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NEUTRINO MIXING

If neutrino have masse, then in general the mass eigenstates will not
be the same as the weak-inferaction eigenstates. The leptonic
charged current inferactions will possess a unitary matrix U,
analogously o the CKM quark mixing matrix.
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The neutral-current interactions areunaffected, since they are
flavor conserving. For antineutrinos v— v and U — U*

v masses are much smaller than charged-fermion masses. v
propagation very different from typical charged-fermion propagation.
When a v is produced via EW interactions, it is a flavor eigenstate.
After production, it propagates in its mass eigenstates. Because these
bases are not the same, the v flavor will not be conserved by
propagation. Since mass is small, the change in flavor can occur on
macroscopic distances and thus be observable.




® The neutrino wave equation

For propagation of ultrarelativistic neutrinos the full spin structure is
not probed. Weak-interactions couple only to |.h. component of v. For
ultrarelativistic particles, chirality conservation is good to order (m/E).
For E>>m, only the propagation of v is relevant.

Eliminating the spin sfructure one gets the Klein-Gordon equation,
whether the v is a Dirac or Majorana particle.

0 2 2\ .\
(0 2V Tm ) v) =0 (in mass basis)

If we imagine neutfrinos to be produced with a fixed energy E at some

source, their wave functions vary as e so that their spatial
propagation is governed by the equation

(—EB —0; + mg) v) =0

where we have reduced the spatial variation fo one dimension, i.e. we
consider plane waves.




In the relativistic limit E > m?.

j we may linearize this wave equation by
virtue of the decomposition

(—E% — 0%) = —(E +i9,)(E — i9,)

Since —'2.'.("‘)21121 = PV, with p; = (E* — mf)lf@ ~ F

it is enough to keep the differential in the sum term, while replacing
it with £in the difference, leading to

(—E* — 82) - —2E(E + i0,)

Therefore, in the relativistic limit the evolution along the beam is
governed by a Schrédinger-type equation

o o m?
i0.lv) = (—E+Q)lv), Q

T 2F

In the mass basis H is diagonal

Ei 0 m2/2FE 0
H p— r-_\.\_.. _E lll n
( 0 E, ) N ( 0 my/2E )



® Solution to the wave equation (2v)

The solution for the v wave function can be written for two neutrino
species in mass basis as

n(®) Y _ (e 0\ [ (o)
va(t)) ) 0 e ikt 5(0))
E; = (p* + m?)Y/?

Neutrinos are produced and detected via weak inferactions. The
physical quantity that one observes is the flavor at the production and
detection position. Using the mixing matrix

(.‘T o Cfg .LS‘Q
=5 G

we can write the solution of the v wave-function that describes v
production and detection




If we produce an electron neutrino, the probability of detecting this
neutrino as an electron neutrino after a time t,

P(ve — ve) = |(ve(t)v(0))]* can be written as

O g E—i-EH 0
P(Ve s L’e:) — ‘(1 U) ( _;9 (—,Z ) ( 0 E,—-iE-zt )

(G =Sa ) (1
S, C, 0

1. . | |
=1 — =sin®26[1 — cos(E, — Ey)t]

‘2
Flavor oscillations !l
We can define a wavelength for the oscillations

By — By = (m3 +p)'/% — (m} + p*)'/2
~ Am?*/2p = 21/



prob(y,-y,)

We can offen set p=l,
t~z,d/dt # d/dz

r— sin®26 —=

|

ey . 92 ATTIEL
P(ve — v,) = sin” 20 sin” —
| 41F

A convenient numerical relation is found restoring h/2pi and c:

, S Am?L R Am? L GeV
.... E [ 1 = - - - : k. . - '2 .
Sij = sin 5 sin” 1 70\52 —
The oscillation wave-length is
A irk = 2.48 km E eV =) Macroscopic !

~ Am? GeV Am?




