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1) Motivation

- neutron star central densities: a few times p_

- core composition: mainly neutrons, but also protons, leptons,
hyperons and/or quarks

- magnetic fields: so far up to 10" G on surface and 10 G inside

- anomalous magnetic moment of baryons: due to quark
composition and present even for neutrons

- temperature: about 0 MeV for old neutron stars, up to 30 MeV
for proto-neutron stars, up to 80 MeV for neutron star
mergers

Relativistic fermi gas under strong magnetic fields
with AMM corrections at finite temperature !



2) Relativistic fermi gas under strong
magnetic fields with AAA corrections
at finite temperature

a) Modified Dirac Lagrangian density for fermions with spin Y2
and charge q (assuming Lorentz-Heaviside natural units
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b) Modified Dirac equation of motion for fermions
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And the modified Dirac equation of motion
(1@ — g —m + 2ko" F)h =0
with separated temporal and spacial components
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c) Energy-momentum tensor N = diag(1, —1,—1, —1)
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d) Electromagnetic energy-momentum tensor

T = fzmuaw{pmj@w KoM FY w@;ﬁwlmﬁﬂ;

In Landau gauge A* = B (0, —y,0,0) SO
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e) Fermion energy-momentum tensor
1

= W9 — FUF, + § ko" F § " F*Fos
giving diagonal terms *
in 0-coordinate: 7% = ¢ (i7" t") ¥
in x-coordinate: Lo = Y (i7" ¥ — kBo™Y) ) g CDi
in y-coordinate: 7Y = U (1Y 0¥ — kBa™) 1 g‘ él_
in z-coordinate: 777 = v (iy® 0%) ¢ g

where we disregarded the added term 9« A* and used
oct0" Aq = Bo"6,0, = —Bo™



f) Solution of Modified Dirac equation for charged fermions

We are going to assume a static solution ¥(x) = eikwwei’quS) (y)

T
with 19y (y) due to choice
u(s) (y) _ CoQy—1 (y) of Landau gauge
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C4Pp—1 (y)

where l=o0, 1, 2, ...refers to quantum orbital numbers, s refers to

the spin alignment s=+1, the constants ¢ depend on the spin

alignment and the function ¢.(§) = N,e™¢/2H,(€), which

contains an Hermite polynomial, the new variable
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1
I) Landau levels v =1+ 5~ 3%‘ (new quantum number)
For positive charge and spinup: v =101=0,1,2,3, ...
For positive charge and spindown: v =[1+4+1=1,2,3, ...
For negative charge and spinup: v =1=0,1,2,3, ...
For negative charge and spindown: v =[01+1=1,2,3, ...

So, only positive charges with spin up and negative charges with
spin down can possess the zeroth Landau level

All fermions possess levels larger than zero
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Back to f)

Inserting W(x) in the modified Dirac equation and simplifying,

we obtain / m — kB 0 k., k, \ / 1 \ / 1 \
0 m+ kB k, —k. ca | > 9
k. k, —m + kB 0 Ca Cq

\ k., —k. 0 —m — kB / \ Ca / \ Cy /

—— ——
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With £, = /2|q|Bv
The energy eigenvalues £, ‘;ﬂl_L VE2 4+ (A — skB)?
- \
fermions anti-fermions A = /m* + k}

are obtained from the determinant of the matrix
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The positive energy eigenvectors are | I L
YT VDB | sk,
with o, = E, — kB + s\ L\ ok, )
and B, = A+ sm S22 dyun (%) un (%) = 2,66
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where 17 — 13 and in the thermodynamical limit
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IT) Number density
For fermions the number density is defined as

n={( ZZ@T bS k)) with — Z Z/ dk.

fermlon creatlon/ annlhllatlon operator
1
. -i— L L
USlng <bs(k)b8(k)> - cB(E —p) +1 — f—l—(E 7Ta M)
and {br(P)a bl (k)} = (zﬁ)drs(snmé( Pz — kz)

tain C_?B dff

s==+1 a

For anti-fermions we simply replace the distribution function f,

Il
by f—(E,T,/J) o QB(E‘HJ) T
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IIT) Number density at zero temperature

The fermion distribution is replaced by a Heaviside theta function
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where the integral goes until the Fermi level and there is a

maximum Landau level defined as {(u + skB)? — sz
T
max 2|q|B

in order to have real energy states when the momentum is zero

E = \/k2 4 ((m? + 20)q| B)"/? — sxB)?
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IV) Energy density

For fermions, the energy density is defined as
e = (79— (H)=(GpT0pp)  with [ dyutt(x) uly) (x) = 2E6™0nm

and ¢(x)= Z Z lLbS(k)ugs)(k)e_m#\mf
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For anti-fermions we simply replace the distribution function
f byt 16



V) Energy density at zero temperature

The er distribution is replaced by a Heaviside theta function

1/<1/max s
¢ = |§|B / dlc, /K2 + m2 (v
s— :I:l [= O
r<v
lq| B ~ Vo ptker(v)
= —— ke p(v) +m*(v)log —
1 2 g [ )

with m = \/m? + 2|¢|Bv — sk B being the modified mass from

E = /K2 + ((m? + 2v]q|B)!/2 — skB)?

