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Statistics In Physics

“Statistics” might make
you think of this:

@) OECD

BETTER POLICIES FOR BETTER LIVES

OECD Home About Countries

OECD Home » Statistics Directorate

Statistics Directorate

> Entrepreneurship and Flnd
business statistics

> Financial statistics » Gross Domestic Product (GDF)

» Composite Leading Indicators (CLI)

* International trade and

ba'?”‘?e bl » Purchasing Power Parities (FPPs)
statistics

» OECD Statistics by theme (CECD . Stat)

> Labour statistics

o » Working Papers
> Leading indicators and

tendency surveys

Latest Documents

> National accounts

> Prices and purchasing
power parities (FFPF)

> Productivity statistics
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Random Processes

» Statistics is the description of random processes. Where
does this come into HEP ?

— Measurement
errors

— Quantum
Unceriainty




Measurement Errors : Example

Example: measuring the energy of a photon in a calorimeter

Calorimeter rRegdouT
'Y rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr >




Measurement Errors : Example

Example: measuring the energy of a photon in a calorimeter

Calorimeter

Readout

Energy
deposition

Perfect case

x10°
100

80
60
401

20

% 70 20 30 40 50 60 70 80 90 100
Energy (GeV)



Measurement Errors : Example

Example: measuring the energy of a photon in a calorimeter

Calorimeter Readout
Perfect case Real life : imperfect measurement
x10° 6000F
100 1 B
: 5000}
80F 4000F
60 3000}
40/ 2000}
2ol 1000
%1020 30 40 50 60 70 80 90 100

% 70 20 30 40 50 60 70 80 90 100 Energy (GeV)
Energy (GeV)
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Measurement Errors : Example

Example: measuring the energy of a photon in a calorimeter

Measure leakage behind calorimeter

Measure leakage into | »
neighboring cells Calorimeter Readout

Perfect case

x10°
100

80

20

% 70 20 30 40 50 60 70 80 90 100
Energy (GeV)

60 8000
40} 6000?

Readl life : imperfect measurement

12000}
10000

40001
2000

:\\\\II\\\‘Illll\\\\ TN IR MEENINEN ENRTANENE INEN AN A AR A i
O0 10 20 30 40 50 60 70 80 90 100
Energy (GeV)

Can correct for main effects, but never perfectly 1



Measurement Errors

Best case: measurements imperfections ("bias”) can be determined

— Apply correction “event by event”, remove effect

Not always possible
— Too small to be measured reliably
— Impossible fo measure

. describe overall distribution of imperfections

— Typical size
— Probability to reach a given value

= not m, = 125 GeV but
m, = 125.36 +/- 0.40 GeV

Need to precisely quantify our
uncertainty

120002
100005
80005
60002
40005
20005

10 20 30 40 50 60 70 80 90 100
Energy (GeV)
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H—vyy Example Phys. Rev. D 90, 112015
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Another Example: H—ZZ*—4| Phys Rev.D91.012006
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Quantum randomness: “Will | get an event today ?” - only probabilistic answer
Event counts must be described in a probabilistic way
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Contents of the Lectures

* Probability Distributions (short reminder)

 How to build a statistical model

 How to Estimate a parameter value

 How to compute Confidence Intervals (uncertainties on
parameters

 Tomorrow:
— Computing a discovery significance
— Setting limits

15



Probability Distributions



Probability Distribution

Probabilistic freatment of possible outcomes = Probability

Distribution

 Example: two-coin toss

— Fractions of events in
each bin converge
fo a limit

* Probability distribution :
o, 1=0,1.2

* Properties
- P> 0

—2 p=1

1 trials

I

0.8

0.6

0.4

0.2

- 0.00 0.00 1.00
............................
Y05 1 15 2 25

3




Probability Distribution

Probabilistic freatment of possible outcomes = Probability

Distribution
5 trials
 Example: two-coin toss 3
— Fractions of events in 2oF
each bin converge 2
to a limit 1.5
1
0.5/
* Probability distribution : ot 020 080 ... 020
p-, i=0,],2 0.5 1 1.5 2 2.5 3
* Properties
— pi >0

—2 p=1




Probability Distribution

Probabilistic freatment of possible outcomes = Probability

Distribution
100 trials
* Example: two-coin foss o
— Fractions of events in ok
each bin converge i
. 30
fo a limit 5
20:—
10F
* Probability distribution : 00 02 " .°;?‘?. g .‘.’2-?9. _
o, =0.1.2 0.5 5 5 3
* Properties
- P> 0

—2 p=1




Probability Distribution

Probabilistic freatment of possible outcomes = Probability

Distribution

 Example: two-coin toss

— Fractions of events in
each bin converge
fo a limit

* Probability distribution :
o, 1=0,1.2

* Properties
- P> 0

—2 p=1

50000

40000}

30000

20000}

10000}

100000 trials

3




Continuous Variables: PDFs

* Continuous variable, can consider binned probability

distribution
Py, =T, N 07F
0.6F
0.5F
0.4F
0.3
0.2F
0.1

...........................................
e e e I

5 bins

e Binsize -0 X

Probability distribution function p(x)
— High values < high chance to get a measurement here
—p&) >0
— Jpx) dx =1
« Generalizes to multiple variables : [ p(x,y) dx dy = 1

21



Continuous Variables: PDFs

« Continuous variable, can consider binned probability
distribution

o.i=l.n__ 0.08
0.07
0.06
0.05
0.04
0.03
0.02
0.01"
0

50 bins

54321012345

e Binsize -0 X

Probability distribution function p(x)
— High values < high chance to get a measurement here
—p&) >0
— Jpx) dx =1
« Generalizes to multiple variables : [ p(x,y) dx dy = 1
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Continuous Variables: PDFs

« Continuous variable, can consider binned probability
distribution

o, i=1..n,. 0.008
0.007
0.006
0.005
0.004
0.003
0.002
0.001-
0

500 bins

54321012345

e Binsize -0 X

Probability distribution function p(x)
— High values < high chance to get a measurement here
—p&) >0
— Jpx) dx =1
« Generalizes to multiple variables : [ p(x,y) dx dy = 1
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Continuous Variables: PDFs

« Continuous variable., can consider binned probability
distribution 15

p.i=l.n__ y 10%

Contours:
p(X,Y)

 Binsize - 0:
Probability distribution function p(x)

— High values < high chance to get a measurement here
—px) >0
— I pO) dx =1

« Generalizes to multiple variables : [ p(x,y) dx dy = 1
24



PDF Properties: Mean

PDF Mean

PDF Mean Sample Mean

« Expectation values = expected 312:
oufcome on average 0.14f
0.12
e E(XX) =Mean of X o1t
0.08F-
—_ 0.06
E(X)_ZXIPI or 0.04E
L 0.02}
E(X)=| Xp(X)dx 5
— Property of the PDF r
. If one has asample x.... x_, ; 85
then can compute Sample o
Mean: . 0.6
X=— Z X; 0.4
n ; i
0.2F
— Property of the sample !
4

— Should approximate PDF mean.

