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You are here to learn the subtle science 
and exact art of flavour physics.



What is Flavour Physics?

•Informal but useful definition:  
Physics in which the flavour quantum numbers of 
quarks and leptons are important.

•This covers a lot of ground!
•Neutrinos: masses, oscillations, and CP violation
•Mixing and CP violation of hadrons
•Hadron families and spectroscopy
•Decays of hadrons
•Lepton and baryon number violation
• ... in fact, nearly all weak interactions
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What is Flavour Physics?

•Most of the INTERESTING parts of flavour physics 
are related to interference effects.

•This is good old QM: if there are multiple paths from 
the initial state to the final state, they interfere.
• In the jargon: sum of complex amplitudes. 

•When there is only one path (or one dominant path), 
this is kind of boring.

• It gets much more interesting when there are 
competing effects of similar order.
•Especially if they don't have the same time-dependence...
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Today's talk

•Focus today will be on the quark sector
• ... since that's what I work on
• ... and since there's a separate lecture on neutrinos.

•Can't hope to cover everything, but I want to give you 
a taste of
•what the point is
•what flavour physics is like in practice
• important recent (and near-future) results

•Let's begin at the beginning.
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Flavour in the Standard Model

•... but this is not the whole story. 6
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Chirality
•In the Standard Model, chirality is a big deal.

•The SU(2) -- i.e. weak -- interaction only talks to left-handed 
fermions.

•So in the SM, each fermion generation is represented as
• a doublet of left-handed particles with SU(2) interactions
• two singlet right-handed particles

•These weak flavour eigenstates are different from the mass 
eigenstates, but can be expressed as superpositions of them.

•Phase convention: up-type quarks are aligned. Then:

• { u, c, t } are also mass eigenstates

•{d', s', b' } are linear combinations of mass eigenstates...
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1.4 CP violation in the Standard Model

1.4.1 Quarks and the CKM matrix

In the Standard Model, the SU(2) interactions couple only to the left-handed com-

ponent of a particle. Therefore, a generation of massive fermions appears as a pair

of left-handed particles to which SU(2) interactions couple, with weak isospin + 1
2

and −1
2 , and two right-handed singlet particles with weak isospin 0 to which the

coupling is zero. The left-handed particles may be transformed into one another

by charged weak interactions (weak isospin gauge transformations), so they form a

doublet.2

For quarks, the weak flavour eigenstates are different from the mass eigenstates

but can be expressed as superpositions of them. By convention, the phases are

defined so that the isospin +1/2 quarks u, c, t are identical to the mass eigenstates.

Then the three isodoublets (weak eigenstates) are:
(

u
d′

)

L

,

(
c
s′

)

L

,

(
t
b′

)

L

where d′, s′, b′ are a linear superposition of the mass eigenstates d, s, b:
⎛

⎜⎝
d̃
s̃
b̃

⎞

⎟⎠ = VCKM

⎛

⎜⎝
d
s
b

⎞

⎟⎠ .

VCKM is the Cabibbo-Kobayashi-Maskawa (CKM) matrix. It is written:

VCKM =

⎛

⎜⎝
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

⎞

⎟⎠ .

Since the eigenstates within each basis ({d, s, b} and {d′, s′, b′}), are orthogonal to

one another, the constraint that quark number is conserved by VCKM implies it must

be unitary:

VCKMV †
CKM = I.

This reduces the number of independent parameters in the matrix to nine. Five of

these are merely relative phases between the six quarks, leaving four free, physical

parameters. These may be expressed as three mixing angles between generations

θ12, θ23 and θ13, and a complex phase δ.
2There are, of course, also the corresponding antiparticles—a right-handed doublet and two

left-handed singlets—and clones in each of the three QCD colours.

weak isospin −1/2

weak isospin +1/2



The CKM Matrix
•Write linear relation between mass eigenstates (d,s,b) and 

flavour eigenstates (d',s',b') as a matrix VCKM:

•Notation:

•The complex elements of this matrix are free parameters 
in the SM and have to be determined experimentally.
• Fine print in a couple of slides.
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The CKM Matrix
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be unitary:

VCKMV †
CKM = I.

This reduces the number of independent parameters in the matrix to nine. Five of

these are merely relative phases between the six quarks, leaving four free, physical
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14 12. CKM quark-mixing matrix

A complication is that the ratio of the interfering amplitudes is very small,
rDπ = A(B0 → D+π−)/A(B0 → D+π−) = O(0.01) (and similarly for rD∗π and rDρ),
and therefore it has not been possible to measure it. To obtain 2β + γ, SU(3) flavor
symmetry and dynamical assumptions have been used to relate A(B0 → D−π+) to
A(B0 → D−

s π+), so this measurement is not model-independent at present. Combining
the D±π∓, D∗±π∓ and D±ρ∓ measurements [127] gives sin(2β + γ) > 0.68 at 68%
CL [105], consistent with the previously discussed results for β and γ. The amplitude
ratio is much larger in the analogous B0

s → D±
s K∓ decays, which will allow a model-

independently extraction of γ − 2βs [128] at LHCb [129] (here βs = arg(−VtsV ∗
tb/VcsV ∗

cb)
is related to the phase of Bs mixing).

12.4. Global fit in the Standard Model

Using the independently measured CKM elements mentioned in the previous sections,
the unitarity of the CKM matrix can be checked. We obtain |Vud|2 + |Vus|2 + |Vub|2 =
0.9999 ± 0.0006 (1st row), |Vcd|2 + |Vcs|2 + |Vcb|2 = 1.024 ± 0.032 (2nd row), |Vud|2 +
|Vcd|2+|Vtd|2 = 1.000±0.004 (1st column), and |Vus|2+|Vcs|2+|Vts|2 = 1.025±0.032 (2nd
column), respectively. The uncertainties in the second row and column are dominated
by that of |Vcs|. For the second row, a slightly better check is obtained from the
measurement of

∑
u,c,d,s,b |Vij |2 in Sec. 12.2.4 minus the sum in the first row above:

|Vcd|2 + |Vcs|2 + |Vcb|2 = 1.002 ± 0.027. These provide strong tests of the unitarity of the
CKM matrix. With the significantly improved direct determination of |Vtb|, the unitarity
checks for the third row and column have also become fairly precise, leaving decreasing
room for mixing with other states. The sum of the three angles of the unitarity triangle,
α + β + γ = (175 ± 9)◦, is also consistent with the SM expectation.

The CKM matrix elements can be most precisely determined using a global fit to
all available measurements and imposing the SM constraints (i.e., three generation
unitarity). The fit must also use theory predictions for hadronic matrix elements, which
sometimes have significant uncertainties. There are several approaches to combining the
experimental data. CKMfitter [6,105] and Ref. 130 (which develops [131,132] further) use
frequentist statistics, while UTfit [112,133] uses a Bayesian approach. These approaches
provide similar results.

The constraints implied by the unitarity of the three generation CKM matrix
significantly reduce the allowed range of some of the CKM elements. The fit for the
Wolfenstein parameters defined in Eq. (12.4) gives

λ = 0.22537 ± 0.00061 , A = 0.814+0.023
−0.024 ,

ρ̄ = 0.117 ± 0.021 , η̄ = 0.353 ± 0.013 . (12.26)

These values are obtained using the method of Refs. [6,105]. Using the prescription
of Refs. [112,133] gives λ = 0.2255 ± 0.0006, A = 0.818 ± 0.015, ρ̄ = 0.124 ± 0.024,
η̄ = 0.354 ± 0.015 [134]. The fit results for the magnitudes of all nine CKM elements are

VCKM =

⎛

⎝
0.97427 ± 0.00014 0.22536 ± 0.00061 0.00355 ± 0.00015
0.22522 ± 0.00061 0.97343 ± 0.00015 0.0414 ± 0.0012
0.00886+0.00033

−0.00032 0.0405+0.0011
−0.0012 0.99914 ± 0.00005

⎞

⎠ , (12.27)

August 29, 2014 13:59

Current best-fit magnitudes, from PDG 2014:

These two elements have 
non-tiny complex phases

http://www.quantumdiaries.org/2012/05/10/needle-in-a-haystack/


Wolfenstein parametrization
•There's a useful approximation to the CKM matrix 

proposed by Wolfenstein:

•This is only an approximation and it hides a few things
•e.g. Vcs has an imaginary component at order λ4

• ... but it is pretty good and conveys a lot of key information:
•diagonal elements all close to 1
• several key places where Vij = −Vji

• Far corners are small (λ3) but contain the main imaginary part

10

Phys. Rev. Lett. 51 1945 (1983)

Neutrino neutral current processes. With the structure in eqs. (14) and (15), flavour
conserving, neutral current processes are indeed predicted to occur with similar rates as charged
current processes. Neutrino scattering off nucleons leading to a final state without muons are
considered in ref. 30, with reference to the neutral current of a pure Yang-Mills theory. Cross
sections were obtained for the inelastic processes:

ν(ν̄) + Nucleous → ν(ν̄) + hadrons (17)

not much below the existing limits of the time, thus indicating neutrino neutral current processes
to be a promising signal for the proposed four quark theory.

In 1973, the Gargamelle bubble chamber collaboration at CERN observed what they called
muonless or electronless neutrino events 32, i.e. multihadron neutrino interactions without a
visible muon or electron track in the final state, soon recognised to be neutrino processes of the
type (17). Detailed analysis showed that indeed strange particles are pair produced in the final
state, indicating flavour conservation in these abundant neutral current reactions.

Quark-lepton symmetry. Quark-lepton symmetry is not respected in the weak current (2),
which features two lepton isospin doublets and only one quark doublet. Restoring quark-lepton
symmetry was one of the basic motivations of the GIM paper 30, providing the basis for the
partial cancellation of FCNC amplitudes.

It is worth noticing that quark-lepton symmetry plays amore fundamental role in the unified
electroweak theory. C. Bouchiat, J. Iliopoulos and P. Meyer 42 have shown that the symmetry
is the basis for the cancellation of the Adler-Bell-Jackiw anomalies, the last obstacle towards a
renormalizable theory, for fractionally charged and SU(3)color triplet quarks.

CP violation, in brief. It was recognized in 30 that the, generally complex, matrix U arises
from the diagonalization of the quark mass matrix. It was also noted there that with four quarks
one can always bring U into the real form (15), thereby excluding CP violation from the weak
interaction. Already worried by the charm quark, we did not ask what would happen with even
more quarks and failed to discover a simple theory of CP violation.

Three years later, Kobayashi and Maskawa 33 showed that a complex phase does remain if
the matrix (now currently indicated as UCKM , after Cabibbo, Kobayashi and Maskawa) is three
by three, making it possible to incorporate the observed CP violation in a theory with six quark
flavours.

The phenomenology of CP violation with six quarks has been first explored by S. Pakvasa
and H. Sugawara 34 and by L. Maiani 35.

In 1986, I. Bigi and A. Sanda predicted direct CP violation in B decay; in 2001, Belle and
BaBar discover CP violating mixing effects in B-decays.