E

17



VI) Pressure parallel to the field

For fermions, it is defined as
Py = (T*)=@y*0%y) with

_ 11 (s)
1 1
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b = Ty s=1,2 [k Lv2E |
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— D
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For anti-fermions we simply replace the distribution function
f byt
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VII) Pressure parallel to the field at zero temperature

The fermion distribution is replaced by a Heaviside theta function
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\Q\B > > / k2
e—t1 ]—0 YO \/A2+m (1)
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B max . }Lz
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VIII) Thermodynamic consmtency at T=0

We can calculate ¢ + P” = pnt 2

%
v<v 3
usin B i k.
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VIX) Pressure perpendicular to the field

For fermions, it is defined as

PLo= (T = ( T%) =@ (v 3" — kBo™)v) with
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q| B Z Z/ 1 qlvm(v) _
P, = dk’z E ,T, — skrmlv

with m = \/m? + 2|¢| Bv — sk B being the modified mass from

E = /K2 4 ((m? + 20)q| B)"/? - sxB)?

For anti-fermions we simply replace the distribution function
f byt
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X) Pressure perpendicular to the field at zero temperature

The fermion distribution is replaced by a Heaviside theta function
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XI) Magnetization
Itis defined as M = —9Q /0B = 0P, /0B

For fermions, it becomes
P qB
Mo N kg T
s=——41

q|v
Vm? +2vjq|B

x m(v)

SK —

with m = /m? + 2|q|Bv — skB

which can be written as P|| P

’ B B
For anti-fermions we simply replace the distribution function
f byt and we can generalize P, = P+ — My1B
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XII) Magnetization at zero temperature

The fermion distribution is replaced by a Heaviside theta function
V<Vm ax

ory _ P || \Q\B

M= ——
6B szj;l z;]
N sy Javm(v) ke p (V)
swim(v) vm?2 + 2v|q|B log( m(v) )

with m = /m? + 2|q|Bv — skB
and again P, P

M=35 "5

26



g) Solution of Modified Dirac equation for uncharged fermions
In this case the momenta of fermions in the direction
perpendicular to the field are not quantized so we are going to
assume a static solution ¥ (x) = e***y for the modified Dirac

equation with u = (¢ ¢z 3 ¢4)T

Inserting W (x)in the modified Dirac equation and simplifying, we
obtain

m — kB 0 k. k_
0 m -+ kB ]{:+ —]fz o
ke k. —m+xB 0 u=FEu
k. —k. 0 —m — kB

with ki =k, £k,
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The same energy eigenvalues £, —+ VK2 4+ (A — skB)?

fermions l
anti-fermions

are obtained from the determinant of the matrix but now
A= VT TR with K = K2 4 K

Y
Sus B
We can rewrite the spinor ) = ——— z v+
P V2 i, Bs | 8Bsk-
i ok
. )T ,,(s) — TS
with, as before, uITul®) = 2E.6

a, = FE,—kB+s\ and s = A+sm

and we can define the quantum state for positive energy states

1 .1 o
= | Ph—==bi(k)u' (ke FnT
0 =Y f 5 bl K)e
s==1 i S/ fermion annihilation operator
not trivial! 28




I) Change of variables
ke = VA2 —m2cosp, A=m?+k3
ky = VA2 —m2sing,

with the Jacobian for the transformation

B
A _ dE d)dg

d*k =
VE? - (\— skB)

and new limits
A>m

A< E+ skB
E>m—skB
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IT) Number density

For fermions the number density is becomes
E+skB A

n = dE B E,T. d
27T2 szj;l‘/ —skB f+( M)L \/E2 — ()\ — SH]B)Q

A B_
dEE f.(E,T, i) [k + skB (a,rcta,n (SK’ - m) + E)]

with k = \/E? — (m — skB)?

s==£1 —sKkB

For anti-fermions we replace the distribution function t by

At zero temperature

]{?F m 71
n = 47r2 Z { 3 (2k% — 3skBm) — —skB? (a,rcta,n (k’p) —E)}

s==+1

withm:m—sn:BandkFZ\/uQ—mQ 30



IIT) Energy density

For fermions, the energy density becomes

1
622—7]'22

s—=4+1/m—skB

1
=03

s—=+1Ym—skB

oo

A
A — skB)?

