0 ⇒  number of independent elements further reduced to 2

25

h = amplitude  
of the wave
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The complete metric in this gauge is now :

and a line element is

Gravitational waves

26
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Gravitational waves

Proper length between two test masses in free fall

h is the relative variation in proper length between the two test masses

if dt=0 (proper length) and
look only along the "x" direction

27
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Effect of spacetime curvature

Set of test masses
distributed on a circle
non interacting among themselves
freely floating above Earth's surface (static curvature)

Effect of curvature on the set :
Lengthen in one dimension
Shrink in the perpendicular one

28
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Effect of the gravitational waves

Effect of GW on matter
Same set of free falling test particles distributed on a circle  

  illustration of the metric variation

“+” polarisation Circular polarisation

29
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Effect of the gravitational waves

Change of the distance between masses

30
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Why does a massive system lose energy ?

Argument by Kalckar and Ulfbeck, central point : time delay
System : a mass m oscillating around a fixed center of attraction of mass M

in 1 dimension

Time needed for gravity to propagate
when traveling inbound (towards M)  
force        felt by m when it was farther
when traveling outbound (away from M)  
force        felt by m when it was closer

 
the oscillating motion of m is damped
energy of the system reduces
energy was taken away by gravity ! 

31
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Generation of GW

Emission of the gravitational waves
Linearized Einstein equations with a stress-energy tensor

Use Green functions
Solutions of the wave equation  
in the presence of a point source (delta function)

Retarded potential  

�h̄µ� = �16�G

c4
Tµ�

32

now c = c
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Approximations :
isolated source
compact source
observer far from the source (                            >>  typical size of the source)

Amplitude of the wave written as a function of 

Remark : 
     Need a quadrupolar moment to generate a GW, the dipolar case is impossible 
(because of momentum conservation).

Generation of GW

= reduced quadrupolar 
moment of the source

Ii j

Ii j

=
�

source
d�x xixj T00(t, �x)

h̄ij(t) =
2G

Rc4

d2Iij

d t2

�
t� R

c

⇥

33
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Generation of GW

Example of a source : rotating neutron star
but not completely spherical (like a «rugby ball»)

Or two neutron stars orbiting around each other
Everything that rotates around an axis that is not a cylindrical symmetry 
axis

... raising your hand should generate gravitational waves !

34
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Scientific goals

Confirmation of GW
Study properties, test GR

Speed = c ? Really quadrupolar ?

Measure the Hubble constant
Coalescing binaries should be standard candles  
if the redshift and distance are known

Detectors on earth, in space

Detectors on earth, in space

Detectors on earth, in space

Impossible with only 
one detector for most 

of the sources
Build a worldwide 

observatory  
of gravitational waves

35

Done !



Damir Buskulic, GraSPA school, Annecy, July 2016

Scientific goals

Study characteristics
of neutron stars 
of solar mass black holes (BH)

Ellipticity, vibration modes, higher order moments, population…

Study supermassive black holes 
cartography of space-time around a supermassive BH (Kerr).
study of their distribution, galactic evolution

Stochastic background of GW :
first moments of the universe ?

...

Detectors on earth

Detectors in space

Detectors on earth ?
Detectors in space ?

36



Detection of gravitational waves by 
optical interferometry

Historical introduction
Principle of the interferometric detectors
The noise makes the detector
From Virgo to Advanced Virgo (AdV)
A world wide detector network

A rather complete and very pedagogical introduction :  
“Fundamentals of Interferometric Gravitational Wave Detectors”, P.R. Saulson, World Scientific, 1994 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History

First idea : resonant bars or spheres
J. Weber 1966 : the GW changes the resonance 
condition of a resonant bar of a few tons
Claims the detection of GW (1968-1969)

Various problems, other experiments have 
not confirmed the discovery

Other idea : measure the time of flight of 
photons between two test masses, 
Michelson interferometer

Gertsenshtein & Pustovoit (1962)
First interferometer for GW : 
    R. L. Forward & al (1971)
Foundations for the modern interferometers :  
    Rainer Weiss (1972) 