Today, the description provided by the UCKM matrix has met with an extraordinary success.
In Wolfenstein’s parametrization 36:

UCKM =

⎛

⎜

⎜

⎜

⎜

⎝

1− 1

2
λ2 λ Aλ3(ρ− iη)

−λ 1− 1
2
λ2 Aλ2

Aλ3[1− (ρ+ iη)] −Aλ2 1

⎞

⎟

⎟

⎟

⎟

⎠

(18)

Fig. 3 illustrates the excellent fit obtained for the parameters ρ and η from the measurements
of different observables in K and B physics 37.

http://dx.doi.org/10.1103/PhysRevLett.51.1945


CKM Unitarity

•Within each basis (mass, flavour) eigenstates are orthogonal.

•Therefore the CKM matrix has to be unitary: VCKM  V+CKM = 1
• If your system has n quarks when expressed in one basis, it better still 

have n quarks in the other basis!

•This gives us 9 constraints of the form VikV*jk = δij :
• 3 are sums to 1, like: VudV*ud + VusV*us + VubV*ub = 1
•6 are sums to 0, like: VudV*ub + VcdV*cb + VtdV*tb = 0

•So the actual number of free parameters is 9 instead of 18.

•Of those 9, 5 are just relative phases between the quarks.

•That leaves 4 free, physically meaningful parameters.

•These can be expressed as angles that mix between 
generations (θ12, θ13, θ23) and a complex phase δ.
•This is similar to what's done for neutrinos.

11



CKM Unitarity
•The unitarity constraints give us a powerful way to test the 

internal consistency of the model, e.g.:

•VudV*ub + VcdV*cb + VtdV*tb = 0

•Represent this as a triangle in the complex plane.

•Can make independent measurements of the angles and 
sides and ask: does the triangle close? Are they consistent?

12

13. CP violation in the quark sector 13

VtdVtb*

VcdVcb*

α=ϕ2 β=ϕ1

γ=ϕ3

VudVub*

Figure 13.1: Graphical representation of the unitarity constraint VudV
∗
ub +VcdV ∗

cb +
VtdV

∗
tb = 0 as a triangle in the complex plane.
⎛

⎜

⎜

⎜

⎝

1 −

1
2
λ2

−

1
8
λ4 λ Aλ3(ρ − iη)

−λ +
1
2
A2λ5[1 − 2(ρ + iη)] 1 −

1
2
λ2

−

1
8
λ4(1 + 4A2) Aλ2

Aλ3[1 − (1 −

1
2
λ2)(ρ + iη)] −Aλ2 +

1
2
Aλ4[1 − 2(ρ + iη)] 1 −

1
2
A2λ4

⎞

⎟

⎟

⎟

⎠

.

(13.51)

Here λ ≈ 0.23 (not to be confused with λf ), the sine of the Cabibbo angle, plays the role

of an expansion parameter, and η represents the CP -violating phase. Terms of O(λ6)
have been neglected.

The unitarity of the CKM matrix, (V V †)ij = (V †V )ij = δij , leads to twelve distinct
complex relations among the matrix elements. The six relations with i ̸= j can be
represented geometrically as triangles in the complex plane. Two of these,

VudV ∗
ub + VcdV ∗

cb + VtdV ∗
tb = 0

VtdV
∗
ud + VtsV

∗
us + VtbV

∗
ub = 0 ,

have terms of equal order, O(Aλ3), and so have corresponding triangles whose interior
angles are all O(1) physical quantities that can be independently measured. The angles
of the first triangle (see Fig. 13.1) are given by

α ≡ ϕ2 ≡ arg

(

−
VtdV

∗
tb

VudV ∗
ub

)

≃ arg

(

−1 − ρ − iη

ρ + iη

)

,

β ≡ ϕ1 ≡ arg

(

−
VcdV ∗

cb

VtdV ∗
tb

)

≃ arg

(

1

1 − ρ − iη

)

,

γ ≡ ϕ3 ≡ arg

(

−
VudV ∗

ub

VcdV ∗
cb

)

≃ arg (ρ + iη) . (13.52)

The angles of the second triangle are equal to (α, β, γ) up to corrections of O(λ2). The
notations (α, β, γ) and (ϕ1, ϕ2, ϕ3) are both in common usage but, for convenience, we
only use the first convention in the following.

August 21, 2014 13:17

This particular one is often 
called "the unitarity triangle", 
even though there are 5 others.



CKM Unitarity
•Does the triangle close? Are they consistent?

•So far, looks like the CKM model describes the data 
very well. (Disappointing!)

•Game is not over yet: moved from looking for big 
effects to subtle ones. 13
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CP violation

•C = charge conjugation

•P = parity

•Weak interaction violates C and P.

• It can also violate CP.  This occurs when a process and 
its CP conjugate have different rates, for example:  
    Γ(B → f) ≠ Γ(B → f)

•How can this happen?

• It's always, always an interference effect. For example...

14



CPV in Bs → K− π+

•For Bs → K− π+, amplitude ≈ P+T

•For Bs → K+ π−, amplitude ≈ P+T

•Phases of P and T differ => so can magnitudes of (P+T) and (P+T)
15

Figure 1: Tree and penguin topologies contributing to the U -spin-related B0
d → π+π−,

B0
s → K+K− and B0

d → π−K+, B0
s → π+K− decays (q, q′ ∈ {d, s}).

1 Introduction

Decays of B mesons into two light pseudoscalar mesons offer interesting probes for the
exploration of CP violation. The key problem in these studies is usually given by the
hadronic matrix elements of local four-quark operators, which suffer from large theo-
retical uncertainties. In 1999 [1], it was pointed that the system of the B0

d → π+π−

and B0
s → K+K− decays is particularly interesting in this respect. These transitions,

which receive contributions from tree and penguin topologies, allow us to determine the
angle γ of the unitarity triangle (UT) of the Cabibbo–Kobayashi–Maskawa (CKM) ma-
trix [2] with the help of the U -spin symmetry, which is a subgroup of the SU(3)F flavour
symmetry of strong interactions, connecting the strange and down quarks in the same
way through SU(2) transformations as the isopsin symmetry connects the up and down
quarks. As can be seen in Fig. 1, the B0

d → π+π− and B0
s → K+K− modes are related

to each other through an interchange of all down and strange quarks. Consequently, the
U -spin flavour symmetry allows us to derive relations between their hadronic parameters
so that the experimental observables offer sufficient information to extract them and the
UT angle γ from the data. The advantage of this U -spin strategy with respect to the
conventional SU(3) flavour-symmetry strategies [3] is twofold:

• no additional dynamical assumptions such as the neglect of annihilation topologies
have to be made, which could be spoiled by large rescattering effects;

• electroweak (EW) penguin contributions, which are not invariant under the isospin
symmetry because of the different up- and down-quark charges, can be included.

The theoretical accuracy is therefore only limited by non-factorizable U -spin-breaking
effects, as the factorizable corrections can be taken into account through appropriate
ratios of form factors and decay constants. Moreover, we have key relations between
certain hadronic parameters, where these quantities cancel. Interestingly, also experi-
mental insights into U -spin-breaking effects can be obtained, which do not indicate any
anomalous enhancement.

The relevant observables are the CP-averaged branching ratios as well as the direct
and mixing-induced CP asymmetries Adir

CP(Bq → f) and Amix
CP (Bq → f), respectively, en-

1

Tree decay

R. Fleischer, Eur.Phys.J. C52 (2007) 267-281 
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mental insights into U -spin-breaking effects can be obtained, which do not indicate any
anomalous enhancement.

The relevant observables are the CP-averaged branching ratios as well as the direct
and mixing-induced CP asymmetries Adir

CP(Bq → f) and Amix
CP (Bq → f), respectively, en-

1

Penguin decay

Bs0

K−

π+

Vtb

V*td

P / VtbV
⇤
td

P / V ⇤
tbVtd

T / V ⇤
ubVud

T / VubV
⇤
ud

http://arxiv.org/abs/0705.1121


Direct CP violation
•Full condition to get non-vanishing CPV is:
•Must have [at least] two contributing amplitudes
•They must have different weak phases (part that gets complex-

conjugated under CP)
•They must have different strong phases (part that is invariant under CP)

•To see why, let's work through the possibilities...

16

P T

P T

P+T

P+T

Phases are zero => magnitude is same for both => no CPV.



Direct CP violation
•Full condition to get non-vanishing CPV is:
•Must have [at least] two contributing amplitudes
•They must have different weak phases (part that gets complex-

conjugated under CP)
•They must have different strong phases (part that is invariant under CP)

•To see why, let's work through the possibilities...
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P T

P T

P+T

P+T

Strong phases differ, no weak phase. (P+T) and (P+T) have the 
same magnitude and phase => no CPV.

strong phase P T

P T



Direct CP violation
•Full condition to get non-vanishing CPV is:
•Must have [at least] two contributing amplitudes
•They must have different weak phases (part that gets complex-

conjugated under CP)
•They must have different strong phases (part that is invariant under CP)

•To see why, let's work through the possibilities...
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P T

P T

P+T

P+T

Weak phases differ, no/same strong phase. (P+T) and (P+T) 
have opposite phase but the same magnitude => no CPV.

weak phase P T

P T



Direct CP violation
•Full condition to get non-vanishing CPV is:
•Must have [at least] two contributing amplitudes
•They must have different weak phases (part that gets complex-

conjugated under CP)
•They must have different strong phases (part that is invariant under CP)

•To see why, let's work through the possibilities...
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P T

P T

P+T

P+T

Strong phases differ, same weak phase. (P+T) and (P+T) have 
the same magnitude => no CPV.

strong phase (+24°)

weak phase (+15°)

strong phase (−45°)

weak phase (+15°)

P
T

P
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Direct CP violation
•Full condition to get non-vanishing CPV is:
•Must have [at least] two contributing amplitudes
•They must have different weak phases (part that gets complex-

conjugated under CP)
•They must have different strong phases (part that is invariant under CP)

•To see why, let's work through the possibilities...
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P T

P T

P+T

P+T

Strong phases differ, weak phases differ. (P+T) and (P+T) have 
different magnitudes => CPV.

strong phase (+24°)

weak phase (+15°)

strong phase (−45°)

weak phase (−15°)

P
T

P T



Direct CP violation
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Let's be a bit more quantitative. If the two amplitudes are:

... then the total amplitudes for B and B decays are:

Tree:

Penguin:

T = |T |ei✓tei�t

P = |P |ei✓pei�p ⌘ r|T | ei(✓t+�✓)ei(�t+��)

aB = T + P = |T |ei✓tei�t
�
1 + rei�✓ei��

�

aB = T + P = |T |ei✓te�i�t
�
1 + rei�✓e�i��

�

The difference in the rates will be proportional to:

|aB |2 � |aB |
2 = �4r sin�✓ sin��

We usually express this as an asymmetry:

A =
|aB |2 � |aB |2
|aB |2 + |aB |2

=
�4r sin�✓ sin��

2 +O(r)
' �2r sin�✓ sin�� if r ⌧ 1

CPV requires strong and 
weak phase differences.



CPV in Bs → K− π+
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Phew! So now we've understood this in general, what do we 
see in our example mode?

A(B ! f) =
�(B ! f̄)� �(B ! f)

�(B ! f̄) + �(B ! f)

ACP (B
0
s ! K�⇡+) = 0.27± 0.04± 0.01

) �(B
0
s ! K+⇡�)

�(B0
s ! K�⇡+)

⇡ 1.74

Watch out: change in sign convention...