® The classical probability
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In a realistic setup, the neutrino beam is not monochromatic, and the
energy resolution of the detector is not perfect: one need to average
the oscillation probability around some energy range AE.
Furthermore, the productions and detection regions are not points:
one need to average around some path-length range AL

— Phase information is lost



If the phase information is lost, then the probability is just the
classical probability. The classical probability can be calculated without
using the equation for neutrino propagation. The phase acquired during
neutrino propagation is averaged out; so we can sum incoherently over
the propagation eigenstates, the mass eigenstates

Plv, — v,.) ZP P(v; — v,)

Cy?  Sp° 1 0
=(10 . .
( ) ( ng C.igz ) ( U 1 )
y Cy*  5p° 1
So® Cy’ 0
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The classical probability is the product of the magnitudes squared
instead of the the magnitude squared of the product



® Limiting regimes
Iso-P,, contour

c | Octant symmetry
10-! é _8 Pou(0) = Puu(n/2 — 0)
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A) Oscillation with short base-line. S;;«<1

Am?

sin 26
E

P(ve — v) ~ (He,L)* with  Hey =

Pve —v,) ~L* but &,~x1/L*  Necessary a compromise
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C) Averaged oscillations <S;> #1/2

1. .
Pve — ) = 2 sin” 26



excluded
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B) Intermediate region. Due fo the uncertainty AE on the energy
(and possibly on the path-length), coherence gets lost when
neutrinos of different energies have too different oscillation phases

¢ ~ AméL/E, i.e. when

Therefore one can see n-E/AE oscillations before they average out
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Evidence for an oscillatory signature in atmospheric neutrino oscillation
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Typical experimental results

negative
result:
Paﬁ< c

accurate

allowed

positive
result:

Pyg = C2Ac

positive
result:
P¢>c

several

accurate

results
(more exps. or

1 exp. with good
spectral data)




THREE-FLAVOR NEUTRINO VACUUM OSCILLATIONS

U = O(H23)TO(813)O(61) PGD Parametrization
I 0 0 I 0 0
— | 0 Cy S 0 e 0
0 —823 0-23 0 0 6_?:5
Ciz 0 513 Ciz Si2 0
X 0 1 0 —812 012 0
—S13 0 Cis 0 0 1

6 =CP-violation phase
P(Va — VB — ‘Z Ugiexp( IE't)UC,:'i‘Q

B Z U2 |Unil? CIass:cql_
probability
+ Rez Usil* 5;U* iU
i£] - 5

x exp[—iAm? L/2E] information

Phase




NEUTRINO REFRACTION IN MEDIUM

Interactions modify the effective mass that a particle exhibits while
traveling through a medium. A well-known example is photon, which is
massless in vacuum, but develops an effective mass in medium. One
usually defines a refractive index n... which relates wavenumber and
frequency of a particle by

k - nrefr, )

Refraction in a medium arises from the intferference of the incoming
wave with the scattered waves in the forward direction. Therefore,
the refractive index is given in terms of the forward-scattering
amplitude f, by
2T .

Mpefr = 1 + F”.fﬂ('ﬂ,)
where rnis the number density of the scattering targets. This formula
applies to any particle propagating in a medium, except that f, must be
calculated according to the interactions of that particle with the
medium constituents,




We turn now to the neutrino dispersion relation in media. Usually we are
concerned with very low energies. Therefore, we may take the low-energy
limit of the weak-interaction Hamiltonian, contracting the propagator for the
massive gauge bosons to the 4-fermion approximation

Turning now to NC contributions, we find in an exactly similar way
the following contributions to effective energies of both v, and v,

The neutral current contribution is the same for all Tthe flavors whereas
the charged current contribution affects only v,

This difference of interaction energies produces an effective
potential for the v,

V = V2Grn,




EQUATIONS OF MOTION IN MATTER

In flavor basis, where the neutrino potential is diagonal, the
propagation equation for tfwo flavors is

Wolfenstein equation
p d Ve o M? Ve
"dz v, ] 2E \ y,
U2 _ 17 m? 0 t A 0
we=u (0 o (40

A — 212G n.E

el 1 sax10t—re B
[eV7] [mol /cm?] [GeV]

For antineutrinos, A— -A, U —-U*




EXAMPLES OF DENSITY PROFILES

earth
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TWO-FLAVOR SOLUTIONS TO THE WAVE EQUATIONS

® Eigenvalues and eigenfunctions for fixed density

The effect of matter on neutrino propagation is contained in the
parameter A, given by

A =2V2Grn.E = 2V2Gp(Y./mn)pE

Y, electron fraction

The v propagation equations can be rewritten as:

- d Ve B 1 . : A—ACQQ ASQQ Ve
i) = (oo (1557 55 )) ()

where

i -a_) & & .
Y =mi+mi, A=m3—m3 Ch = cos2f, Syy=sin26




M? can be diagonalized to find instantaneous

eigenstates
. M 0
(--"'rT / * L‘Fm = ; '
mM ( 0 M )

The eigenvalues of the mass matrix M2 are

M3, ={(Z+ A) £ [(A— ACx)* + (AS.

eigenvalues and

The mixing matrix in medium, U,,, can be parametrized analogous to

the vacuum mixing parametrization

1/77‘1 | - COS 9"1 —b‘ill 07” I/( - (’T,n-i- I/(;'
my ) T\ sinfy  cos =
1 2 S111 m COS m I/ll I/ll

m m

vy ¥V, are the mass eigenstates in medium




®,, is the neufrino mixing angle in matter given by

A sin 26
tan 26, = - |
(—A+ Acos 26)
or, equivalently,
L 90)2
sin” 26,, = (A sin 26)

(A — Acos260)? 4 (Asin 26)?]



EFFECTIVE MIXING ANGLE IN MATTER

20 (A sin 26)?

sin” 26,, = R .
(A — Acos20)? + (Asin 26)?]
E =

h F / Matter dominance
£ F A>A, 0, 7 1/2
R |§A [=2A sin26 1™ Resonance

0.2 A_ACOSZG 9 —> 71/4

maximal mixing

0.0""""Ll"
° : oA \B\Vacuum

FIG. 2. Plot of sin®20,,, where 8,, is the effective neutrino mix- 5 X

E l . m i m A 0 ‘. em 8
ing angle in matter, as a functmn of A, the induced electron-

neutrino mass. Here we take m3 —m?=23.0 and sin’6=0.03.




For constant matter density, the vacuum solution can be converted
fo the solution in a medium by replacing the vacuum quantities with
their corresponding medium quantities.

The induced mass A can be converted into a characteristic length
scale for the medium

Mo =4nE /A = V2or [(Grne)
For a medium with p=1g/cm3and Y, = 3, , = 2 x 109 cm.
The v wavelength in matter is given by
A = 4w E /(M5 — M7)

= /(S35 + (A/A = Co)"]'?
= 4}\/[&93[? + ()-//\0 — C-‘-EH)E}L"{Q

Making the appropriate replacements, 6 — 6, A — (M,%-M;?), the
probability is given by



| P A
Plve —ve)=1-— 5 sin” 201 (1 — cos 2wz [ Am)

=

As in the case of vacuum oscillations, one often averages over the
phase information, thereby arriving at the classical probability

1.,
Plve —v,)=1- 5 sin” 26,,

il




MIKHEYEV-SMIRNOV-WOLFENSTEIN (MSW) EFFECT

VE
resonance - g — ;
I | v,=c0s6 v, +smnb v,
! - My,
7 Mixing angle in matter
V05 p— Lm :
g ' — — Vi gngm = sin 20 =
- - sm26, \/( — —COS 29} +sin” 26
vV, 0L— - Am~
low density high density
ADIABATIC EVOLUTION The v state remains the same v mass
eingenstates for all the propagation
| Am* T :
o O<<1, V>> o > 0 =~ E’Ve ~v,  Matter dominance
Am® T Resonance
. V ~ > 9111 ~ =
2FE 4

o)/ x() — 9m ~ 9, V, ®V, Resonant flavor conversions

Resonances in matter occur either for v or for anti-v



In the adiabatic limit is easy to describe the MSW effect. The
adiabaticity implies that v is propagating for many oscillation
wavelengths. The phase information is lost

Adiabatic probabilites = classical probabilities

P(ve — ve) Z P (ve — vi) P(vi — ve)
No crossing potate to mass basis

Fm?ll\o) cos?f sin’# 1 0 cos’#,, sin’6,, 1
sinf  cos®# 0 1 sin®f,, cos?é,, 0

Back to flavor basis | Initial
. i . ¢ i i -\:,
= sin®#sin’6,, + cos®H cos® B, = 3(1 + cos 26 cos 26,,) ¢

If initial n, is large— cos 26,, - -1
And if 0 small — Plv. —v.)~S(l-cos20) <1  Strong conversion

1
y probabilities



NEUTRINO OSCILLATIONS:
PHENOMENOLOGY
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ATMOSPHERIC NEUTRINOS

When cosmic rays, i.e. protfons and heavier nuclei interact with the
Earth's atmosphere they produce kaons and pions, which in turn
decay into muons, electrons and neutrinos.