38
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Resonant detectors

J. Weber 1966 : the GW changes the resonance condition of a resonant bar of a 
few tons
 Many other experiments until the mid-2000's
 
sensitivity : 
fs = 700� 1000 Hz, �f = 50� 200 Hz

h � 10�19 à 10�21

39



Interferometric detectors : 
Principle of detection
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Detection principle

�LL
�

La
se

r

MirrorsBeamsplitter

Detector

LA

LB
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Detection principle

Michelson interferometer

The detector measures the 
optical path length difference 

between the two arms

most of the elements (mirrors, 
injection and detection 

systems) are suspended and 
behave like free falling masses 

in the interferometer plane  
( for                     )f � fpend

42
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Detection principle

Photon in a field , general case

Particular case : wave along z, polarization “+” along one of the arms

Round trip time of the photons,  
integration on the path, for example for the arm along x 

Consider
round trip in one arm
wavelength of the GW  >>  length of one arm 
                                                         independent of the position along the arm
period of the GW << round trip time of the light in one arm

ds2 = 0 = �c2dt2 + (1 + h+(t))dx2 + (1� h+(t))dy2 + dz2

ds2 = 0 = g�⇥dx�dx⇥ = ��⇥dx�dx⇥ + h�⇥dx�dx⇥

1
c

⇤ L

0
dx =

⇤ �aller

0

1⌅
1 + h+(t)

dt ⇥
⇤ �aller

0

�
1� 1

2
h+(t)

⇥
dt

�OG � L ⇥ h+(t)

� h+(t) = cte = h+
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Detection principle

For the arm along the “x” direction

arm along “y” : 
time difference (suppose h constant) if :

accumulated phase difference : 
proportional to h and L 

⇧ �arx

0

�
1� 1

2
h+(t)

⇥
dt ⇥ 1

c

⇤⇧ L

0
dx�

⇧ 0

L
dx

⌅
=

2Lx

c

= �arx �
1
2

� �arx

0
h+(t)dt = �arx �

1
2

� 2Lx
c

0
h+(t)dt

� �arx =
2Lx

c
+

1
2

� 2Lx
c

0
h+(t)dt

⇥ �ary =
2Ly

c
� 1

2

� 2Ly
c

0
h+(t)dt

�⇥ar =
1
2
h+

�
2Lx

c
+

2Ly

c

⇥
= h+

2L

c

Lx = Ly = L

�⇧ = ⌃laser �⌅ar =
4⇤

⇥laser
Lh+
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Angular response

Interferometer angular response
Average on the polarization of the incident wave

Bras du détecteur

Pas de signal
Pas de signal

Pa
s d

e 
si

gn
al

Pa
s d

e 
si

gn
al

“quasi” omni-directional  
detector

F+ = �1
2
(1 + cos2 �) cos 2⇥ cos 2� � cos � sin 2⇥ sin 2�

F� =
1
2
(1 + cos2 �) cos 2⇥ sin 2� � cos � sin 2⇥ cos 2�

�L

L
= F+(⇥,⇤, �) h+ + F�(⇥,⇤, �) h�

�
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Sources of gravitational waves
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Main sources

Impulsive (or burst) sources
Supernovae
Compact binary system coalescences  
(neutron stars or black holes)

Periodic sources
rotating neutrons stars

What about the Gamma Ray Bursts ?
short GRBs may be coalescences

T ⇠ms, n⇠ kHz, h⇠ 10�21�10�24 à 15 Mpc

h⇠ 10�23 à 10 Mpc

n⇠ 1 Hz - 1 kHz, h⇠ 10�25 à 3 kpc

T ⇠mn, n⇠ 10 Hz - 1 kHz,

D Eichler, M Livio, T Piran, and D Schramm.  
                                                  Nature, 340:126, 1989.
R Narayan, Paczynski, and T Piran. 
                                            Astroph. J., 395:L83, 1992.
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Sources : Coalescences

Binary system of compact objects
One of the most promising sources for detection :