Phys.Rev.Lett. 110 (2013) 22, 221601 

LHCb measures:

Big effect!

http://arxiv.org/abs/1304.6173


 )2
Ca

nd
id

at
es

 / 
( 1

0 
M

eV
/c

1000

2000

3000

4000 LHCb
   (a)    (b)

B →Kπ
B →Kπ
B →ππ

B →KK
B→3-body
Comb. bkg

0

0

0

0
s

s

0

100

200

300

5 5.1 5.2 5.3 5.4 5.5 5.6 5.7

   (c)

 invariant mass [GeV/c ]2+π−K
5.1 5.2 5.3 5.4 5.5 5.6 5.7 5.8

   (d)

 invariant mass [GeV/c ]2+π
−K

CPV in Bs → K− π+

23

zoom zoom

B
0
s ! K+⇡�

B0
s ! K�⇡+

ACP (B
0
s ! K�⇡+) = 0.27± 0.04± 0.01

) �(B
0
s ! K+⇡�)

�(B0
s ! K�⇡+)

⇡ 1.74

ACP (B
0
s ! K�⇡+) = 0.27± 0.04± 0.01

) �(B
0
s ! K+⇡�)

�(B0
s ! K�⇡+)

⇡ 1.74

PRL 110 (2013) 22, 221601 

http://arxiv.org/abs/1304.6173


... so?
•That's a nice measurement, but why do we care?

• In short: powerful precision test of the SM

•Fairly large (10%) CPV had been seen in B0 → K+ π−
•Large enough to make people ask: is there New Physics at work?
• ... but very hard to calculate a SM value due to QCD effects

•Robust theory prediction:

•Plug in this asymmetry measurement and compute Δ:

•SM wins once again...
24

8

be

ACP (B
0!K+⇡�) = �0.080± 0.007 (stat)± 0.003 (syst),

ACP (B
0
s !K�⇡+) = 0.27± 0.04 (stat)± 0.01 (syst).

Dividing the central values by the sum in quadrature of
statistical and systematic uncertainties, the significances
of the measured deviations from zero are 10.5� and 6.5�,
respectively. The former is the most precise measurement
of ACP (B0 ! K+⇡�) to date, whereas the latter repre-
sents the first observation of CP violation in decays of
B0

s mesons with significance exceeding 5�. Both measure-
ments are in good agreement with world averages [34]
and previous LHCb results [22].
These results allow a stringent test of the validity of

the relation between ACP (B0 ! K+⇡�) and ACP (B0
s !

K�⇡+) in the SM given in Ref. [14] as

� =
ACP (B0!K+⇡�)

ACP (B0
s !K�⇡+)

+
B(B0

s !K�⇡+)

B(B0!K+⇡�)

⌧d
⌧s

= 0, (11)

where B(B0 ! K+⇡�) and B(B0
s ! K�⇡+) are CP -

averaged branching fractions, and ⌧d and ⌧s are the B0

and B0
s mean lifetimes, respectively. Using additional

results for B(B0 ! K+⇡�) and B(B0
s ! K�⇡+) [25]

and the world averages for ⌧d and ⌧s [34], we obtain
� = �0.02 ± 0.05 ± 0.04, where the first uncertainty is
from the measurements of the CP asymmetries and the
second is from the input values of the branching fractions
and the lifetimes. No evidence for a deviation from zero
of � is observed with the present experimental precision.
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That theory prediction
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Other types of CPV

•We talked about direct CP violation, which is a difference 
between
• the |amplitude| for a process X → f
• and the |amplitude| for its conjugate process X → f

•There can be special cases, but the same rules apply.
• In particular, when f = f (e.g. f = K+ K−): "self-conjugate"

•But there is also indirect CP violation (aka "mixing-induced") 
where mixing plays a role.
•There are two subtypes, as we'll see.

•But first I need to explain mixing...

26



Mixing

•If you have a neutral meson M0 and:
• It is not its own antiparticle (M0 ≠ M0)
• It lives long enough to decay weakly
• It is not distinguished from its antiparticle 

by an conserved quantum number

• ... then there is no rule to say M0 
can't turn into M0...

• ... and "anything which is not 
forbidden is mandatory".

•Effect seen many decades ago in 
kaon system; more recently in 
beauty, charm.

27



Mixing: how does it work?
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216

17.2 V
td

and V
ts

Editors:

Kevin Flood (BABAR)
Tobias Hurth (theory)

The CKM matrix elements |Vtd| and |Vts| are funda-
mental parameters of the Standard Model that can only
be determined experimentally using rare radiative B or
K decays (Fig. 17.2.1), or B0 and B0 oscillations involv-
ing top quarks through a box diagram (Fig. 17.2.2). A
discussion of kaon decays is beyond the scope of this ar-
ticle; see, e.g., (Donoghue, Golowich, and Holstein, 1982;
Gaillard and Lee, 1974b; Gilman and Wise, 1983). Mea-
surement of the single top quark production cross-section
allows for a model-independent direct determination of
|Vtb|, but the magnitudes of |Vtd| and |Vts| cannot be sim-
ilarly extracted from tree-level decays. However, a recent
paper (Ali, Barreiro, and Lagouri, 2010) speculates that
⇠ 10% precision for the signal t ! Ws can be achieved
at the LHC with an integrated luminosity of 10fb�1, de-
spite the presence of a nearly three orders of magnitude
larger background from single top production of t ! Wb.
Derivation of |Vtd| and |Vts| from the experimental ob-
servables necessarily assumes the SM although the FCNC
observables used, e.g. from Bd,s mixing, B ! X(s, d)�,
or ✏ in the kaon sector, may receive new physics contribu-
tions from unrelated sources (with the term new physics
- NP - one addresses experimentally yet unconfirmed pro-
cesses and particles beyond those included in the Standard
Model). Independent determination of the magnitudes of
|Vtd| and |Vts| from several di↵erent sources, along with
Vtb from single top measurements, can provide a robust
model-independent check of the unitarity of the CKM ma-
trix or, conversely, o↵er a sensitive probe for the possible
presence of physics beyond the SM.

V

⇤
tb

W

�

q̄

d, s

V

td,s

b

q̄

�

t

Figure 17.2.1. Lowest order SM Feynman diagram for a loop-
mediated radiative B decay.

In the past few years, the experimental and lattice
QCD inputs necessary to calculate |Vtd| and |Vts| to good
precision have become available. The B Factories have
contributed measurements of �md, the mass di↵erence
between the neutral Bd mass eigenstates, and branching

V

⇤
tb

W W

¯

b

d, s

V

td,s

V

td,s

b

V

⇤
tb

¯

d, s̄

t

¯

t

¯

B

0

d,s

B

0

d,s

Figure 17.2.2. Lowest order SM Feynman diagram describing
B0 and B0 oscillations.

fractions from the inclusive and exclusive one-loop radia-
tive penguin processes B ! X(s, d)�, while the CDF, DØ
and LHCb collaborations have measured �ms, the mass
di↵erence between the neutral Bs mass eigenstates, to sub-
percent precision. These results have been matched by
progress in lattice QCD calculations leading to increased
precision in the additional parameters required to extract
|Vtd| and |Vts| from the experimental results.

17.2.1 B
d,s

mixing

Equation (17.2.1) relates �md to |Vtd| (Bigi and Sanda,
2000):

�md =
G2

F

6⇡2
f2

BmBM2
W ⌘BS0|V ⇤

tbVtd|2 bBB , (17.2.1)

where we have inserted

hB0|(bd)(bd)|B0i =
4
3
f2

Bm2
Bd

bBB (17.2.2)

for the hadronic matrix element in Eq. (10.1.17). Here, mB

and MW are respectively the B0 and W masses; GF is the
Fermi constant; ⌘B is a QCD correction (Buras, Jamin,
and Weisz, 1990); S0 is a function of m2

t /m2
W (Buras,

1981; Inami and Lim, 1981); fB is the B-meson decay con-
stant; and bBB is the B-meson bag parameter (Donoghue,
Golowich, and Holstein, 1992). A discussion of the exper-
imental techniques used at the B Factories to measure
�md is given in Section 17.5.

In order to extract |Vtd| using Eq. (17.2.1), we adopt
the latest combination of lattice QCD results avail-
able from “www.latticeaverages.org” (Laiho, Lunghi, and

Van de Water, 2010), who report fb

q

bBB = 227±19 MeV.
This result is obtained by combining the average decay
constant fb obtained from the MILC and HPQCD collab-
orations, along with the HPQCD determination of the bag
parameter bBB , which reduces the total uncertainty with
respect to taking the two parameters separately. Other
required inputs are taken from Tables 25.1.2 and 25.1.3,
as well as the PDG (Beringer et al., 2012). We addi-
tionally assume that |Vtb| = 1. Using the B Factory re-
sults given in Table 17.5.2, which are averaged by the

Here's one box diagram that turns a B0 into a B0:

The virtual t quarks could also be u or c...  
but the t dominates in practice (diagram ~ [mq/mW]2)

Can draw similar diagrams for K0 (sd), D0 (cu), and Bs0 (bs).



More on how mixing works
•For B0 and Bs, box diagrams like that are the main 

mechanism.

•For K0 and especially D0, life is more complicated.  
Main contribution is from rescattering diagrams, like:

•These are governed by long-distance (strong) physics.

•For K0 there is a limited number of on-shell intermediate 
states. For D0 it's a nightmare.

•Upshot: SM calculation for D0 mixing is very rough even 
today -- could be an order of magnitude off!

29



Standard mixing formalism

30

Mixing occurs for neutral mesons M0 = K0, D0, B0, Bs0

|M(t)⇧ =
1

2p

�
e�i(m1� i

2�1)t(p|M⇧+ q|M⇧) + e�i(m2� i
2�2)t(p|M⇧ � q|M⇧)

⇥

|M(t)⇧ =
1

2q

�
e�i(m1� i

2�1)t(p|M⇧+ q|M⇧)� e�i(m2� i
2�2)t(p|M⇧ � q|M⇧)

⇥

L =
⇤

i pS
i (xi)

⇤
i pS

i (xi) +
⇤

i pB
i (xi)

RK,2317 ⇤ 0.87± 0.40

RD,2317 ⇤ 0.14± 0.07

RK,2460 ⇤ 0.11± 0.06

RD,2460 ⇤ 0.10± 0.05

D+
s �0

General time evolution (for reference!)
LEPP Journal Club Seminar, 2007-04-06Mat Charles

Mixing formalism
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e.g.

Decompose into mass eigenstates |M1,2〉:
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... and we can invert to get |M 0(t)〉 given m1,2, !1,2, q/p...

1 INTRODUCTION 1

1 Introduction

The study of decays of neutral mesons in the K and B systems has led to discovery of both mixing and CP
violation (CPV ) in those sectors of the Standard Model (SM). Similarly, studies of neutral mesons in the
charm sector have long been thought to be potentially fruitful ways to search for new physics, since Standard
Model predictions for both mixing and CP violation are quite small. Neither mixing nor CP violation has
yet been observed in the charm sector. Observation of D0-D0 mixing might be a sign of new physics beyond
the Standard Model; observation of CP violation involving D0 mesons at any appreciable level definitely
would [4]. Here we give a brief review of neutral meson mixing and CP violation phenomenology; a more
detailed account is given in Appendix A.