0 e




PDF Properties: Variance

o
~

0.35

©
w

w I\I\‘II\\l\l\\ll\\I‘II\IlI\I\‘I\IIl\II\l\

 Var(X) = E([X - E(X)]?) = Variance of X
0.25
— Average square of deviation from mean o-

0.15

— RMS(X) = VVar(X) “root mean square” o

— Can be approximated by sample "
variance: 1

0°= 01 Z (Xz‘_)—()z

I

J=]

e Covariance of X and Y:
Cov(X,Y) = E([X - EQQ][Y - E(Y)])

— Large if variations of X, Y
are “synchronized”

— Cov(X,Y) > 0if Xand Y vary in the same direction
— Cov(X,Y) < 0if Xand Y vary in opposite direction
— Cov(X,Y) =0 if Xand Y vary independently

26



PDF Properties: Variance

o
~

0.35

©
w

w I\I\‘II\\l\l\\ll\\I‘II\IlI\I\‘I\IIl\II\l\

 Var(X) = E([X - E(X)]?) = Variance of X
0.25
— Average square of deviation from mean o-

— RMS(X) = VVar(X) “root mean square” o,

0.05

— Can be approximated by sample 0
variance: 1

0°= 01 Z (Xz‘_)—()z

I

)

e Covariance of X and Y:
Cov(X,Y) = E([X - EQQ][Y - E(Y)])

— Large if variations of X, Y $\\ ,,,,,,,,,,,,,,,,,,
are “synchronized” |

— Cov(X,Y) > 0if Xand Y vary in the same direction
— Cov(X,Y) < 0if Xand Y vary in opposite direction
— Cov(X,Y) =0 if Xand Y vary independently

Ky o o o
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=
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PDF Properties: Variance

o
~

0.35

©
w
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 Var(X) = E([X - E(X)]?) = Variance of X
0.25
— Average square of deviation from mean o-

0.15

— RMS(X) = VVar(X) “root mean square” o

0.05

— Can be approximated by sample i SAINNOINI T
variance: 1

0°= 01 Z (Xi_)?)z

I

e Covariance of X and Y:
Cov(X,Y) = E([X - EQQ][Y - E(Y)])

— Large if variations of X, Y
are “synchronized”

— Cov(X,Y) > 0if Xand Y vary in the same direction
— Cov(X,Y) < 0if Xand Y vary in opposite direction
— Cov(X,Y) =0 if Xand Y vary independently
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Example 1: Gaussian o«
Gaussian distribution: } 0022:
1 _ 020 0.25—
G(x;x,0)= e ° 0.15[-
| ov2m 0.1F
Mean : x| 0.05F
o
Variance : 6? (= RMS=0) 0
. 1
« Generalize G(X; Xo,C) 2 €
to N dimensions: ‘C‘

Mean (vector) = X 15
. . ’ 10%/
Covariance matrix i
- Var(X)  Cov(X,Y)_.
— -5F
Cov(X,Y) Var(Y) N

_1_- |||||||||||||||||
5I()86420246810 29




Central Limit Theorem

* For arandom variable X with any distribution, one has
RMS (X ) |

Vn

% = %in "2 G(x: E(X),
=1

« \What this means:

— The average of many measurements is always Gaussian,
whatever the distribution for a single measurement

— The mean of the Gaussian is the mean of the single
measurements

— the RMS of the Gaussian decreases as Vn : less fluctuations
when averaging over many measurements

* Another version, k N oo _
for the sum: in ~" G(x; nE(X), Vn o(X))
i=1

« Mean scales like n, but RMS only like ¥n

30



Central Limit Theorem Example

Draw events from a x? distribution (for illustration only)

I n=1

0.8f
0.61
0.4f

0.2f

0

:||||||||||||||||| L | 0o 0 Lo Ly b
-1 -0.8-0.6-0.4-02 0 0.2 0.4 06 08 1
Distribution becomes Gaussian, although very X
non-Gaussian originally

Distribution becomes narrower as expected (as 1/4n)
31



Central Limit Theorem Example

Draw events from a x? distribution (for illustration only)

I n=2

0.8f
0.61
0.4f

0.2f

0

v b b by by by by by by 1y
-1 -0.8-0.6-0.4-02 0 0.2 0.4 06 0.8 1
Distribution becomes Gaussian, although very X
non-Gaussian originally

Distribution becomes narrower as expected (as 1/4n)
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Central Limit Theorem Example

Draw events from a x? distribution (for illustration only)

1=

n=5

0.8f
0.61
0.4f

0.2f

0

—r IIII|IIII|IIII|IIII|IIII|IIII|I

c e by b by by Ly b by g [y
-0.8-0.6-0.4-02 0 0.2 0.4 0.6 0.8 1
Distribution becomes Gaussian, although very X
non-Gaussian originally

Distribution becomes narrower as expected (as 1/4n)
33



Central Limit Theorem Example

Draw events from a x? distribution (for illustration only)

1=

n=38

0.8f
0.61
0.4f

0.2f

0

—r IIII|IIII|IIII|IIII|IIII|IIII|IIII

| Tl by by by by by 1 L
-0.8-0.6-0.4-02 0 0.2 0.4 0.6 0.8 1
Distribution becomes Gaussian, although very X
non-Gaussian originally

Distribution becomes narrower as expected (as 1/4n)
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Central Limit Theorem Example

Draw events from a x? distribution (for illustration only)

1=

n=12

0.8f
0.61
0.4f

0.2f

0

—r IIII|IIII|IIII|IIII|IIII|IIII|IIII|III

080604020 02040608 R

Distribution becomes Gaussian, although very X

non-Gaussian originally

Distribution becomes narrower as expected (as 1/4n)
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Central Limit Theorem Example

Draw events from a x? distribution (for illustration only)