Black hole - black hole (BHBH)
BH - Neutron star (NS)
NS - NS

h⇠ 10�23 à 10 Mpc
T ⇠mn, n⇠ 10 Hz - 1 kHz,

48
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Generation : binary system

Example : binary system of two compact objects
Masses m1 and m2

Distance between the objects : a
Total mass :

Reduced mass : 

Newtonian approximation

3d Kepler law :

Take circular orbits

Compute        and        , the amplitude of the two modes of the emitted  
wave seen by an observer situated at a distance               

Relative coordinates :                                   ,                              ,  

µ =
m1m2

M

M = m1 + m2

h+ h�
R� a

x1(t) = a cos �t x2(t) = a sin�t x3(t) = 0

� =
�

GM

a3

49
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Generation : binary system

One obtains

h+(t) =
4Gµa2⇥2

Rc4

1 + cos2 �

2
cos 2⇥t

h�(t) =
4Gµa2⇥2

Rc4
cos � sin 2⇥t

A

B

Observer A :  
sees the two polarizations

Observer B :  
sees a linear polarization

cos � = 1

cos � = 0
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Radiated power per unit solid angle

Radiated power non zero whatever the direction of emission

Generation : binary system

dP

d�
=

2Gµ2a4⇤6

⇥c5
P(�)

P(�) =
1
4
(1 + 6 cos2 � + cos4 �)

A :

B

P(0) = 2

P(�/2) = 0.25

Total radiated power

P =
32Gµ2a4�6

5c5
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Generation : binary system

Some examples
Sun-Jupiter system

Very small, compared to the light power emitted by the sun : 

Binary pulsar PSR1913+16 (Hulse and Taylor) :

mJ = 1.9� 1027kg, a = 7.8� 1011m, � = 1.68� 10�7s�1

⇥ P = 5� 103 J/s

L� ⇥ 3.8� 1026 J/s

P = 7.35� 1024 J/s
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Generation : binary system

Consider simplified Newtonian case (so called "order 0").
Radiated energy taken to the gravitational energy of the system

Grav. energy of the system decreases, radius of the orbits decreases
Frequency of the GW increases

Conservation of energy :                            ( E total energy of the system )

Newtonian

Hence

dE

d t
= �P

E = �G
m1m2

2a
, �2 =

GM

a3

radial 
speed tangential 

speed
adiabatic 

factor

ȧ = �2
3
(a�)

�
�̇

�2

⇥
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Goal : calculate the evolution of the frequency of the wave
Calculation of the adiabatic factor

Replace a by its expression as a function of      :

Frequency :                                                                    ( since                         )

where we define the “chirp mass”  :

Generation : binary system

E = �G
m1m2

2a
, �2 =

GM

a3
⇥ Ė = �G2/3 m1m2

2M1/3

2
3

�̇ ��1/3

Ė = �P ⇥ G2/3 m1m2

2M1/3

2
3

�̇ ��1/3 =
32Gµ2a4�6

5c5

� �̇

�2
=

96
5

G5/3

c5

µ

M
(M�)5/3

ḟOG =
96
5

G5/3

c5
�8/3M5/3f11/3

OG 2�fOG = 2⇥

M = µ3/5M2/5
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Generation : binary system

Calculated waveform before the “plunge” :

0.6 0.7 0.8 0.9 1 1.1 1.2
-0.2

-0.15

-0.1

-0.05

-0

0.05

0.1

0.15
-2110×

Time

h

˜h( f ) = A f�7/6

exp

✓
i

�p

4

�F
0

+Y( f ;M;h)
�◆
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Generation : binary system

GR → post-newtonian corrections → more complex !

Development around the newtonian limit in 

v = relative speed of the two stars (dimensionless)   

For example, development of the orbital phase

The successive terms become more and more complex
higher order effect, spin-spin interaction, spin-orbit, radiation.