1.1 Charm Mixing Phenomenology

Neutral D0 and D0 mesons are produced as flavor eigenstates of the strong interaction. Their time
development is governed by an effective Hamiltonian

i
∂

∂t

(
D0(t)
D0(t)

)
=

(
M− i

2
Γ

)(
D0(t)
D0(t)

)
(1)

with physical, mass eigenstates D1, D2 with masses M1, M2 and widths Γ1, Γ2. These states are linear
combinations of the flavor states

|D1⟩ = p|D0⟩ + q|D0⟩
|D2⟩ = p|D0⟩ − q|D0⟩ (2)

where p, q satisfy the normalization condition |q|2 + |p|2 = 1 and
(

q

p

)2

=
M∗

12 − i
2Γ∗

12

M12 − i
2Γ12

. (3)

In the case of no CP violation, |q/p| = 1 and the mass eigenstates are also CP eigenstates.
The mass eigenstates may also be characterized in terms of differences of their masses ∆M = M1 −M2

and widths ∆Γ = Γ1 − Γ2. It is convenient to formulate two quantities x, y as

x =
∆M

Γ
, y =

∆Γ
2Γ

(4)

where Γ ≡ (Γ1 + Γ2)/2. Mixing might proceed through off-shell intermediate states, such as might be due
to new physics; x is a measure of this amplitude. It might also proceed through on-shell states that are
shared by both D0 and D0, such as K+K− or π+π−; y is a measure of this amplitude.

In this analysis we search for mixing via the decay chain D0 → D0 → K+π− + c.c. Mixing will result
in a “wrong-sign” (WS) decay, as contrasted with unmixed, Cabibbo-favored (CF) “right-sign” decays,
D0 → K−π+ + c.c. However, WS decays are also produced by doubly Cabibbo-suppressed (DCS) direct
decays of the form D0 → K+π−; these must be separated from any potential mixing signal. This is done
by studying the time development of the WS signal. DCS decays will be exponential, while mixed decays
have a more complex signature. DCS decays will have a small rate RD of order tan4 θC ≈ 0.27%. In the
limit of small mixing |x|, |y| ≪ 1 the combined WS rate may be approximated as

TWS(t) = e−Γt

(
RD +

√
RDy′ Γt +

x′2 + y′2

4
(Γt)2

)
(5)

for

For neutral mesons M0 = K0, D0, B0, Bs
0,

|M0〉 and |M0〉 have same conserved quantum 
numbers, so we can have mixing between them. 

Schrodinger

Mixing is driven by differences Δm, ΔΓ between mass eigenstates.
Δm => oscillations; ΔΓ => different lifetimes (like KS vs KL)



Mixing of 
different mesons
•K0: large mixing (esp ΔΓ)
•D0: tiny mixing

•B0: oscillation period ~ few τ
•Bs: oscillations much faster 

than τ
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Figure 10.1.2. Left: Illustration of mass and width di↵erences of the eigenstates (one denoted by full (red) line and the other
by dashed (blue) line) for various neutral meson systems. Right: Probabilities for an initially produced neutral meson to be
found after the time t in a particle (full (blue) line) or an anti-particle state (dashed (red) line).

Mass, width differences Mixing vs time

x y

K

0
9.5 almost 1

D

0
0.0041± 0.0015 0.0063± 0.0008

B

0
0.774± 0.006 0.0005± 0.005

B

0
s 26.85± 0.13 0.069± 0.006
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Indirect CPV
•We saw earlier that CPV can occur when different 

amplitudes contribute with different phases.

•For direct CPV this means Feynman diagrams whose 
amplitudes have different phases.

•For indirect CPV, one of those phases is related to mixing.

•Conceptually this isn't so different, e.g.
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Figure 1: Tree and penguin topologies contributing to the U -spin-related B0
d → π+π−,

B0
s → K+K− and B0

d → π−K+, B0
s → π+K− decays (q, q′ ∈ {d, s}).

1 Introduction

Decays of B mesons into two light pseudoscalar mesons offer interesting probes for the
exploration of CP violation. The key problem in these studies is usually given by the
hadronic matrix elements of local four-quark operators, which suffer from large theo-
retical uncertainties. In 1999 [1], it was pointed that the system of the B0

d → π+π−

and B0
s → K+K− decays is particularly interesting in this respect. These transitions,

which receive contributions from tree and penguin topologies, allow us to determine the
angle γ of the unitarity triangle (UT) of the Cabibbo–Kobayashi–Maskawa (CKM) ma-
trix [2] with the help of the U -spin symmetry, which is a subgroup of the SU(3)F flavour
symmetry of strong interactions, connecting the strange and down quarks in the same
way through SU(2) transformations as the isopsin symmetry connects the up and down
quarks. As can be seen in Fig. 1, the B0

d → π+π− and B0
s → K+K− modes are related

to each other through an interchange of all down and strange quarks. Consequently, the
U -spin flavour symmetry allows us to derive relations between their hadronic parameters
so that the experimental observables offer sufficient information to extract them and the
UT angle γ from the data. The advantage of this U -spin strategy with respect to the
conventional SU(3) flavour-symmetry strategies [3] is twofold:

• no additional dynamical assumptions such as the neglect of annihilation topologies
have to be made, which could be spoiled by large rescattering effects;

• electroweak (EW) penguin contributions, which are not invariant under the isospin
symmetry because of the different up- and down-quark charges, can be included.

The theoretical accuracy is therefore only limited by non-factorizable U -spin-breaking
effects, as the factorizable corrections can be taken into account through appropriate
ratios of form factors and decay constants. Moreover, we have key relations between
certain hadronic parameters, where these quantities cancel. Interestingly, also experi-
mental insights into U -spin-breaking effects can be obtained, which do not indicate any
anomalous enhancement.

The relevant observables are the CP-averaged branching ratios as well as the direct
and mixing-induced CP asymmetries Adir

CP(Bq → f) and Amix
CP (Bq → f), respectively, en-

1
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The CKM matrix elements |Vtd| and |Vts| are funda-
mental parameters of the Standard Model that can only
be determined experimentally using rare radiative B or
K decays (Fig. 17.2.1), or B0 and B0 oscillations involv-
ing top quarks through a box diagram (Fig. 17.2.2). A
discussion of kaon decays is beyond the scope of this ar-
ticle; see, e.g., (Donoghue, Golowich, and Holstein, 1982;
Gaillard and Lee, 1974b; Gilman and Wise, 1983). Mea-
surement of the single top quark production cross-section
allows for a model-independent direct determination of
|Vtb|, but the magnitudes of |Vtd| and |Vts| cannot be sim-
ilarly extracted from tree-level decays. However, a recent
paper (Ali, Barreiro, and Lagouri, 2010) speculates that
⇠ 10% precision for the signal t ! Ws can be achieved
at the LHC with an integrated luminosity of 10fb�1, de-
spite the presence of a nearly three orders of magnitude
larger background from single top production of t ! Wb.
Derivation of |Vtd| and |Vts| from the experimental ob-
servables necessarily assumes the SM although the FCNC
observables used, e.g. from Bd,s mixing, B ! X(s, d)�,
or ✏ in the kaon sector, may receive new physics contribu-
tions from unrelated sources (with the term new physics
- NP - one addresses experimentally yet unconfirmed pro-
cesses and particles beyond those included in the Standard
Model). Independent determination of the magnitudes of
|Vtd| and |Vts| from several di↵erent sources, along with
Vtb from single top measurements, can provide a robust
model-independent check of the unitarity of the CKM ma-
trix or, conversely, o↵er a sensitive probe for the possible
presence of physics beyond the SM.

V

⇤
tb

W

�

q̄

d, s

V

td,s

b

q̄

�

t

Figure 17.2.1. Lowest order SM Feynman diagram for a loop-
mediated radiative B decay.

In the past few years, the experimental and lattice
QCD inputs necessary to calculate |Vtd| and |Vts| to good
precision have become available. The B Factories have
contributed measurements of �md, the mass di↵erence
between the neutral Bd mass eigenstates, and branching

V

⇤
tb

W W

¯

b

d, s

V

td,s

V

td,s

b

V

⇤
tb

¯

d, s̄

t

¯

t

¯

B

0

d,s

B

0

d,s

Figure 17.2.2. Lowest order SM Feynman diagram describing
B0 and B0 oscillations.

fractions from the inclusive and exclusive one-loop radia-
tive penguin processes B ! X(s, d)�, while the CDF, DØ
and LHCb collaborations have measured �ms, the mass
di↵erence between the neutral Bs mass eigenstates, to sub-
percent precision. These results have been matched by
progress in lattice QCD calculations leading to increased
precision in the additional parameters required to extract
|Vtd| and |Vts| from the experimental results.

17.2.1 B
d,s

mixing

Equation (17.2.1) relates �md to |Vtd| (Bigi and Sanda,
2000):

�md =
G2

F

6⇡2
f2

BmBM2
W ⌘BS0|V ⇤

tbVtd|2 bBB , (17.2.1)

where we have inserted

hB0|(bd)(bd)|B0i =
4
3
f2

Bm2
Bd

bBB (17.2.2)

for the hadronic matrix element in Eq. (10.1.17). Here, mB

and MW are respectively the B0 and W masses; GF is the
Fermi constant; ⌘B is a QCD correction (Buras, Jamin,
and Weisz, 1990); S0 is a function of m2

t /m2
W (Buras,

1981; Inami and Lim, 1981); fB is the B-meson decay con-
stant; and bBB is the B-meson bag parameter (Donoghue,
Golowich, and Holstein, 1992). A discussion of the exper-
imental techniques used at the B Factories to measure
�md is given in Section 17.5.

In order to extract |Vtd| using Eq. (17.2.1), we adopt
the latest combination of lattice QCD results avail-
able from “www.latticeaverages.org” (Laiho, Lunghi, and

Van de Water, 2010), who report fb

q

bBB = 227±19 MeV.
This result is obtained by combining the average decay
constant fb obtained from the MILC and HPQCD collab-
orations, along with the HPQCD determination of the bag
parameter bBB , which reduces the total uncertainty with
respect to taking the two parameters separately. Other
required inputs are taken from Tables 25.1.2 and 25.1.3,
as well as the PDG (Beringer et al., 2012). We addi-
tionally assume that |Vtb| = 1. Using the B Factory re-
sults given in Table 17.5.2, which are averaged by the

B0 B0

π+

π–

V ⇤
ub Vud

b

d

d d
V ⇤
tb Vtd Vtd V

⇤
tb Vub V

⇤
ud

Clearly different weak phases.
(But, caveat: mixing is often not just one diagram.)



Indirect CPV
•Key practical difference: direct CPV is time-independent 

whereas indirect CPV is time-dependent.
•And, of course, indirect CPV can only occur in neutral mesons.

•Two subtypes of indirect CPV:
•CPV in mixing: just what it sounds like; mixing phase violates CP
•CPV in the interference between mixing and decay

•Most famous measurement: sin2β in the "golden channel",  
B0 → J/ψ KS
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13. CP violation in the quark sector 13

VtdVtb*

VcdVcb*

α=ϕ2 β=ϕ1

γ=ϕ3

VudVub*

Figure 13.1: Graphical representation of the unitarity constraint VudV
∗
ub +VcdV ∗

cb +
VtdV

∗
tb = 0 as a triangle in the complex plane.
⎛

⎜

⎜

⎜

⎝

1 −

1
2
λ2

−

1
8
λ4 λ Aλ3(ρ − iη)

−λ +
1
2
A2λ5[1 − 2(ρ + iη)] 1 −

1
2
λ2

−

1
8
λ4(1 + 4A2) Aλ2

Aλ3[1 − (1 −

1
2
λ2)(ρ + iη)] −Aλ2 +

1
2
Aλ4[1 − 2(ρ + iη)] 1 −

1
2
A2λ4

⎞

⎟

⎟

⎟

⎠

.