1=

n=20

o.sf
0.045
0.04
0.035
0.03
117208060402 0 0204 0608 1 0.025
0.02

0.015

0.01

D 3
nl 1 o=

0.61
0.4f

0.2f

o

<l

—r IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII|IIII|III

080604020 02040608 1

Distribution becomes Gaussian, although very X

non-Gaussian originally

Distribution becomes narrower as expected (as 1/4n)
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Central Limit Theorem Example

Draw events from a x? distribution (for illustration only)

1=

n=>50

0.8f
0.61
0.4f

0.2f

0

080604020 02040608 1
X

1
-k T T

Distribution becomes Gaussian, although very
non-Gaussian originally

Distribution becomes narrower as expected (as 1/4n)
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Central Limit Theorem Example

Draw events from a x? distribution (for illustration only)

1=

n=100

0.8
- 0.1

0.61
0.4f

0.08

0.2f

0.06

0

0.04

_ 1 0.02
=Ly —

[ TR R RN RN A I T I ETRIR T ATTRT T I RA
’1 -0.8-06-04-02 0 02 0.4 0.6 0.8 1
X

Distribution becomes Gaussian, although very
non-Gaussian originally

Distribution becomes narrower as expected (as 1/4n)
38



Gaussian Integrals

* Probability to be “less than ne” away from the mean:

X,+No

P(|x—x,|<no)= f G(x; ;X0 O o)dx= | N(x)dx

X,—NnO —n T

S 1
» Used also for other distributions: Standard Normal N(x)=—=¢
“16 error” for p=68%, etc. Pistribution

p(Ix-x | < 10) = 0.682689

Number Fraction Fraction 045
. L . 0.35F
of sigmas inside outside 03k
1 0.68 0.32 0.25/
0.2F
2 0.955 0.045 0151
3 0.997 0.003 0.1F
0.05F
5 0.999999 6 x 107 E e
Q5 -4 4 5




Gaussian Integrals

* Probability to be “less than ne” away from the mean:

X,+No

P(|x—x,|<no)= f G(x; ;X0 O o)dx= | N(x)dx

X,—NnO —n T

. 1 -3
» Used also for other distributions: Standard Normal ) e’
“16 error” for p=68%, etc. Pistribution

p(|x-x0| < 20) = 0.9545

Number Fraction Fraction 0.45
i inai . 0.35F
ofsigmas  inside  outside :
2 0.3f
1 0.68 0.3 0.25
2 0.955 0.045 0.2F
3 0.997 0.003 0.15F
5 0.999999 6 x 107 0.1
0.05-

5 15




Gaussian Integrals

* Probability to be “less than ne” away from the mean:

X,+No

P(|x—x,|<no)= f G(x; ;X0 O o)dx= | N(x)dx

X,—NnO —n T

» Used also for other distributions: Standard Normal -y ()
“16 error” for p=68%, etc. Distribufion

p(Ix-x | < 3c) = 0.9973

Number Fraction Fraction 0.4F
i insi . 0.35}
ofsigmas  inside  outside -
2 0.3F
] 0.68 0.3 0.25F
2 0.955 0.045 0.2F
3 0.997 0.003 0.15¢
9 0.999999 6 x 107 0.1
0.05}

%53




Example 2 : Counting events

* Consider n trials with probability p. Prob. to get k good events ?
Binomial distribution: P (k;n,p)=C.p“(1—p)""

N frials

Mean = np

Variance = np(1-p) ~~\\ /
K good events

* Not widely used because :

 Suppose pKl,n>1,let A =np
— i.e. very rare process, but many ftrials so still expect events

= Poisson distribution Y kk
Mean = A p(k;k)_

Variance = A T

-p)"™

1__

42



Rare Processes ?

 HEP : almost always use Poisson
distributions.

« ATLAS .
— Collision event rate ~ 1 GHz
(L~10% cm?s'~10 nb'/s, o,_~10% nb, )
— Trigger rate ~ 1 kHz
(Higgs rate ~ 0.1 Hz)
« p~10° (P, ~ 107
« Avyearofdafa: n~ 10"
= Poisson regimel

(Large n = design requirement,
to get not-too-small A=np...)

—y
=]
)

proton - (anti)proton cross sections

s [ M =125 Gev{

| wJs2012

a

tot

Tevatron

VBF

LHC|

-
~
<
=

' W.J. Stiring, p
. communicati

ivate !
on

1

Vs (TeV)

events / sec for ~ = 102 cm?s™



Poisson Distributions P (k:n)=e" A

A =05 k!

0.6F

0.5; A : expected number

- of events

0.4

0'3;__ Mean = A
0.2 Variance = A
0.1 1 RMS =V

Y5 70 15 20 25 30

* Discrete distribution (infegers only), asymmetric for small A
* Central limit theorem : becomes Gaussian for large A

* Typical uncertainty (RMS) on N events is YN, for large N
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Poisson Disiributions

A=1

0.35F

0.3
0.25F

0.2F
0.15F
0.1
0.05)

L

003..

5

10

15

20

25

30

k
P (k;n)=e "2

‘k!

A . expected number
of events

Mean = A
Variance = A
RMS = VA

* Discrete distribution (infegers only), asymmetric for small A
* Central limit theorem : becomes Gaussian for large A

* Typical uncertainty (RMS) on N events is YN, for large N
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Poisson Distributions P (k:n)=e" A

A =3 k!

0.22F [

0.2
0.18E _L A . expected number
0.1 6;— of evenfts
0.14H
0.12F

0.15 Mean = A
8'825 Variance = A
0.04F RMS = A
0.02F

IR N N B IR T R T S T N T SR TR N S T
Y5 10 15 20 25 30

* Discrete distribution (infegers only), asymmetric for small A
* Central limit theorem : becomes Gaussian for large A

* Typical uncertainty (RMS) on N events is YN, for large N
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Poisson Disiributions

A=5

0.18
0.16
0.14
0.12

0.1
0.08
0.06
0.04
0.02

ST

k
P (k;n)=e "2

‘ k!

A . expected number
of events

Mean = A
Variance = A
RMS = VA

* Discrete distribution (infegers only), asymmetric for small A
* Central limit theorem : becomes Gaussian for large A

* Typical uncertainty (RMS) on N events is YN, for large N
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Poisson Distributions P (k:n)=e" A

A =10 [ k!

0.12

0.1:_ A . expected number

E of events
0.08—
0.06:— Mean = A
0.04F Variance = A
0.02F RMS =\
% 25 30

* Discrete distribution (infegers only), asymmetric for small A
* Central limit theorem : becomes Gaussian for large A

* Typical uncertainty (RMS) on N events is YN, for large N
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Poisson Disiributions

A = 20 k!