� =
�v

c

⇥2

v = (M�)
1/3

�(t) = �ref + �N

n�

k=0

� k
2 PNvk
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Generation : binary system

PSR 1913+16 
(Hulse et Taylor)
points = observations,  
line = GR prediction
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Sources : Coalescences

Phases of the coalescence of a binary system of compact objects
(neutron stars or black holes)

h(t)

t

Inspiral

“analytic”

Merger

numerical GR

Ringdown

“analytic”
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Sources : “Pulsars”

rotating neutron stars

precession

“mountains”

Oscillating modes

LMXB 
(Low Mass X-ray Binaries)

h0 =
4p2G

c4

Izz e f 2
gw

d

Amplitude of the wave :

modulated (Doppler effect) by 
the motion and orientation  

of the detector around the sun

Izz
: moment of inertia  
    along the axis of rotation  

: ellipticity 
      in the equatorial plane

e =
I

xx

� I

yy

I

zz

very poorly known 
or estimated

n⇠ 1 Hz - 1 kHz, h⇠ 10�25 à 3 kpc
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The problem

Signal buried into the noise

Signal is deterministic  ⇒  expressed (in frequency domain) in 1/Hz

Noise is stochastic        ⇒  expressed (in frequency domain) in 
Not of the same nature !
How to recognize that a waveform is hidden in the noise ?

a(t) = n(t) + s(t)
Detector
output =  Noise + Signal

1/
�

Hz
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Intercorrelation

Resemblance of two waveforms : intercorrelation

If
The distribution of the noise values is gaussian
There is no signal present in the data

Then
The distribution of the values  
of intercorrelation between the data and  
and a test signal (template) T 
is also gaussian

a1 ⇥ a2(�) =
� +⇥

�⇥
a1(t) a2(t + �) dt
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Intercorrelation

Template
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Signal over noise ratio

If a signal s0 is present in the noise
value of           high for s of the same shape as the signal s0

width of the noise distribution :

signal : 
Signal over Noise Ratio (SNR)

P (v) =
1�
2� ⇥

e�
v2

2�2

v2

ln(P)  
as a fonction of v2

= 0

a �s

      if signal presenta �s

�N =
�
⇥n ⇤s (⇥)2⇤ � ⇥n ⇤ s(⇥)⇤2

S � |a ⇥s (�)|

SNR =
S

�N
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Optimal filtering

In our case...
Search for a waveform s buried in a noise n (radars in the 40')
Intercorrelation gives an optimal SNR if n is a white noise (power spectral 
density                  )

But in practice the noise is not white !

One can show that an optimal filter can be found in the frequency domain 

c.c. = complex conjugate
can be interpreted

as a "weighted intercorrelation", where the weight is  
the noise power spectral density or
as a scalar product in the space of signals

Pa(f) = cte

hã, eT i = 2

"Z •

0

ã( f ).eT ⇤( f )
Sn( f )

d f + c.c.

#

65



Damir Buskulic, GraSPA school, Annecy, July 2016

Optimal filtering

  

Noise power spectral density

Sn( f )

Template

1.1 1.12 1.14 1.16 1.18 1.2
-0.2

-0.15

-0.1

-0.05

-0

0.05

0.1

0.15
-2110×

T̃ ( f )

Data

ã( f ) = ñ( f )+ s̃( f ) Space
of waveforms

hã, eT i = 2

"Z •

0

ã( f ).eT ⇤( f )
Sn( f )

d f + c.c.

#

SNR =
hã, eT i

s
⇣
hã, eT i

⌘

Projection
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Detection rate

Astrophysical rate Number of reachable galaxies

Observation time

Estimated rates for current and future detectors  
(takes into account the sensitivity and galaxy distribution)

Rdet � R.�.T

7

TABLE IV: Compact binary coalescence rates per Mpc3 per Myr.a

Source R
low

R
re

R
high

R
max

NS-NS (Mpc�3 Myr�1) 0.01 [1] 1 [1] 10 [1] 50 [16]
NS-BH (Mpc�3 Myr�1) 6⇥ 10�4 [18] 0.03 [18] 1 [18]
BH-BH (Mpc�3 Myr�1) 1⇥ 10�4 [14] 0.005 [14] 0.3 [14]

aSee footnotes in Table II for details on the sources of the values in this Table

TABLE V: Detection rates for compact binary coalescence sources.