(13.51)

Here λ ≈ 0.23 (not to be confused with λf ), the sine of the Cabibbo angle, plays the role

of an expansion parameter, and η represents the CP -violating phase. Terms of O(λ6)
have been neglected.

The unitarity of the CKM matrix, (V V †)ij = (V †V )ij = δij , leads to twelve distinct
complex relations among the matrix elements. The six relations with i ̸= j can be
represented geometrically as triangles in the complex plane. Two of these,

VudV ∗
ub + VcdV ∗

cb + VtdV ∗
tb = 0

VtdV
∗
ud + VtsV

∗
us + VtbV

∗
ub = 0 ,

have terms of equal order, O(Aλ3), and so have corresponding triangles whose interior
angles are all O(1) physical quantities that can be independently measured. The angles
of the first triangle (see Fig. 13.1) are given by

α ≡ ϕ2 ≡ arg

(

−
VtdV

∗
tb

VudV ∗
ub

)

≃ arg

(

−1 − ρ − iη

ρ + iη

)

,

β ≡ ϕ1 ≡ arg

(

−
VcdV ∗

cb

VtdV ∗
tb

)

≃ arg

(

1

1 − ρ − iη

)

,

γ ≡ ϕ3 ≡ arg

(

−
VudV ∗

ub

VcdV ∗
cb

)

≃ arg (ρ + iη) . (13.52)

The angles of the second triangle are equal to (α, β, γ) up to corrections of O(λ2). The
notations (α, β, γ) and (ϕ1, ϕ2, ϕ3) are both in common usage but, for convenience, we
only use the first convention in the following.

August 21, 2014 13:17

� ⌘ arg


�VcdV ⇤

cb

VtdV ⇤
tb

�



CPV formalism

•This makes sense: if |q/p| ≠ 1 then the CP eigenstates are 
not mass eigenstates, so CP is not a conserved quantum 
number.
•e.g. a pure CP-even state at t=0 will have a CP-odd component at t>0
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e.g.

Decompose into mass eigenstates |M1,2〉:
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1 Introduction

The study of decays of neutral mesons in the K and B systems has led to discovery of both mixing and CP
violation (CPV ) in those sectors of the Standard Model (SM). Similarly, studies of neutral mesons in the
charm sector have long been thought to be potentially fruitful ways to search for new physics, since Standard
Model predictions for both mixing and CP violation are quite small. Neither mixing nor CP violation has
yet been observed in the charm sector. Observation of D0-D0 mixing might be a sign of new physics beyond
the Standard Model; observation of CP violation involving D0 mesons at any appreciable level definitely
would [4]. Here we give a brief review of neutral meson mixing and CP violation phenomenology; a more
detailed account is given in Appendix A.

1.1 Charm Mixing Phenomenology

Neutral D0 and D0 mesons are produced as flavor eigenstates of the strong interaction. Their time
development is governed by an effective Hamiltonian

i
∂

∂t

(
D0(t)
D0(t)

)
=

(
M− i

2
Γ

)(
D0(t)
D0(t)

)
(1)

with physical, mass eigenstates D1, D2 with masses M1, M2 and widths Γ1, Γ2. These states are linear
combinations of the flavor states

|D1⟩ = p|D0⟩ + q|D0⟩
|D2⟩ = p|D0⟩ − q|D0⟩ (2)

where p, q satisfy the normalization condition |q|2 + |p|2 = 1 and
(

q

p

)2

=
M∗

12 − i
2Γ∗

12

M12 − i
2Γ12

. (3)

In the case of no CP violation, |q/p| = 1 and the mass eigenstates are also CP eigenstates.
The mass eigenstates may also be characterized in terms of differences of their masses ∆M = M1 −M2

and widths ∆Γ = Γ1 − Γ2. It is convenient to formulate two quantities x, y as

x =
∆M

Γ
, y =

∆Γ
2Γ

(4)

where Γ ≡ (Γ1 + Γ2)/2. Mixing might proceed through off-shell intermediate states, such as might be due
to new physics; x is a measure of this amplitude. It might also proceed through on-shell states that are
shared by both D0 and D0, such as K+K− or π+π−; y is a measure of this amplitude.

In this analysis we search for mixing via the decay chain D0 → D0 → K+π− + c.c. Mixing will result
in a “wrong-sign” (WS) decay, as contrasted with unmixed, Cabibbo-favored (CF) “right-sign” decays,
D0 → K−π+ + c.c. However, WS decays are also produced by doubly Cabibbo-suppressed (DCS) direct
decays of the form D0 → K+π−; these must be separated from any potential mixing signal. This is done
by studying the time development of the WS signal. DCS decays will be exponential, while mixed decays
have a more complex signature. DCS decays will have a small rate RD of order tan4 θC ≈ 0.27%. In the
limit of small mixing |x|, |y| ≪ 1 the combined WS rate may be approximated as

TWS(t) = e−Γt

(
RD +

√
RDy′ Γt +

x′2 + y′2

4
(Γt)2

)
(5)

for

For neutral mesons M0 = K0, D0, B0, Bs
0,

|M0〉 and |M0〉 have same conserved quantum 
numbers, so we can have mixing between them. 

Remember our relation between mass and flavour eigenstates:

If |q/p| ≠ 1 then we have CPV in mixing.

CP eigenstates are (up to a phase rotation):

|M±i =
1p
2
|M0i± 1p

2
|M0i



CPV formalism

•|q/p| ≠ 1 would be CPV in mixing
• |Af/Af| ≠ 1 would be direct CPV
• ... and if the moduli are both 1 but there's a relative phase between 

them, it's CPV in the interference between mixing and decay.
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1 Introduction

The study of decays of neutral mesons in the K and B systems has led to discovery of both mixing and CP
violation (CPV ) in those sectors of the Standard Model (SM). Similarly, studies of neutral mesons in the
charm sector have long been thought to be potentially fruitful ways to search for new physics, since Standard
Model predictions for both mixing and CP violation are quite small. Neither mixing nor CP violation has
yet been observed in the charm sector. Observation of D0-D0 mixing might be a sign of new physics beyond
the Standard Model; observation of CP violation involving D0 mesons at any appreciable level definitely
would [4]. Here we give a brief review of neutral meson mixing and CP violation phenomenology; a more
detailed account is given in Appendix A.

1.1 Charm Mixing Phenomenology

Neutral D0 and D0 mesons are produced as flavor eigenstates of the strong interaction. Their time
development is governed by an effective Hamiltonian
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D0(t)
D0(t)

)
=

(
M− i

2
Γ

)(
D0(t)
D0(t)

)
(1)

with physical, mass eigenstates D1, D2 with masses M1, M2 and widths Γ1, Γ2. These states are linear
combinations of the flavor states

|D1⟩ = p|D0⟩ + q|D0⟩
|D2⟩ = p|D0⟩ − q|D0⟩ (2)

where p, q satisfy the normalization condition |q|2 + |p|2 = 1 and
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)2

=
M∗

12 − i
2Γ∗
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M12 − i
2Γ12

. (3)

In the case of no CP violation, |q/p| = 1 and the mass eigenstates are also CP eigenstates.
The mass eigenstates may also be characterized in terms of differences of their masses ∆M = M1 −M2

and widths ∆Γ = Γ1 − Γ2. It is convenient to formulate two quantities x, y as

x =
∆M

Γ
, y =

∆Γ
2Γ

(4)

where Γ ≡ (Γ1 + Γ2)/2. Mixing might proceed through off-shell intermediate states, such as might be due
to new physics; x is a measure of this amplitude. It might also proceed through on-shell states that are
shared by both D0 and D0, such as K+K− or π+π−; y is a measure of this amplitude.

In this analysis we search for mixing via the decay chain D0 → D0 → K+π− + c.c. Mixing will result
in a “wrong-sign” (WS) decay, as contrasted with unmixed, Cabibbo-favored (CF) “right-sign” decays,
D0 → K−π+ + c.c. However, WS decays are also produced by doubly Cabibbo-suppressed (DCS) direct
decays of the form D0 → K+π−; these must be separated from any potential mixing signal. This is done
by studying the time development of the WS signal. DCS decays will be exponential, while mixed decays
have a more complex signature. DCS decays will have a small rate RD of order tan4 θC ≈ 0.27%. In the
limit of small mixing |x|, |y| ≪ 1 the combined WS rate may be approximated as

TWS(t) = e−Γt

(
RD +

√
RDy′ Γt +

x′2 + y′2

4
(Γt)2

)
(5)

for

For neutral mesons M0 = K0, D0, B0, Bs
0,

|M0〉 and |M0〉 have same conserved quantum 
numbers, so we can have mixing between them. 

But we can still get indirect CPV even if |q/p| = 1.
Write the decay amplitudes to a common final state f as:

Af = hf |H|B0i, Af = hf |H|B0i

� =
q

p

Af

Af

Define:

We have CPV if λ ≠ ±1

A(t) = S sin(�mt)� C cos(�mt)

S =
2 Im�

1 + |�|2 C =
1� |�|2

1 + |�2|



sin2β in B0 → J/ψ KS

•Final state (J/ψ KS) is a CP eigenstate with eigenvalue ηf = −1

•B0 → J/ψ KS is dominated by tree diagram
•There is a penguin diagram, but it has little effect and we'll ignore it.

•So the contributing parts are:
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the B Factories is not systematically limited and may be
improved upon by the next generation of experiments.

17.6.2 Transitions and formalism

The Unitarity Triangle angle �1 = � is defined as

�1 ⌘ � ⌘ arg[�(VcdV
⇤
cb)/(VtdV

⇤
tb)]. (17.6.1)

It describes CP violation in the interference between de-
cays with and without B0-B0 mixing and is best measured
in B0 ! J/ ( (2S))K0

S transitions, which have CP -odd
final states (ignoring the small CP violation in K0-K0

mixing). As discussed in Section 10.1, �B = 2 transitions
in the SM are produced by quark box diagrams Obox in-
cluding QCD radiative corrections for �md.

The most precise technique for measuring �1 uses B0

decays to CP eigenstates with quark transitions of the
type b ! cc̄s (Fig. 17.6.1). Since the final state f is ac-
cessible to both B0 and B0, the amplitudes for B0 ! f
(direct decay) and B0 ! B0 ! f (decay preceded by
neutral meson oscillation) will interfere. As described in
Section 10.2,70 the resulting time-dependent CP asymme-
try is given as

A(�t) = S sin(�md�t)� C cos(�md�t), (17.6.2)

where S = 2Im�/(1 + |�|2), C = (1 � |�|2)/(1 + |�|2),
and � = (q/p)(Af/Af ). In the SM, q/p = VtdV ⇤

tb/V ⇤
tdVtb

to a good approximation. For the final state f = J/ K0
S ,

the B decay is dominated by a tree b ! cc̄s (or its CP
conjugate) amplitude71 followed by K0-K0 mixing.72 The
result is � = ⌘f

VtdV ⇤
tb

VtbV ⇤
td

VcbV ⇤
cd

VcdV ⇤
cb

, which leads to C = 0 and
S = �⌘f sin 2�1, where ⌘f = ⌘J/ K0

S
= �1 is the CP

eigenvalue. B0 ! J/ K0
L has ⌘f = ⌘J/ K0

L
= +1 and has

the opposite sign for S. The same magnitude is expected
for the CP -even and -odd modes up to a small correction
for CP violation in K0-K0 oscillations.