FE+skB
dE E® f.(E,T. / d\
f—l—( )U”) . \/E2 — (

oo

. B_
dE E? f,(E, T, i) {k‘—ksz«;B (arctan (SK ; m) + g)]

For anti-fermions we replace the distribution function t by

At zero temperature

1 2 A2 A 3 m T
€= 153 21 [kpu(G,u — 3m* — 4sk Bm) —8skB [ (a,rcta,n (E) — 5)
—>(3m + 45k B) log (kFﬁj M)

with & = VE? — (m —skB)2,mm = m — skB, kr = V12— 12 31



IV) Pressure parallel to the field

For fermions, the parallel pressure becomes
E+skB

1 O
Pl==— > dE (B, T, 1) AAM/E? — (A2 — sKB)?
2T s—+1/m—skB

m

= >3 Z / dE f (B, T, u){?fc(snB—m)(Qm—l-SﬁB)
m s—41/m—skB

B _
iy [4k + 6sk B (a,rcta,n (Sﬁ ; m) + g)] }

For anti-fermions we replace the distribution function f_by f

At zero temperature P = 487r2 > |kpp(2u® — 5’ — 8skBii)

s==41

—4sk B’ (a,rcta,n ( m ) — I) +11° (31 + 4skB) log (

kr + p
kr 2

m

with k = \/E2 — (m — skB)2,m = m — skB, kr = V2 —m?
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V) Magnetization

For fermions, it becomes

M = dFE ET
47T Z / . f+( /L)

s==+1

X [fc(smB +m) + E? (arcta,n (SRB]%_ m) + g)]

For anti-fermions we replace the distribution tunction f_by t

5 Z [ukp(?)smB—l—m)
127 =

3 M T o krp +p
u (arctan(kF) 2) (38mB+2m)10g( - )]

At zero temperature M =

with & = /EZ— (m — skB)2, 1 = m — skB, kr = /p? — i’
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We can verify that the magnetization vanish in the absence of
AMM

We can also still generalize
P +=PFP 4+—MiB
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3) Numerical Results

a) Free Fermi gas with spin /2 and positive charge at zero
temperature including AMM
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b) Free Fermi gas with spin Y2 and positive charge at zero and
finite temperature

S A S
g_,l_
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The pressure ratio is always less than 1, it is farther from 1 with
AMM but gets closer to 1 with the increase of temperature
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c) Free Fermi gas with spin /2 and no charge at zero temperature
including AMM
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d) Free Fermi gas with spin /2 and no charge at zero and finite
temperature
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The pressure ratio is always less than 1 with AMM but gets closer
to 1 with the increase of temperature
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e) Free Fermi gas with spin /2 at zero temperature including

AMM
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Spin “+” protons minimize the energy (k>0),
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while spin “-” neutrons (k<0) minimize the energy
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VD, S.Schramm Astrophys.J. 2008

4) RealiStiC M()del VD, S.Schramm Phys.Rev.C 2010

M.Hempel, VD, S.Schramm, l.losilevskiy Phys Rev.C 2013

- non-Linear Realization of the SU(3) Sigma Model
- effective quantum relativistic model — mean field

- describes hadrons and quarks interacting via meson exchange

(0_969C9(D7p7(|))

- constructed from symmetry relations — allow it to be chirally
invariant — masses from interaction with medium

- includes hadrons and quarks as degrees of freedom
- 1storder phase transitions or crossovers between phases

- calibrated to nuclear constraints at low densities, agrees with
lattice QCD at high temperature and PQCD at high density

- includes magnetic field and AMM effects 20



a) Inclusion of gravity

- we assume an axisymmetric poloidal magnetic field

M.Bocquet, S.Bonazzola, E.Gourgoulhon, J.Novak Astron.Astrophys. 1995
rir ~0.5
p €q

- anisotropic energy- oo 07
momentum tensor
due to:
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. . 14F b Wi Beffects in EOS erreees ’
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- 2 S
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[ 2 1
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different magnetic central enthalpy (c?)
dipole moments u B.Franzon, VD, S.Schramm Mon.Not.Roy. Astron.Soc. 2016 4




b) Star population at fixed baryon mass calculated from EoS
including B and AMM effects

1 v .
star center
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- different composition for different magnetic dipole moments u’s

(different internal magnetic field distributions)

- magnetic field decay accompanied by deconfinement? "



c) snapshots of temporal evolution of magnetized at fixed baryonic
mass for hadronic stars (without B and AMM effects)
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B.Franzon, VD, S.Schramm Phys.Rev.D 2016

- different magnetic field distributions

- magnetic field influences temperature distribution in star

- different effect in different regions of star

- detailed temporal evolution necessary!
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* Homework !

What happens in the extremely high magnetic field limit?

Hint: Begin by calculating what happens with the Landau levels in
the case without AMM effects.
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