0.09
0.08F |
0.070 A . expected number

- of events
0.06F
0.05F
0.04f Mean = A
0.03¢ Variance = A
0.02

- RMS =
0.01F S =12

% 10 15 20 25 30

* Discrete distribution (infegers only), asymmetric for small A
* Central limit theorem : becomes Gaussian for large A

* Typical uncertainty (RMS) on N events is YN, for large N

k
P (k;n)=e "2

49



What we have learned so far (1)

* PDFs: give the probability to obtain each
possible value in a random process

0.4}

« Examples Py
" 0.25F

— Gaussian: (x—x,)? 02f

1 DY 0.15/-

G(x;x,0)= —e ot

O JT s

=]

* To describe a continuous variable
* For large numbers of events, processes become Gaussian

0.185—

— Poisson : oy
7\f{ 0.12}-

— A\ 0.1?

P (k;\)=e Pan o0e

k! oo

0.02}

* generally used for counting events



Building a Statistical
Model




Statistical Model

* Goal: Quantify our knowledge using PDFs:
Build a Statistical Model

* |ncludes
— Assumptions about what we know (physics, etc.)

— PDFs of random variables: statistical description what we
don't know.

* The statements we can make have a probabilistic meaning:
« Not m =125.5 GeV but 124.95 < m, < 125.77 GeV with 68%
confidence

* Not “there exists a Higgs boson” but “exists with 99.9999%
(50) confidence”

* For these statements to be correct the PDFs need to correctly
describe the distributions of the random variables..

— Not always easy or possible...
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Example: Model for Counting

A=3

* Counting experiment: 022
— observe a number of events n §j§
— describe by a Poisson distribution 012
006!
A Ymp P A 0.00
P(n;\)=e y i

* Withsi ' _(s+b) (S+D)"

With signal and bkg: P(n:s,b)=c" b ( ,)

n!

 We have assumed a Poisson distribution for n : This is our model,
based on physics knowledge.

* Model has parameters (s.,b), a priori unknown.

 For example, can assume b is known.
= Goal: use the measured n o find out about the parameter s.
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Example: Shape Analysis

« Shape analysis experiment
— observe a set of masses m.... m_

Normalized events per GeV

« Describe shape of m. distribution using

- Gaussian signal p_(m)=G(m;m, o)
— EXp. bCICkgrOUnd Pbkg(m>:(l EXP(_O( m)
— expectedyields: s, b

 Overall PDF:

Normalized events per GeV

Pr(m)= 25 Glmim,,0)+—

* We have assumed 3
— A sighal shape (detector response) f:

— A background shape (physics) j

« Parameters s, b, m ... are unknown: :

measure using the observed m.

0.251
0.2l
0.15F

0.1

0.05F

f00 110 120 130 140 150 160
m (GeV)

slopj o
0.01f

o00s. Background

0.03r

0.025}
0.02f
0.015|

f00 110 120 130 140 150 160
m (GeV)

o exp(—o m)

0.025[
0.02}

0.0152

0.01f

0.005;

f00 110 120 130 140 150 160
m (GeV)



0.25

Example: Shape Analysis
 Shape

0.2

0.1

bvents per GeV

> N T D R —
S [Ldt=4510" Vs=7TeV ATLAS -
— obse % - {JL dt.=:to.§fb",\f§=8Tev 4 Data 3
S _ nweighted sum . —| [izo w30 T 150 60
T T B — Signal+background | m (GeV)
* DeSC” B ===+ Background ]
_ — — Signal —
Gau — — slopjoc
— EXp. - ’
— EXPE€ [ | Ikground
* Overall i 1 fiE e e T80 0
| ] m (GeV)
: =0 m)
+ We ha|£ b E
. E #. l : Total
— A sig p 3 £
© — .
- Abg- 2 E
110 160
« Parame m_[GeV]

- —— T vy gom—rg=b{ 20 130 140 150 160
Medasu U O o]0 VeC . m (GeV)



Monte-Carlo Generation

 Model describes the distribution of the observable:
= Possible outcomes of the experiment,
for given parameter values

 Can draw random events according to PDF
“generate pseudo-data” (a.k.a. “Monte Carlo”)

3000

> . —
@ [~ [0} 2]
O B O] o+
z 002 Generate 5 2500 iy
- o - k)
£ 0.02F 0 B gy
§ - ]O0,000 GVGHTS % 2000; **'*m#&%
.015F > -
¢ 0.015; 8 1500 S,
N .01 @ - K W
g E c—; 1000j +M*-aﬁr»'
S 0.005} S -
Z - g 500
$00 110 120 130 140 150 160 P
m (GeV) 00 110 120 130 140 150 160
m (GeV)

* Useful fo design measurement, compute expected results

* Real MC involves redlistic physics models, detector response,
etc. this is “Toy MC”,
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Monte-Carlo Generation

Normalized events per GeV

Model describes the distribution of the observable:
= Possible outcomes of the experiment,

for given parameter values

Can draw random events according to PDF
“generate pseudo-data” (a.k.a. “Monte Carlo”)

0.025|
0.02}
0.015}
0.01
0.005}

foo0 110 120 130 140 150 160

m (GeV)

Generate
100,000 events

—

Normalized events per GeV

3000
2500[
2000}
1500f
1000}

500

00 110 120 130 140 150 160

m (GeV)

Useful to design measurement, compute expected results
Real MC involves redlistic physics models, detector response,

etc. this is “Toy MC”,
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Inversion

« MC generation: parameter values (s, b, m,) as input:

model + parameter values = pseudo-dataset
 Buf what we really want is the other direction:

model + (real) dataset = parameter values

> Generation
S 0.025
oo _
2 0.02f
[ [
[
® 0.015F
'D -
,93 C
£ N
g 0.005:— ] ]
: Estimation

foo "0 120 130 140 150 160
m (GeV)

= Parameter Estimation

Normalized events per GeV

3000

&
¥
25001 *y
R
2000 ;* %”md’*%
15000 :
- %wi#‘%m .
1000 * m""%*m‘
500/

m (GeV)

o010 120 130 140 150 160
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What we have learned so far (2)

* Need probabilistic description for some aspects of a
measurement.

* Use PDFs as building blocks to construct a model:
— Event counting: use Poisson distribution

_(s+b) (S+D)"

n!

— Shape analysis: use PDF shapes that describe the distribution
of signal and background.

S
PTotal (m , esignal > ebkg) = m P

* Directly usable to generate pseudo-data for given parameter
values.