To understand the penguin amplitude contributions,
one can group tree (T ) and penguin (P q) amplitudes ac-
cording to their CKM factors, remove the VtbV ⇤

ts term us-
ing the unitarity condition

X

q=u,c,t

VqbV
⇤
qs = 0, (17.6.3)

and express the b! cc̄s decay amplitude as

Acc̄s = VcbV
⇤
cs(T + P c�P t) + VubV

⇤
us(P

u�P t), (17.6.4)

where the superscripts indicate the quark in the loop. The
second term has a di↵erent phase but the magnitude is
suppressed by |VubV ⇤

us/VcbV ⇤
cs| ⇠ O(�2

Cabibbo). Therefore,
the e↵ect of the penguin amplitude on �1 is expected to
be very small.
70 See in particular Eqs (10.2.2, 10.2.4, 10.2.4, and 10.1.10).
71 B decay amplitude ratio provides a factor ⌘f

VcbV ⇤
cs

V ⇤
cb

Vcs
.

72 K0-K0 mixing provides a factor V ⇤

cdVcs/VcdV ⇤

cs.

Within the SM the level of CP violation in decay
(|Af/Āf̄ | 6= 1) is expected to be inaccessible to exist-
ing experiments, and new physics (NP) beyond the SM
is unlikely to generate large e↵ects due to the dominance
of the tree amplitude in decay. However, NP could modify
the time-dependent CP asymmetry across di↵erent modes
by a↵ecting the phase in q/p and lead to inconsistencies
between �1 and other observables that determine the Uni-
tarity Triangle.

b c

c

s

b s

c

c

Figure 17.6.1. Tree and penguin diagrams of b! ccs.

In b ! cc̄d (Fig. 17.6.2) decays, the di↵erence be-
tween the CKM phase of the tree diagram and that of
b ! cc̄s is negligible. This allows the measurements of
sin 2�1 through decays to CP eigenstates of b! cc̄d (such
as B0 ! J/ ⇡0 and D+D�) in the same way as b! cc̄s.
Unlike b ! cc̄s, however, the CKM factors of the pen-
guin diagrams here are of the same order (O(�3

Cabibbo)) as
the tree diagram. The possible contribution of the b! cc̄d
penguin diagrams, which have a di↵erent CKM phase, can
alter the measured value of sin 2�1. Any such deviation
would be due to the e↵ect of penguin contributions or due
to NP.

b c

c

d

b d

c

c

Figure 17.6.2. Tree and penguin diagrams of b! ccd.

The b! cūd transition (Fig. 17.6.3) proceeds through
a tree diagram, and has no penguin contribution. It can
again be used to probe sin 2�1 if the final state is accessible
to both B0 and B0 (e.g., in the case of intermediate D0

and D0 decays to the same final state). However, in this
case, the process b ! uc̄d also contributes. The relative
CKM factor of these two tree diagrams, VubV ⇤

cd/VcbV ⇤
ud,

has a large phase and the magnitude is approximately
0.02. Therefore, the deviation from the b ! cc̄s value for
sin 2�1 obtained in these decays is expected to be small.

b c

u

d

b u
c
d

Figure 17.6.3. Tree diagrams of b! cūd and b! uc̄d.

d d

B0 → J/ψ K0
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The CKM matrix elements |Vtd| and |Vts| are funda-
mental parameters of the Standard Model that can only
be determined experimentally using rare radiative B or
K decays (Fig. 17.2.1), or B0 and B0 oscillations involv-
ing top quarks through a box diagram (Fig. 17.2.2). A
discussion of kaon decays is beyond the scope of this ar-
ticle; see, e.g., (Donoghue, Golowich, and Holstein, 1982;
Gaillard and Lee, 1974b; Gilman and Wise, 1983). Mea-
surement of the single top quark production cross-section
allows for a model-independent direct determination of
|Vtb|, but the magnitudes of |Vtd| and |Vts| cannot be sim-
ilarly extracted from tree-level decays. However, a recent
paper (Ali, Barreiro, and Lagouri, 2010) speculates that
⇠ 10% precision for the signal t ! Ws can be achieved
at the LHC with an integrated luminosity of 10fb�1, de-
spite the presence of a nearly three orders of magnitude
larger background from single top production of t ! Wb.
Derivation of |Vtd| and |Vts| from the experimental ob-
servables necessarily assumes the SM although the FCNC
observables used, e.g. from Bd,s mixing, B ! X(s, d)�,
or ✏ in the kaon sector, may receive new physics contribu-
tions from unrelated sources (with the term new physics
- NP - one addresses experimentally yet unconfirmed pro-
cesses and particles beyond those included in the Standard
Model). Independent determination of the magnitudes of
|Vtd| and |Vts| from several di↵erent sources, along with
Vtb from single top measurements, can provide a robust
model-independent check of the unitarity of the CKM ma-
trix or, conversely, o↵er a sensitive probe for the possible
presence of physics beyond the SM.

V

⇤
tb

W

�

q̄

d, s

V

td,s

b

q̄

�

t

Figure 17.2.1. Lowest order SM Feynman diagram for a loop-
mediated radiative B decay.

In the past few years, the experimental and lattice
QCD inputs necessary to calculate |Vtd| and |Vts| to good
precision have become available. The B Factories have
contributed measurements of �md, the mass di↵erence
between the neutral Bd mass eigenstates, and branching
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Figure 17.2.2. Lowest order SM Feynman diagram describing
B0 and B0 oscillations.

fractions from the inclusive and exclusive one-loop radia-
tive penguin processes B ! X(s, d)�, while the CDF, DØ
and LHCb collaborations have measured �ms, the mass
di↵erence between the neutral Bs mass eigenstates, to sub-
percent precision. These results have been matched by
progress in lattice QCD calculations leading to increased
precision in the additional parameters required to extract
|Vtd| and |Vts| from the experimental results.

17.2.1 B
d,s

mixing

Equation (17.2.1) relates �md to |Vtd| (Bigi and Sanda,
2000):

�md =
G2

F

6⇡2
f2

BmBM2
W ⌘BS0|V ⇤

tbVtd|2 bBB , (17.2.1)

where we have inserted

hB0|(bd)(bd)|B0i =
4
3
f2

Bm2
Bd

bBB (17.2.2)

for the hadronic matrix element in Eq. (10.1.17). Here, mB

and MW are respectively the B0 and W masses; GF is the
Fermi constant; ⌘B is a QCD correction (Buras, Jamin,
and Weisz, 1990); S0 is a function of m2

t /m2
W (Buras,

1981; Inami and Lim, 1981); fB is the B-meson decay con-
stant; and bBB is the B-meson bag parameter (Donoghue,
Golowich, and Holstein, 1992). A discussion of the exper-
imental techniques used at the B Factories to measure
�md is given in Section 17.5.

In order to extract |Vtd| using Eq. (17.2.1), we adopt
the latest combination of lattice QCD results avail-
able from “www.latticeaverages.org” (Laiho, Lunghi, and

Van de Water, 2010), who report fb

q

bBB = 227±19 MeV.
This result is obtained by combining the average decay
constant fb obtained from the MILC and HPQCD collab-
orations, along with the HPQCD determination of the bag
parameter bBB , which reduces the total uncertainty with
respect to taking the two parameters separately. Other
required inputs are taken from Tables 25.1.2 and 25.1.3,
as well as the PDG (Beringer et al., 2012). We addi-
tionally assume that |Vtb| = 1. Using the B Factory re-
sults given in Table 17.5.2, which are averaged by the

B-mixing
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precision in the additional parameters required to extract
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In order to extract |Vtd| using Eq. (17.2.1), we adopt
the latest combination of lattice QCD results avail-
able from “www.latticeaverages.org” (Laiho, Lunghi, and

Van de Water, 2010), who report fb

q

bBB = 227±19 MeV.
This result is obtained by combining the average decay
constant fb obtained from the MILC and HPQCD collab-
orations, along with the HPQCD determination of the bag
parameter bBB , which reduces the total uncertainty with
respect to taking the two parameters separately. Other
required inputs are taken from Tables 25.1.2 and 25.1.3,
as well as the PDG (Beringer et al., 2012). We addi-
tionally assume that |Vtb| = 1. Using the B Factory re-
sults given in Table 17.5.2, which are averaged by the

K-mixing
(KS vs K0)

s d

d s

Putting these together and comparing B0 → J/ψ K0; K0 → KS to 
B0 → B0 → J/ψ K0; K0 → KS ...



sin2β in B0 → J/ψ KS
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Decay amplitudes:

B mixing:

B0 → J/ψ K0 K0 → KS

� ⌘ arg


�VcdV ⇤

cb

VtdV ⇤
tb

�

Our CP-violating observable is S = -ηf sin2β
C = 0 here. 

A(t) = S sin(�mt)� C cos(�mt)

S =
2 Im�

1 + |�|2 C =
1� |�|2

1 + |�2|

From 
earlier

ηf =−1 is CP eigenvalue of B0 → J/ψ KS



sin2β in B0 → J/ψ KS

•a time-dependent asymmetry

•whose frequency is Δm

•and whose amplitude is S = -ηf sin2β

38

Whew! That was a lot of work, but we have what we need:
We can look for:

A(t) = S sin(�mt)� C cos(�mt)

Combination of CP 
odd modes (ηf = −1)
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Figure 17.6.7. Flavor-tagged �t distributions (a,c) and raw CP asymmetries (b,d) for the BABAR (left, (Aubert, 2009z)) and
Belle (right, (Adachi, 2012c)) measurements of sin 2�1. The top two plots show the B ! (cc̄)K0

S (⌘f = �1) samples, and the
bottom two show the B ! J/ K0

L (⌘f = +1) sample. The shaded regions for BABAR represent the fitted background, while the
Belle distributions are background subtracted. The two experiments adopt the opposite color code in �t distribution plots.
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Figure 17.6.9. Distributions of �E for B0 ! J/ ⇡0 samples
used in the Belle measurement (Lee, 2008) of �1. The super-
imposed curves show the signal (solid line), B ! J/ X back-
ground (dot-dashed line), combinatorial background (dashed
line) and the sum of all the contributions (thick solid line).

(Eq. (9.4.1)), and cos ✓H , where ✓H is the angle between
the positively charged lepton and the B candidate mo-
menta in the J/ rest frame. In contrast, Belle achieves
continuum background rejection by applying a cut on the
ratio of zeroth to second Fox-Wolfram moments, R2 < 0.4.
Details on these background suppression techniques can
be found in Chapter 9.

The most recent results obtained by BABAR (Aubert,
2008i) and Belle (Lee, 2008) use 465 ⇥106 and 535 ⇥106

BB pairs, respectively, and are summarized in Table 17.6.3.
BABAR finds CP violation with 4.0� significance, and Belle
finds 2.4� significance. Both results, and their average, are
consistent with the value of S measured in b! ccs decays.
The obtained value of C is consistent with zero.