The flavor can be very well measured;
from the simple production mechanism
one expects

N{p,): N(v.) =2: 1.

This ratio depends on the energy
of the measured neutfrinos since
the lifetime of high energy muons
is increased by their Lorentz
factor so that they may hit the
ground before decaying (af
energies > few GeV).




SUPER-KAMIOKANDE DATA

Sub-GeV Multi-GeV Up-u
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* Sub-GeV events: E < 1.4 GeV

* Multi-GeV events: : E;> 1.4 GeV

 Up-going stopping muons: the u is produced in the rock below the
detector (energy cannot be measured) and stops inside the detector.
Typical energy of the parent v is - 10 GeV



No oscillations Oscillations

Sub-GeV \ Multi-GeV \ Up-u
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Histogram shows the prediction without oscillations and the best

v, —s v oscillation fit, for Am?_, =25 x 103 eV? and sin?26_,,=1.

0 atm

Data in the multi-GeV show a neutrino anomaly (clearly asymmetric
distribution). Electron samples are compatible with no oscillations

The flux of up-ward going muons (1) is about two times lower than the
flux of down-ward muons ().

Up-p: there are fewer p coming from straight up than from near the
horizon - they've had to travel further, so have had more of a chance to
oscillate to something else, such as a v_, which SK cannot detect.




Therefore the data can be interpreted assuming that nothing
happens to v, and v, oscillates into v,

P(ve — ve) 1
Pve —1v,) =0
5 Am?

o Y ) :
P(vy — vu) =1 — sin” 26,4y, sin 1

41E,

L

Looking at the zenith-angle dependence (multi-GeV) we notice that
down-ward going neutrinos are almost unaffected by oscillations,
while up-ward going neutrinos feel almost averaged oscillations, and
therefore their flux is reduced by a factor 1 -1/2 sin?26,,,. This
must be equal to the up/down ratio N(up)/N(down) = 0.5+0.05, so
that sin®26,,, = 1 £0.1. Furthermore, multi-GeV neutrinos have
energy E -3 GeV, and they begin to oscillate around the horizontal
direction (cosf%0) ie. at a pathlength of about L#1000 km.
Therefore Am?,  -E/L- 3 x 103 eV2,

atm



EVIDENCE OF OSCILLATIONS FROM ATMOSPHERIC
NEUTRINOS

[SK Collaboration, hep-ex/0404034]
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FIG. 3: Number of events as a function of L/E for the data
(pomts) and the atmospheric neutrino MC events without os-
cillations (histogram). The MC 1s normalized by the detector

FIG. 4: Ratio of the data to the MC events without neutrino
oscillation (points) as a function of the reconstructed L/E
. . lugctht:r with the best-fit uxpw:l:iliun for 2-flavor v, + Vo
live-time. oscillations (solid l.ltll'_‘;l. The error bars are statistical Unl}'.
Also shown are the best-fit expectation for neutrino decay
(dashed hne) and neutrino decoherence (dotted line).

Dip in L/E distribution observed in the data, as predicted by the
oscillation probability

Other possible interpretations (nu decoherence, nu decay) disfavoured
by data




ATMOSPHERIC NEUTRINO MASS AND MIXING
PARAMETERS
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FIG. 5: 68, 90 and 99% C.L. allowed oscillation parameter re-
gions for 2-flavor v, < v- oscillations obtained by the present
analysis.




LONG-BASELINE EXPERIMENTS

Reproducing atmospheric v, physics in controlled
conditions

K2K (Japan) MINOS (USA)

7 &(3,180m)

BRL{1.104m) Neutrino beam

./11(1.360m)

e
EPETEAN RGN
(Super-Kamiokande)

OPERA (Europe)




Once more... dominant P, = sin?(260,;) sin?3(Am?L/4E))
Oscillation parameters consistent among experiments
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SOLAR NEUTRINO SPECTRUM
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MISSING NEUTRINOS

All CC sensitive results indicate a n, deficit...