 Goal of the rest of these lectures: how to use data to
measure the parameters

P(n;s,b)=e

(m > 6signal)-l-mpbkg (m ) 6bkg)

signal
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Parameter Estimation



Likelihood

* Likelihood function: same as PDF, but considered as a function
of model parameters, not the random variable

Poisson P<n;7\):e—x}y_n N L()x;n)ze}“;‘—’:

PDF nl!

* Purely a difference of interpretation!

Poisson
Likelihood

A=3

* PDF: given A, how probable to observe n
— Variable : the observed data

— High values of PDF: range of n where
data is probable to appear

 Likelihood: Given an observed n,
how likely was this outcome for some A value ?

— Variable : the model parameters.

— High value of the likelihood : value of A for which the data

we observed was likely
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Poisson Example

no background:

* Say we observed N=5

1

0.8

0.6

0.4

0.2

« Assume Poisson distribution with T ( o °n)— oS
’ n!
55
L(s;n=5)=e "=
 Datais fixed, parameter s varies o
I_ Observed
B Value n=5
:. L I‘ L | | | |
o5 70 15 20 25 30
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Poisson Example

 Assume Poisson distribution with
no background:

* Say we observed N=5
 Datais fixed, parameter s varies

—
L(s;n)=e Y

S

L(S,'I’IZS):B H

0'6_2 Observed
0.5F Value n=5
s=0.5 -
likelihood  gf-l-
0.2
0.1
- I |—||_\ |v| | | |
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Poisson Example

 Assume Poisson distribution with
no background:

* Say we observed N=5
 Datais fixed, parameter s varies

0.6 Observed

0.5; Value n=5
s=0.5 -

likelihood  gf-l-

$s=95
: High
0.2 likelihood

1

0.1

EI_I
¢

Y5 10 15 20

S

30
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Poisson Example

« Assume Poisson distribution with L(s;n)= oS
no background: ’ n!
S pserved n=5 s
. we observed n= e\ — S
ay .e. | L(S,H—S)—e a
 Datais fixed, parameter s varies -
0'652 Observed
0.5 Value n=5
s=0.5 -
Low 04__
- I s=95
likelihood 0.3 ] s=20
T High
0.2F likelihood oW
Tk f likelihood
0.1

F
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Poisson Example

 Assume Poisson distribution with

no background:

* Say we observed N=5

Data is fixed, parameter s varies

0.6

050

s=0.5 -

Low 0.41-
likelihood 0_3;—

0.2F

0.1

Observed
Value n=5

$s=95
High
likelihood

5 S

L(s;n)=e "=

n!

55

L(s;n ):e_sa
0.18
0.16 . .
014 Likelihood
012 of s for n=5

N
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Maximum Likelihood

* To estimate a parameter 6 : find the value that maximizes L(6)
The value of 8 for which the data was most likely to occur

= Maximum Likelihood Estimator, é
— A function of the data: 6(n) or 8(m....m )

— Not guaranteed that 8 is the true value
* someftimes the observed data is unlikely...

s=0.5
0.6E 0.18F

: Observed oy Likelihood
0-5F Value n=5 012 of s for n=5
0.4:_ 0.1

E 0.08[
0.3k 0.06}-

E 0.041
0.2F $=9 s =20 N /A N

- %24 s 8 10 12 14 16 18 20
0.1:— \j S

Maximum for s=5: § =5
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Maximum Likelihood Properties

- Consistent: 8 gives the frue value on average E(6)=6*
* Asymptotically Gaussian : (é—e*)2

i 0)~
for large datasets P(B) =P 203

for n» oo

« Asymptotically Efficient : g, is the lowest possible value for an
estimator for 8 (in the limit N—oo)

* Log-likelihood :
0—0°
Oy

— Can also minimize A = -2 log L A (0)=
— If Lis Gaussian, A is parabolic:

e Can drop multiplicative constants in L (additive constants in A)
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Poisson Example

* Event counting with . \_ _—s._n
Poisson model, b=0 L(s,n)—e >

— Peak of the poisson is always at Nn=s

<— dropped n!

N

— ML estimate: S =N
— So §=n is Poisson-distributed

0.6F
* Properties: , 5;_
— Consistent E(8)=E(n)=s" 0'45_ e n = 20
— Gaussian for large n il

e Kind of trivial...




1 ——

Gaussian Examples

Events
p

0.8

 Gaussian case, one measurement !
0.6
— We measure x I \

0.4

— Likelihood: L(0;x)=G(x;0,0) 2

— What is 8 ? ML estimate : 8 = x. -
 Gaussian case, two measurements LRI N R

— Measure the same parameter twice — how to combine ?
— Both cases Gaussian, same mean, different resolutions

— Combined likelihood: L(6;x, x,)=G(x,;08,0,)G(x,;6,0,)
2
+

2
x,—0

O,

Xx,—0
O,

Log-likelihood: A(6;x, x,)=

X
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Gaussian Examples

1 —_——

Events
p

0.8

 Gaussian case, one measurement !
— We measure x o \
— Likelihood: L(8;x)=G(x;6,0) A
— What is 6 ? ML estimate : 6 = x.

0.2

0

e Gaussian case, fwo measurements 54321012345

— Measure the same parameter twice — how to combine ?
— Both cases Gaussian, same mean, different resolutions

— Combined likelihood: L(6;x, x,)=G(x,;08,0,)G(x,;6,0,)
2
+

2
x,—0

O,

Xx,—0
O,

Log-likelihood: A(6;x, x,)=

X
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1 — —— S

Gaussian Examples

Events
>
b

0.8

 Gaussian case, one measurement !
— We measure x o \ \
— Likelihood: L(6;x)=G(x;8,0) s
— What is 8 ? ML estimate : 8 = x.

« Gaussian case, two measurements I I N R 5
— Measure the same parameter twice — how to combine ?
— Both cases Gaussian, same mean, different resolutions
— Combined likelihood: L(6;x, x,)=G(x,;08,0,)G(x,;6,0,)

0.2

2
+

2
x,—0

O,

Xx,—0
O,

Log-likelihood: A(6;x, x,)=
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Gaussian Examples

Events
>
b

0.8

 Gaussian case, one measurement i
— We measure x o \ v
— Likelihood: L(6;x)=G(x;0,0) s
— What is 8 ? ML estimate : 8 = x.