Table 17.6.3. The time-dependent CP asymmetry parameters
�⌘fS and C for the decay B0 ! J/ ⇡0. The first quoted
uncertainty is statistical, and the second is systematic. The
averages are obtained by HFAG (Amhis et al., 2012).

Experiment �⌘fS C
BABAR 1.23± 0.21± 0.04 �0.20± 0.19± 0.03
Belle 0.65± 0.21± 0.05 �0.08± 0.16± 0.05
Average 0.93± 0.15 �0.10± 0.13

17.6.4.2 B0 ! D(⇤)±D(⇤)⌥

The decay B0 ! D(⇤)±D(⇤)⌥ is dominated by a color-
favored tree-diagram in the SM. When neglecting the pen-
guin (loop) diagram, the mixing induced CP asymmetry
of B0 ! D(⇤)±D(⇤)⌥ is also determined by sin 2�1. The

}
}Combination of CP 

even modes (ηf = +1)

BABAR Belle

[entanglement]



Combined results
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Table 17.6.1. Summary of the time-dependent CP -asymmetry measurements using B0 decays to charmonium + K0 final states, for each decay mode and for all
modes combined. Ntag and P are the number of candidates and signal purity (in %), respectively, in the signal region after flavor tagging and vertex reconstruction
requirements have been applied. S and C are the CP asymmetry parameters for the final state with the CP eigenvalue ⌘f .

BABAR (Aubert, 2009z) Belle (Adachi, 2012c)

Mode Ntag P �⌘fS C Ntag P �⌘fS C

J/ K0
S 6750 95 0.657± 0.036± 0.012 0.026± 0.025± 0.016 13040 97 0.670± 0.029± 0.013 0.015± 0.021 +0.023

�0.045

J/ K0
L 5813 56 0.694± 0.061± 0.031 �0.033± 0.050± 0.027 15937 63 0.642± 0.047± 0.021 �0.019± 0.026 +0.041

�0.017

 (2S)K0
S 861 87 0.897± 0.100± 0.036 0.089± 0.076± 0.020 2169 91 0.738± 0.079± 0.036 �0.104± 0.055 +0.027

�0.047

�c1K
0
S 385 88 0.614± 0.160± 0.040 0.129± 0.109± 0.025 1093 86 0.640± 0.117± 0.040 0.017± 0.083 +0.026

�0.046

⌘cK
0
S 381 79 0.925± 0.160± 0.057 0.080± 0.124± 0.029

J/ K⇤0 1291 67 0.601± 0.239± 0.087 0.025± 0.083± 0.054

All 15481 76 0.687± 0.028± 0.012 0.024± 0.020± 0.016 32239 79 0.667± 0.023± 0.012 �0.006± 0.016± 0.012

Putting together many modes:

... and then putting together BELLE and BABAR:

sin 2� = 0.677± 0.020
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The big picture
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This is [largely] where 
the extremely precise 
constraint on β 
comes from.

Other measurements 
(CPV, mixing, ...) give 
the other constraints.

So far, mutually 
consistent.



Summary of CPV

•Big topic! Key points:

•Only seen in weak decays (need complex phases)

•Driven by interference

•Can be time-independent (direct)...

• ... or time-dependent (mixing-induced)

•Allows precision tests of the SM to test for NP

41

The level of CPV in the SM isn't enough to generate the  
matter-antimatter asymmetry of the universe, so there HAS to be a 
NP source of CPV out there... but it may not be in the quark sector.



Rare decays

•Same basic idea: precision tests of the SM.

• Instead of CPV, look for processes which
•are highly suppressed or forbidden in the SM
•are well-predicted in the SM
•and could be enhanced by NP

•Logic is: NP effects are usually small (otherwise we'd have 
found it already). Hidden "in the noise" for many 
observables. But if SM effect is teeny, could have a big impact.

•We'll look at one famous example: Bs → μ+ μ–

42



Bs → μ+ μ– in the SM

43

Phys.Rev.Lett. 112 (2014) 101801

Introduction FCNC decay searches B ! `+`°K(§)decays Photon polarization in b! s∞ transition Summary

Bs !µ+µ° and B0 !µ+µ°

CKM and helicity suppressed in the SM, theory prediction:

BR(Bs !µ+µ°) = (3.65±0.23)£10°9

BR(B0 !µ+µ°) = (1.06±0.09)£10°10

Bobeth et al. PRL 112 101801 (2014)

NP: (pseudo) scalars in models with extended Higgs sector: MSSM, 2HDM etc.

) enhancement in branching fraction possible
≥
CMSSM
S ,P
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SM predictions:

Suppressed by CKM (Vts ~ 0.04)
and helicity (JP = 0− → 1/2+ 1/2+)
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Figure 1 | Feynman diagrams related to the B0
s ! µ+µ� decay: (a) ⇡+ meson decay

through charged-current process; (b) B+ meson decay through charged-current process; (c)
forbidden B0

s

decay through flavour changing neutral current process; (d) and (e) higher-order
flavour changing neutral current processes for the B0

s

! µ+µ� decay allowed in the SM; and
(f) and (g) examples of processes for the same decay in theories extending the SM, where new
particles, denoted as X0 and X+, can alter the decay rate.

+1/3. A pictorial representation of this process, known as a Feynman diagram, is shown
in Fig. 1a. The u and d quarks are “first generation” or lowest mass quarks. Whenever a
decay mode is specified in this Letter, the charge conjugate mode is implied.

The B+ meson is similar to the ⇡+, except that the light d antiquark is replaced by
the heavy “third generation” beauty (b) antiquark, which has a charge of +1/3 and a
mass of ⇠5GeV/c2 (about five times the mass of a proton). The decay B+ ! µ+⌫, rep-
resented in Fig. 1b, is allowed but its branching fraction is highly suppressed because of

2

http://arxiv.org/abs/1311.0903


Bs → μ+ μ– beyond the SM

44

BR can be enhanced by NP -- especially SuperSymmetry (SUSY), e.g.

BR in SUSY scales approximately as

!
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Figure 1 | Feynman diagrams related to the B0
s ! µ+µ� decay: (a) ⇡+ meson decay

through charged-current process; (b) B+ meson decay through charged-current process; (c)
forbidden B0

s

decay through flavour changing neutral current process; (d) and (e) higher-order
flavour changing neutral current processes for the B0

s

! µ+µ� decay allowed in the SM; and
(f) and (g) examples of processes for the same decay in theories extending the SM, where new
particles, denoted as X0 and X+, can alter the decay rate.

+1/3. A pictorial representation of this process, known as a Feynman diagram, is shown
in Fig. 1a. The u and d quarks are “first generation” or lowest mass quarks. Whenever a
decay mode is specified in this Letter, the charge conjugate mode is implied.

The B+ meson is similar to the ⇡+, except that the light d antiquark is replaced by
the heavy “third generation” beauty (b) antiquark, which has a charge of +1/3 and a
mass of ⇠5GeV/c2 (about five times the mass of a proton). The decay B+ ! µ+⌫, rep-
resented in Fig. 1b, is allowed but its branching fraction is highly suppressed because of

2

¾ Suppressed by FCNC and helicity 
¾  SM prediction 

Decay  SM  

−+→ µµsB -910    23.065.3 ×±
−+→ µµ0B -1010    0.11.1 ×±

Bobeth et.al  
PRL 112 101801 (2014) 

4
A

6

m
tan      )( βαµµ −+→sBB

¾  MSSM  (with R-Parity conservation) 

¾ Ratio              is a test of the minimal flavour violation hypothesis  

Eur. Phys. J  C72 (2012) 2172 

6 

−+−+ →→ µµµµ 00
s B  and  B

)B ( 0 −+→ µµB¾                                 is suppressed by a 
       factor                      compared to that of  Bs 

2
tstd | V /  V |

Relative uncertainties  
in SM for BsÆµ+µ- 

00
s B / B

[details depend on model and on parameter values]

Ideal probe: SM prediction tiny and precise, NP effects potentially 
large, decay clean and easy to reconstruct.



Measurements
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LHCb and CMS combined search for B(s) → μ+ μ– in Run I data.
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Figure 2 | Weighted distribution of the dimuon invariant mass for all categories.
Superimposed on the data points in black are the combined fit (solid blue) and its components:
the B0

s

(yellow shaded) and B0 (light-blue shaded) signal components; the combinatorial back-
ground (dash-dotted green); the sum of the semileptonic backgrounds (dotted salmon); and the
peaking backgrounds (dashed violet).

parameters in the fit are considered as nuisance parameters. Those for which additional
knowledge is available are constrained to be near their estimated values by using Gaussian
penalties with their estimated uncertainties while the others are free to float in the fit.
The ratio of the hadronisation probability into B+ and B0

s

mesons and the branching
fraction of the normalisation channel B+ ! J/ K+ are common, constrained parameters.
Candidate decays are categorised according to whether they were detected in CMS or
LHCb and to the value of the relevant BDT discriminant. In the case of CMS, they are
further categorised according to the data-taking period, and, because of the large variation
in mass resolution with angle, whether the muons are both produced at large angles
relative to the proton beams (central-region) or at least one muon is emitted at small
angle relative to the beams (forward-region). An unbinned extended maximum likelihood
fit to the dimuon invariant-mass distribution, in a region of about ±500MeV/c2 around
the B0

s

mass, is performed simultaneously in all categories (twelve categories from CMS
and eight from LHCb). Likelihood contours in the plane of the parameters of interest,
B(B0 ! µ+µ�) versus B(B0

s

! µ+µ�), are obtained by constructing the test-statistic
�2�lnL from the di↵erence in log-likelihood values between fits with fixed values for the
parameters of interest and the nominal fit. For each of the two branching fractions, a one-
dimensional profile likelihood scan is likewise obtained by fixing only the single parameter
of interest and allowing the other to vary during the fits. Additional fits are performed
where the parameters under consideration are the ratio of the branching fractions relative

to their SM predictions, S
B
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a

Figure 3 | Likelihood contours in the B(B0 ! µ+µ�) versus B(B0
s ! µ+µ�) plane.

The (black) cross on panel (a) marks the best-fit central value. The SM expectation and its un-
certainty is shown as the (red) marker. Each contour encloses a region approximately correspond-
ing to the reported confidence level. Variations of the test statistic �2�lnL for B(B0

s

! µ+µ�)
and B(B0 ! µ+µ�) are shown on panels (b) and (c), respectively. The dark and light (cyan)
areas define the ±1� and ±2� confidence intervals for the branching fraction, respectively. The
SM prediction and its uncertainty for each branching fraction is denoted with the vertical (red)
band.

the two branching fractions.
The combined fit result is shown for all 20 categories in Extended Data Fig. 1. To

represent the result of the fit in a single dimuon invariant mass spectrum, the mass
distributions of all categories, weighted according to values of S/(S + B), where S is the
expected number of B0

s

signal and B is the number of background events under the B0

s

peak
in that category, are added together and shown in Fig. 2. The result of the simultaneous
fit is overlaid. An alternative representation of the fit to the dimuon invariant mass
distribution for the six categories with the highest S/(S + B) value for CMS and LHCb,
as well as displays of events with high probability to be genuine signal decays, are shown
in the Extended Data Figs. 2–4.