Total Rates: Standard Model vs. Experiment
Bahcall—Serenelli 2005 [BS05(0P)]
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as compared to solar model expectations.




NEUTRINO OSCILLATIONS IN THE SUN

In the limit of small 6,; MSW equations reduce to only 2 generations of neutrinos

_Gne(x) k, k, . |
y {Ve] F\/f - cos26, 781112912 (Ve]
— = . :
dx\v, ﬂsin2t912 _Gex) | Ky cos26, | \Va
i 2 V22 ]

with k,=0m?/2E=2n/}, and v,=c0os0,3v +siNBy;V.



FLAVOR OSCILLATIONS FOR SOLAR NEUTRINOS

In 2002 the breakthrough with SNO: in deuterium one can separate CC
events (induced by n,only) from NC events (induced by n,, n, n,), and double
check via elastic scattering events (due to both NC and CC)

[SNO collaboration, nueix/0204008]

< 8
q:n s CC
g 7 mmsssss ES
oO 6 < s NC
"= 5
=
<
4
3E
2k
12
OF T T
0 1 2 3 4 S 6
0. (lO6 cm?s™!)
cC ¢ (Ve) cc

1 . .
NC ™ 3 + p(v) NS ne~3<1= &(Wus) >1 = ve > v, Flavor oscillations

Also CCINC ~ P _.~ sin2q, {LMA) ~1/3 < 1/2 Evidence of mixing in the first
octant + matter effects



COMBINED ANALYSIS OF SOLAR NU + KAMLAND

6m? (107° eV?)

6m? (107 eV?)

[Fogli et al., hegpph/0506083]
Solar and KamLAND constraints (%, = 0)
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Also in 2002...KamLAND:
1000 ton mineral oil
detector, surrounded by
nuclear reactors producing
anti-n,. With solar ( dm?, q)
LMA-MSW solution , reactor
neutrinos oscillate with large
amplitude.

Definitive  confirmation
solar neutrino oscillations
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[KamLAND Collaboration, hem/0212021]



2007: PMNS mixing after about 40 years of research ..

| 0 0 C13 0 8138_?:(s c19  S19 U

U =1 0 Co3 893 0 | 0 =812 (19 0
0 —523 (23 —Slgew 0 C13 0 0 |
"Atmospheric” sector  “Interference” sector  "Solar” sector
Large rotation Small rotation Large rotation

(~ maximal) (maybe null ?) (< maximal)
sin20,3;~1/2 sin20,5~0 ? sin20,,~1/3
AmZ ~ 3x10-3 eV? dmZ ~ 8x10-° eV?

Open questions ...

How can we measure 0,5? And § afferwards?
And finally the hierarchy, i.e. sign(xAm?)?

Gianluigi Fogli XVL International Workshop on Neutrino Telescopes - Venice, March 2nd, 2015
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Neutrino oscillations at nuclear %Q/Z
| reactors _

v, disappearance searches

Ve detection: inverse beta decay 12
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6. The hunt to 6,5, the last mixing angle

Indeed, the hunt to 6,5 is crucial in neutrino research, in order to plan
future CP violation searches!

In 2006 the upper bound still comes from
CHOOZ expt. == sin?0,; < few %

But, in the meantime, some weak hints of |lower bounds have
appeared ...

@ From a 3v analysis of atmospheric data (+ long-baseline accelerator
experiments + CHOOZ) by considering subleading “solar term”
effects.

@ From an accurate comparison within a 3v approach of solar (SNO
dominated) and KamLAND data.

Gianluigi Fogli XVI International Workshop on Neutrine Telescopes - Venice, March 2nd, 2015
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Once again, new experimental results come to rescuel In 2011, T2K and MINOS found
some electron event excess when running in appearance mode ...

oscillations, sensitive to 6,5
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Both experiments favor sin®6,; ~ few % | I+ makes sense to combine these with all the

other oscillation data ...

Gianluigi Fogli

XVTI International Workshop on Neutrino Telescopes - Venice, March 2nd, 2015
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