 Gaussian case, two measurements
— Measure the same parameter twice — how to combine ?
— Both cases Gaussian, same mean, different resolutions
— Combined likelihood: L(6;x, x,)=G(x,;08,0,)G(x,;6,0,)

0.2

R R R R R
X

2 2

X _e X _6
Log-likelihood: A(8;x, x,)= 101 N 202
Xy X5
) g_§+g_§ Just average the
ML Estimate for 6: 0= — easUremonts

o o, using 1/62 as weight. N



Likelihood for a Shape Analysis

* For asingle measurement, L(0; x) = P(x; 0)
. events, product over events:

For a distribution of N,

L(0;x

o Also variations for n_,

L(N

N

exp

exp b b

0;X,..X, )=e

nO

: include Poisson term

—Neyo

e

=11 P(x;6)
i=1

N Moy

e Ifweuse Pgylm;s,b,0)=

then N_,

L(s,b,0;m,..m_)=e

obs

o= s+b and

bs

s+b

“Extended Likelihood”

XpI_IP (x.;0)

—P

signal (

n

obs

=1

Normalized events per GeV

b
s+b

3000
2500
20000 e
15000
1000}

500

—Pbkg<m’6)

Poo 10 420 30 140 150 160
= toftal numlber of evenTs expected, model parameter
m;0)+

m (GeV)

lsrb) H SPSignal<mi;6)+bekg<mi’e)
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H—vyy Example

* Use the H—yy-inspired model from before
« Generate 10k events of pseudo-data with s=200, m =125 GeV

- Evaluate §, M, from the pseudo-data

=

§ 300@1L

2 2500 i

§ 200/ + ey +++++H++H

:§ 1502 + +ﬁﬂ#ﬁﬁﬁ@ﬁh v

E’ 1 OOE_ fht +++ ++++++
S 50

P00 110 120 130 140 150 160
m (GeV)



H—vyy Example

* Use the H—vyy-inspired model from before
« Generafe 10k events of pseudo-data with =200, m =125 GeV

- Evaluate §, M, from the pseudo-data

300
250
200
150
100

50

Normalized events per GeV

P00 110 120 130 140 150 160
m (GeV)



H—vyy Example

* Use the H—vyy-inspired model from before
« Generafe 10k events of pseudo-data with =200, m =125 GeV

- Evaluate §, m, from the pseudo-data

300
250
200
150
100

50

Normalized events per GeV

P00 110 120 130 140 150 160
m (GeV)



H—vyy Example

* Use the H—vyy-inspired model from before
« Generafe 10k events of pseudo-data with =200, m =125 GeV

- Evaluate §, m, from the pseudo-data

300@

250
200
150
100

50

s =400

Normalized events per GeV

P00 110 120 130 140 150 160
m (GeV)




H—vyy Example

* Use the H—vyy-inspired model from before
« Generafe 10k events of pseudo-data with =200, m =125 GeV

- Evaluate §, m, from the pseudo-data

Q) 300% s =400 y
S 2500 @
7)] ~ <
S 200F
> =
) N
- 150
) B
N -
© 100
g -
S S0
0 110 120 130 140 150 160

m (GeV)

o —_ N W B~ a (o))
T NN

100 150 200 250 _ 300

S
* Ais parabolic (=Gaussian)
* ML estimate § # frue value,

but close
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H—vyy Example

* Use the H—yy-inspired model from before
« Generate pseudo-data with s=200, m =125 GeV

- Evaluate §, M, from the pseudo-data

=

§ 300@1L

2 2500 i

S 200- + +++H+++++++H++H

® g t 4

E 150: +++++ H++++ +

5 100 HH ++++++++++
S 50

P00 110 120 130 140 150 160
m (GeV)
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H—vyy Example

* Use the H—vyy-inspired model from before
« (Generatfe pseudo-data with s=200, m =125 GeV

- Evaluate §, m, from the pseudo-data

=
@ 300
S 250
0
s 200
]
(b]
- 150
(b]
N
< 100
£
S 50

P

mH = 105 GeV

00 110 120 130 140 150 160

m (GeV)

81



H—vyy Example

* Use the H—vyy-inspired model from before
« (Generatfe pseudo-data with s=200, m =125 GeV

- Evaluate §, m, from the pseudo-data

Normalized events per GeV

300
250
200
150
100

50

00 110 120 130 140 150 160

m (GeV)
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H—vyy Example

* Use the H—vyy-inspired model from before
« (Generatfe pseudo-data with s=200, m =125 GeV

- Evaluate §, m, from the pseudo-data

Normalized events per GeV

300
250
200
150
100

50

00 110 120 130 140 150 160

m (GeV)
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H—vyy Example

* Use the H—vyy-inspired model from before
« (Generatfe pseudo-data with s=200, m =125 GeV

- Evaluate §, M, from the pseudo-data

ET 50;
® ¢ |
¢ 300 - 40F
— EI B
8 250 - 300
® <
s 200 20F
> -
- 150 10
@ B
N 0_|||||
© 100 110 120 130 140 150
g m,, (GeV)
o 50 . ,
Z A parabolic only for

fo0 110 20 130 140 150 160 M.~125GeV
m (GeV)
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H—vyy Example

* Use the H—vyy-inspired model from before
« (Generatfe pseudo-data with s=200, m =125 GeV

- Evaluate §, m, from the pseudo-data

%T 50§—

300 ‘TJ 40 rﬁH — ]25] GeV
i

250 <£J:
<

200
150
100

50

126 128 130
m, (GeV)

* A parabolic only for

Normalized events per GeV

fo0 110 20 130 140 150 160 M.~125GeV
m (GeV)
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Continuous case, binned

g 3000§
5 25001 ey
* Previous slide: consider 2 2000, "““*m
individual events. E 1500 *"*“w,,,”
 Another option: S 1o T
— Define a binning 2 i3

. . 000710 120 130 140 150 160
— Consider each bin as a m (GeV)
counting experiment

n bins

(eap) (Si+D)"
L<51°"Snbms’b1°"bnbms;”1"'”nbins):H e son)| ln ,1)
=1 I°

— s, b.= expected signal and bkg yields in bin i.
* For fine enough binning, equivalent to unbinned case

* © depends on binning, can influence the result if
not fine enough

* @ Binned computations can be much faster for large numbers
of events (H—yy: 100k events, but ~1000 bins enough)
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Summary of Likelihood Definitions

* Method ° Observable * Likelihood
* Counting * n:measured number * Poisson L(s,b;ni):e(“”)(SJ'b),nm
of events M ops
* b : expected background

* Binned *n,i=l.n_ : * Poisson product

shape measured events in (e (Si+D;)™

] , sl,bl,nl He
analysis each bin. Ny !

f.: fraction of signal in each bin
o, . expected background in each bin

* Unbinned -+ m,i=1..n Extended Likelihood

evenTs '

shape observable value
L(s,b;m,)

s+b
analysis for each event HSP szgnal m)+b P bkg( )

« P, P, : PDFs for xin signal and
background 87



What we have learned so far (3)

Estimating a parameter value

0.18F

* Build a likelihood for the measurement 0.16F

0.14f
— See previous page el

0.08F

— Usually the hard part of the problem! 006

0.04F
0.02-

W24 6 8 10 12 14 16 18 20

« Compute the likelihood of the
datal_ . _.orA=-2logl,..