IFO Sourcea Ṅ
low

Ṅ
re

Ṅ
high

Ṅ
max

yr�1 yr�1 yr�1 yr�1

NS-NS 2⇥ 10�4 0.02 0.2 0.6
NS-BH 7⇥ 10�5 0.004 0.1

Initial BH-BH 2⇥ 10�4 0.007 0.5
IMRI into IMBH < 0.001b 0.01c

IMBH-IMBH 10�4d 10�3e

NS-NS 0.4 40 400 1000
NS-BH 0.2 10 300

Advanced BH-BH 0.4 20 1000
IMRI into IMBH 10b 300c

IMBH-IMBH 0.1d 1e

aTo convert the rates per MWEG in Table II into detection rates, optimal horizon distances of 33 Mpc / 445 Mpc are assumed for NS-NS
inspirals in the Initial / Advanced LIGO-Virgo networks. For NS-BH inspirals, horizon distances of 70 Mpc / 927 Mpc are assumed. For
BH-BH inspirals, horizon distances of 161 Mpc / 2187 Mpc are assumed. These distances correspond to a choice of 1.4 M� for NS mass
and 10 M� for BH mass. Rates for IMRIs into IMBHs and IMBH-IMBH coalescences are quoted directly from the relevant papers without
conversion. See Section III for more details.
bRate taken from the estimate of BH-IMBH IMRI rates quoted in [19] for the scenario of BH-IMBH binary hardening via 3-body

interactions; the fraction of globular clusters containing suitable IMBHs is taken to be 10%, and no interferometer optimizations are
assumed.
cRate taken from the optimistic upper limit rate quoted in [19] with the assumption that all globular clusters contain suitable IMBHs;

for the Advanced network rate, the interferometer is assumed to be optimized for IMRI detections.
dRate taken from the estimate of IMBH-IMBH ringdown rates quoted in [20] assuming 10% of all young star clusters have su�cient

mass, a su�ciently high binary fraction, and a short enough core collapse time to form a pair of IMBHs.
eRate taken from the estimate of IMBH-IMBH ringdown rates quoted in [20] assuming all young star clusters have su�cient mass, a

su�ciently high binary fraction, and a short enough core collapse time to form a pair of IMBHs.

III. CONVERSION FROM COALESCENCE RATES TO DETECTION RATES

Although some publications quote detection rates for Initial and Advanced LIGO-Virgo networks directly, the
conversion from coalescence rates per galaxy to detection rates is not consistent across all publications. Therefore,
we choose to re-compute the detection rates as follows.4

The actual detection threshold for a network of interferometers will depend on a number of factors, including the
network configuration (the relative locations, orientations, and noise power spectral densities of the detectors), the
characteristics of the detector noise (its Gaussianity and stationarity), and the search strategy used (coincident vs.
coherent search) (see, e.g., [24]). A full treatment of these e↵ects is beyond the scope of this paper. Instead, we
estimate event rates detectable by the LIGO-Virgo network by scaling to an average volume within which a single
detector is sensitive to CBCs above a fiducial signal-to-noise ratio (SNR) threshold of 8. This is a conservative choice
if the detector noise is Gaussian and stationary and if there are two or more detectors operating in coincidence.5

4 Rates of IMRIs into IMBHs and IMBH-IMBH coalescences are an exception: because of the many assumptions involved in converting
rates per globular cluster into LIGO-Virgo detection rates, we quote detection rates for these sources directly as they appear in the
relevant publications.

5 The real detection range of the network is a function of the data quality and the detection pipeline, and can only be obtained empirically.
However, we can argue that our choice is not unreasonable as follows. We compute below that the NS-NS horizon distance for the
Initial-era interferometers is D

horizon

= 33 Mpc. According to Eq. (5), this corresponds to an accessible volume of ⇠ 150 MWEGs or
⇠ 250 L

10

. Meanwhile, the 90%-confidence upper limit on NS-NS rates from a year and a half of data (including approximately half

Realistic rates
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Ze End 
of ze feurst part

(as we say in french)
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