« Adjust the parameter of the likelihood to maximize L __,_(0)

— Maximum is reached for 8.



Confidence Intervals



Definition

« Whatwe want: 8" =8,
« OK,sowhatabout:0"=6,+0,i..8-6<0"<0,+0

— Large fluctuations can happen, although unlikely

» But we can have P(6 -0 < 6" < 6,+0) = 1-a for a small a.
Confidence Interval: a region where 6 is very likely to be

* Usually, use " 1o uncertainties”, i.e. 1-a = 68%

sigmas 1-o o ouf p(Ix-x | < 10) = 0.682689
0.350
l 0.68 0.32 oo
0.25F
1.645 0.90 0.10 02
0.15}
1.96 0.95 0.05 ot
0.05[

2 0.955 0.045 543 2 10 1 2 3 4 5



Definition

« What we want :6==6;- Impossible (usually)
« OK,sowhatabout:0"=6,+6,i.e.0~06<06"< 0 +0

— Large fluctuations can happen, although unlikely

» But we can have P(6 -0 < 6" < 6,+0) = 1-a for a small a.
Confidence Interval: a region where 6 is very likely to be

* Usually, use " 1o uncertainties”, i.e. 1-a = 68%

sigmas 1-o 0 ouf p(Ix-x | < 1o) = 0.682689
0.35f
l 0.68 0.32 oo
0.25F
1.645 0.90 0.10 02
0.15}
1.96 0.95 0.05 of
0.05}

2 0.955 0.045 543 2 10 1 2 3 4 5 91



Definition

« What we want :6*=6;-

Impossible (usually)

« OK, so what about :-8*=8;+6+e-6—6<06<0;6
— Large fluctuations can happen, although unlikely

» But we can have P(6 -0 < 6" < 6,+0) = 1-a for a small a.

Confidence Interval: a region where 6 is very likely to be

* Usually, use " 1o uncertainties”, i.e. 1-a = 68%

sigmas 1-o x
] 0.68 0.32
1.645 0.90 0.10
1.96 0.95 0.05
2 0.955 0.045

0.4
0.35
0.3
0.25
0.2
0.15
0.1
0.05

0 I

p(x-x | < 1) = 0.682689

92



Gaussian case

p(|x-xo| < 10) = 0.682689

If 8 is Gaussian, known quantiles :
P(8*—G < B < 8°+0) = 68% True value
This is a probability for 8, not 6* /

E

. . Experjment
But we can invert the relation:
P(0"-c < 6 < 0°—0) = 68%

P(16-6° | <G) = 68% P '@e
P(6-6 < 0* < 0+6) = 68% 1"
perime
This gives the statement on 6* B - S ! """"

we wanted: "if we repedt the experiment many times,
[0-0, ©+c] will contain the true value 68% of the time”

8, is fixed - actually a statement on the interval [8-c, 8+c],
obfained for each experiment

Can adjust the probability : 95% — [6-1.96c, 8+1966] etc.
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Trivial Application: Gaussian counting

e Suppose a counting experiment measuring N=S+B, with
— B is known =
— B> 1s0 Nis~ Gaussian
— B> Sso o =V(5+B) ~VB 3

e Then L(S, B: N) = G(N: S+B, VB)

B

* Results: Y
— Best fit signal : S = N-B 5 ol —
— 68% confidence inferval : 2 250 )
[S—‘IB, S+\/B] § 2000 A
~ Finally : § = (N-B) £ \B I
5 s 1B

f00 110 120 130 140 150 160
m (GeV) 94



General Case: Likelihood intervals

Goussiog case:
A(6) - A(©) = (0 - 0)2/0?

68% interval : [6-c, B+6] <

So at the inferval endpoints
AMOx0)-A0O)=1

o 3
=<
@25:
2
150
i

— Find the endpoints by 0.51
solving: |

A(0) — A(O) =1

signass 1-o
Also good approximation ] ’
for non-Gaussian case AO) < 1 0.68
Very easy to apply 1.645 A(0) < 2.71 0.90

Other interval sizes: 1.96 A(0) < 3.84 0.95
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General Case: Likelihood intervals

Gaussian case: & 3F

M) -A@) = (8-8)2/02 Tt

D

68% interval : [6-c, 8+6] <

So at the inferval endpoints
AMOx0)-A0O)=1

2F

= Find the endpoints by 0.5
solving: | S

A(0) — A(O) =1

signass 1-o
Also good approximation : ’
for non-Gaussian case AO) < 1 0.68
Very easy to apply 1.645 A(0) < 2.71 0.90

Other interval sizes: 1.96 A(0) < 3.84 0.95
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General Case: Likelihood intervals

Goussiog case:
A(6) - A(©) = (0 - 0)2/0?

68% interval : [6-c, 6+0]

So at the inferval endpoints
AMOx0)-A0O)=1

= Find the endpoints by
solving:

A(0) — A(O) =1

sigmas

1-a
Also good approximation
for non-Gaussian case AO) < 1 0.68

Very easy to apply 1.645 A(0) < 2.71 0.90
Other interval sizes: 1.96 A(0) < 3.84 0.95
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Example : Back to H—yy

* Generate pseudo-data with
s=200, m =125 GeV

- Measure s, m,in the pseudo-data

IIII|IIIIEIIII|IIII|IIII|IIII

S

Normalized events per GeV

300
250f
200f
150[
100[
50/

00710 120 130 140 150 160

m (GeV)
- m\ = 125.1 GeV
— True valye
= 1248 125.4
GeV : : GeV
24 1245 125 1255 126
my (GeV)

M, =125.1+0.3 GeV
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Coverage & Toys

« We claim fo have computed (6,, 6,) so that P(8, < 6,< 0.) = 68%

* We can check whether this is OK ("good coverage”) :
— Generatfe pseudo-data with =6,

— Compute the inferval

— Repeat many times, check fraction of cases when we do
get0,<06,< 0,.

« Example on previous slide: run 5k toys with s=200, m =125 GeV

— 134.5 < 5 € 228.7 : frue 3530/5k = 70.6% of the time
— 124.7 < m_ < 125.5 GeV : true 3414/5k = 68.3% of the time

« Can also be used to compute (6., 0)) :

— Choose some values, compute coverage
— Adjust (8, 6,) until coverage is OK.

® No approximations involved © Can be very slow, 0



What we have learned so far (4)

Estimating a parameter

* Build a likelinood L(08) for the
measurement

« Compute A0) =-2loglL ., (0),
Qs a function of 6.

* Find the minimum of A(0)
= Minimum is reached for 6.

* Move the parameter up and down to get
7»(6+oup) = M0)+1and AMO-0c_,)= A(O)+1.

Then [6-0 0+0,]is O 68% confidence interval for 0 :

down’




Real-Life Case: ATLAS Higgs Mass Measurement

Phys. Rev. D. 90, 052004 (2014)

< 7_I | T 1T 1 | 1T 11 | T 1T 1 | T 1T I T 11 III||IIII.| I T T 1 | I T 11 |_

;_:J - ATLAS 1 — Combined yy+4! ~

. 6—_\/§=7TerLdt=4.5fb' —— Hoyy ]
-~ Vs=8TeV [Ldt=20.3fb"  H 77 4 -
5:_ ------ without systematics -
4\ e —20
3 -
2 —
P e N e NN —1o
:I | L 1 1 1 | L1 11 | L 1 1 ) TIIlIIIIlIIII|:
05531535 124 1945 125 1955 126 1265 127 127.5

my, [GeV] o1



Fisher Information

Gaussian case: A(8) — A(0) = (8 — 6)%/6? so d2A./de? = 2/6?
Define the Fisher Information as

I=—FE

0| <>)
——log L|O
00° b

Measure of the quantity of information in the measurement of 6
Gaussian case, I=1/0? : more information => smaller uncertainty:.

In general, for any estimator 6 ,
Var(®) > 1/I (Cramer-Rao inequality)
(cannot be more precise than information allows.)
Estimators which reach the bound are efficient — e.g. MLE in the
large n limit.
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2D Contours

* [wo correlated parameters:
— Now A(6,,8,), Gaussian
Likelihood = Paraboloid
— Find 2D maximum
— Find 2D contour :

_ A O B S
;"(91’92) - ;"(91’ e2) +2.30 * - ATLAS Preliminary | + SM IE
— i . X Best fit ]
Contour values are differen 3 o7 [icasl’ -2 /{(KV,KF) 23"
(XQ(nz]) VS. XQ(I’]=2)) 2:_ (s = 8TeV, |Ldt = 5.8-5.9 fb ’? In Ak k) <6-0_I
N For2 degrees  1-q 1_ :@ : _
T of freedom ; e ST i
1 A(0) < 2.30 0.68 o -
1.645 A(0) < 4.61 0.90 | @ E



Relation with 2

% say you measure 6.6 with n
means 6°,...6" , uncerfainty c. Then XZZ Z

If good agreement ; y?~ n.
If 6. are Gaussian (with same 8" and ¢ as in the x2 expression),
then y2 follows a x2 distribution with n degrees of freedom, y*

Now go back to the likelihood picture, assume Gaussian
mMmeasurements:

A

2

! —l(ﬁr \ ei_eo
L=[]e> r=—2logL=), | -5

i=1 (=1

SO
| 2 2 1-o

— A is like a y? o K R
— Lis exp(+2/2) 1 | 2.30 0.68
— Ais ~ 7, . Quanfiles : 1.645 2.71 4.61 0.90

e for n=1, same as Gaussian
1.96 3.84 6.00 0.95
* For n> 1, look up the values... 104




Real-Life: (u_, ) from H—yy

pr Mver

Physics Letters B 740 (2015) 222-242

S L L L
4 [ + Bestfit ATLAS 7
- —— 68%CL |Ldt=451b" {s=7Tev I
N gﬁ/ﬁ CL [Ldt = 20.3 f!, V5= 8 TeV -
N X "' H — yy, m,=125.4 GeV -
o [ _
s | :
- .

= - |
- : Y E
0 i -
L | | L ["%yeaaq=? | | i

0 0.5 1 1.5 2 2.5 3 3.5

“ggF
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1D Contours with Multiple Parameters: Profiling

« What about 1D contfours, when several parameters are
present ? e.g. A(0,a), , and we want an interval on 6 only.

- Define the profile likelihood A(8) = A(8,0,)
where ﬁe is the ML estimate of a for a fixed value of 0.

« Compute intervals as before with

A(0) —A(0) =1 i.e. A(0,&) — A(O,&) = 1

lo Intervql proflled

1 A S I A A Y Y S (S A [N Y S N A A AN NN A N N — | 1 L L L

—2 -1 0 1 2 e
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Real-Life: u from H—yy

30' LI LI 1T LI 1T LI L LI LI LI
= aTias | Physics Letters B 740 (2015) 222-242
][Ldt =451, (s=7TeV

Ldt=20.3fb™", Vs =8 TeV

25

20

H — yy, m,=125.4 GeV

“r‘:% 15 f_ """"" SM expected
10 ;_ — Observed u
0 i T TS T i T P ||— L= 1.17 £ 027
0 02 04 06 038 1 12 14 16 18 2

u

FIG. 15. The profile of the negative log-likelihood ratio A(u) of
the combined signal strength x for my = 125.4 GeV. The
observed result is shown by the solid curve, the expectation
for the SM by the dashed curve. The intersections of the solid and
dashed curves with the horizontal dashed line at A(x) = 1 indicate
the 68% confidence intervals of the observed and expected
results, respectively.
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Conclusion

* Seen foday
—Likelihoods
—Point Estimation
—Interval Estimation

 Tomorrow
—Discovery significance
—Upper Limits
—Further topics
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Exercises

 We perform a counting experiment where b=400. We observe
410 events. These counts are large enough so that result is

Gaussian

— Write the likelinood

— Compute the best-fit value for s

— Compute the 68% confidence interval for s.

e . X X

« Combining two Gaussian measurements —+—
~ O @)

— Recdall L(B;xl’xz):G(xl;B,Ol)G(x2;6,02) H= 11 12
—t

01 02

— Compute the (68%) "Combined error”
for this estimate
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