The combined fit leads to the measurements
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where the uncertainties include both statistical and systematic sources, the latter con-
tributing 35% and 18% of the total uncertainty for the B0

s

and B0 signals, respectively.
Using Wilks’ theorem28, the statistical significance in unit of standard deviations, �, is
computed to be 6.2 for the B0

s

! µ+µ� decay mode and 3.2 for the B0 ! µ+µ� mode.
For each signal the null hypothesis that is used to compute the significance includes all
background components predicted by the SM as well as the other signal, whose branching
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6.2σ
3.2σ

Measurement of B(Bs → μ+ μ–) in good agreement with the SM.
What about B0 → μ+ μ–?

Introduction FCNC decay searches B ! `+`°K(§)decays Photon polarization in b! s∞ transition Summary

Bs !µ+µ° and B0 !µ+µ°

CKM and helicity suppressed in the SM, theory prediction:

BR(Bs !µ+µ°) = (3.65±0.23)£10°9

BR(B0 !µ+µ°) = (1.06±0.09)£10°10

Bobeth et al. PRL 112 101801 (2014)

NP: (pseudo) scalars in models with extended Higgs sector: MSSM, 2HDM etc.

) enhancement in branching fraction possible
≥
CMSSM
S ,P
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Data }
}Theory

Phys.Rev.Lett. 112 (2014) 101801

http://arxiv.org/abs/1311.0903


B(B0 → μ+ μ–) / B(Bs → μ+ μ–)
•Both B(B0 → μ+ μ–) and B(Bs → μ+ μ–) are precisely 

predicted in the SM...

• ... and in particular their ratio:

•Test for BSM models with non-minimal flavour violation.

•Current measured value higher than expected... but not 
statistically significant.

•More data in Run 2!

46

Phys.Rev.Lett. 112 (2014) 101801
B(B0 ! µ+µ�)SM
B(B0

s ! µ+µ�)SM
= 0.0295+0.0028

�0.0025

fraction is allowed to vary freely. The median expected significances assuming the SM
branching fractions are 7.4 � and 0.8 � for the B0

s

and B0 modes, respectively. Likelihood
contours for B(B0

s

! µ+µ�) versus B(B0 ! µ+µ�) are shown in Fig. 3. One-dimensional
likelihood scans for both decay modes are displayed in the same figure. In addition to
the likelihood scan, the statistical significance and confidence intervals for the B0 branch-
ing fractions are determined using simulated experiments. This determination yields a
significance of 3.0 � for a B0 signal with respect to the same null hypothesis described
above. Following the Feldman–Cousins29 procedure, ±1 � and ±2 � confidence intervals
for B(B0 ! µ+µ�) of [2.5, 5.6] ⇥ 10�10 and [1.4, 7.4] ⇥ 10�10 are obtained, respectively
(see Extended Data Fig. 5).

The fit for the ratios of the branching fractions relative to their SM predictions yields

SB

0
s

SM

= 0.76 +0.20

�0.18

and SB

0

SM

= 3.7 +1.6

�1.4

. Associated likelihood contours and one-dimensional
likelihood scans are shown in the Extended Data Fig. 6. The measurements are compatible
with the SM branching fractions of the B0

s

! µ+µ� and B0 ! µ+µ� decays at the
1.2 � and 2.2 � level, respectively, when computed from the one-dimensional hypothesis
tests. Finally, the fit for the ratio of branching fractions yields R = 0.14 +0.08

�0.06

, which is
compatible with the SM at the 2.3 � level. The one-dimensional likelihood scan for this
parameter is shown in Fig. 4.

The combined analysis of data from CMS and LHCb, taking advantage of their full
statistical power, establishes conclusively the existence of the B0

s

! µ+µ� decay and
provides an improved measurement of its branching fraction. This concludes a search that

R
0 0.1 0.2 0.3 0.4 0.5

Lln
∆2−

0

2

4

6

8

10

SM and MFV

CMS and LHCb (LHC run I)

Figure 4 | Variation of the test statistic �2�lnL as a function of the ratio of branch-
ing fractions R ⌘ B(B0 ! µ+µ�)/B(B0

s ! µ+µ�). The dark and light (cyan) areas
define the ±1� and ±2� confidence intervals for R, respectively. The value and uncertainty for
R predicted in the SM, which is the same in BSM theories with the minimal flavour violation
(MFV) property, is denoted with the vertical (red) band.
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Summary of rare decays

•Again, precision tests of the SM, sensitive to NP

•Often impose severe constraints on NP

•Best example: Bs → μ+ μ–

• ... but many others too!

•Recent interest in B0 → K*0 μ+ μ– where a ~ 3σ 
deviation from SM has been seen at LHCb in 1 fb–1
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The presence of a K+⇡� system in an S-
wave configuration, due to a non-resonant con-
tribution or to feed-down from K+⇡� scalar
resonances, results in additional terms in the
di↵erential angular distribution. Denoting the
right-hand side of Eq. 1 by WP, the di↵erential
decay rate takes the form

(1� FS)WP +
9

32⇡
(WS +WSP) , (7)

where

WS =
2

3
FS sin

2 ✓
`

(8)

and WSP is given by

4

3
AS sin

2 ✓
`

cos ✓
K

+ A(4)
S sin ✓

K

sin 2✓
`

cos�+

A(5)
S sin ✓

K

sin ✓
`

cos�+ A(7)
S sin ✓

K

sin ✓
`

sin�

+A(8)
S sin ✓

K

sin 2✓
`

sin� .
(9)

The factor FS is the fraction of the S-wave
component in the K⇤0 mass window, and WSP

contains all the interference terms, A(i)
S , of the

S-wave with the K⇤0 transversity amplitudes
as defined in Ref. [26]. In Ref. [7], FS was mea-
sured to be less than 0.07 at 68% confidence
level. The maximum value that the quanti-
ties A(i)

S can assume is a function of FS and
FL [11]. The S-wave contribution is neglected
in the fit to data, but its e↵ect is evaluated
and assigned as a systematic uncertainty us-
ing pseudo-experiments. A large number of
pseudo-experiments with FS = 0.07 and with
the interference terms set to their maximum
allowed values are generated. All other param-
eters, including the angular observables, are set
to their measured values in data. The pseudo-
experiments are fitted ignoring S-wave and in-
terference contributions. The corresponding
bias in the measurement of the angular observ-
ables is assigned as a systematic uncertainty.
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Figure 1: Measured values of P 0
4 and P 0

5 (black
points) compared with SM predictions from
Ref. [11] (blue bands).

The results of the angular fits to the data are
presented in Table 1. The statistical uncertain-
ties are determined using the Feldman-Cousins
method [27]. The systematic uncertainty takes
into account the limited knowledge of the angu-
lar acceptance, uncertainties in the signal and
background invariant mass models, the angu-
lar model for the background, and the impact
of a possible S-wave amplitude. E↵ects due
to B0/B0 production asymmetry have been
considered and found negligibly small. The
comparison between the measurements and the
theoretical predictions from Ref. [11] are shown
in Fig. 1 for the observables P 0

4 and P 0
5. The

observables P 0
6 and P 0

8 (as well as S7 and S8)
are suppressed by the small size of the strong
phase di↵erence between the decay amplitudes,
and therefore are expected to be close to zero

4
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Dalitz plots & interference

•So far we've only talked about 2-body decays.
•Bs → K− π+

•B0 → J/ψ KS  [quasi-two-body]
•B(s) → μ+ μ–

•Easier to explain and understand -- fewer degrees of 
freedom.

•But multi-body decays carry more information

• ... and often have interference effects built right in.
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3-body hadronic decays

•For D0 → K− K+, there's only one possibility.
• [A non-spin-0 initial state would open up a bit more freedom, but still.]

•But for D+ → K− K+ π+, there are many routes:
•D+ → π+ ϕ(K+ K−)
•D+ → π+ a0(K+ K−)
•D+ → K*0(K− π+) K+

•D+ → K2*0(K− π+) K+

•D+ → K+ K− π+ nonresonant
• ...

•QM: All possible paths contribue and interfere.
•But note: by itself this doesn't cause CPV if same weak phase for each

•This is a very rich system!

• ... but also complex. How can we visualise it?

49



D+ → K− K+ π+
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FIG. 1. Fitted mass spectra of (a) K�⇡+⇡+ and (b) K�K+⇡+ candidates from samples 1 and 3, D+ and D� combined. The
signal mass windows and sidebands defined in the text are labelled.
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FIG. 2. Dalitz plot of the D+ ! K�K+⇡+ decay for se-
lected candidates in the signal window. The verticalK⇤(892)0

and horizontal �(1020) contributions are clearly visible in the
data.

3. The yield in sample 2 is then inferred as the total
(S +B) in all allowed triggers in the mass window times
the purity in sample 3. Thus the overall yield of signal
D+ ! K�K+⇡+ candidates in the three samples within
the mass window is approximately 370,000. The total
number of candidates (S + B) in each decay mode used
in the analysis are given in Table II. The Dalitz plot of
data in the D+ window is shown in Fig. 2.

Within the 2� D+ ! K�K+⇡+ mass window, about
8.6% of events are background. Apart from random
three-body track combinations, charm backgrounds and
two-body resonances plus one track are expected. Charm
reflections appear when a particle is wrongly identified in
a true charm three-body decay and/or a track in a four-
body charm decay is lost. The main three-body reflec-
tion in the K�K+⇡+ spectrum is the Cabibbo-favoured

TABLE I. Yield (S) and purity for samples 1 and 3 after
the final selection. The purity is estimated in the 2� mass
window.

Decay Yield Purity
Sample 1+3 Sample 1 Sample 3

D+ ! K�K+⇡+ (3.284± 0.006)⇥ 105 88% 92%
D+

s

! K�K+⇡+ (4.615± 0.012)⇥ 105 89% 92%
D+ ! K�⇡+⇡+ (3.3777± 0.0037)⇥ 106 98% 98%

TABLE II. Number of candidates (S + B) in the signal win-
dows shown in Fig. 1 after the final selection, for use in the
subsequent analysis.

sample 1 sample 2 sample 3 Total
D+ ! K�K+⇡+ 84,667 65,781 253,446 403,894
D+

s

! K�K+⇡+ 126,206 91,664 346,068 563,938
D+ ! K�⇡+⇡+ 858,356 687,197 2,294,315 3,839,868

D+ ! K�⇡+⇡+, where the incorrect assignment of the
kaon mass to the pion leads to a distribution that par-
tially overlaps with the D+

s

! K�K+⇡+ signal region,
but not with D+ ! K�K+⇡+. The four body, Cabibbo-
favoured mode D0 ! K�⇡+⇡�⇡+ where a ⇡+ is lost
and the ⇡� is misidentified as a K� will appear broadly
distributed in K�K+⇡+ mass, but its resonances could
create structures in the Dalitz plot. Similarly, K⇤(892)0

and � resonances from the PV misreconstructed with a
random track forming a three-body vertex will also ap-
pear.
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Amplitude analysis

•Dalitz plots are a great way to visualise 3-body decays
• strictly: decays of a pseudoscalar to three pseudoscalars

• ... but we want to make quantitative measurements.

•Treat the amplitude as a sum of individual components
•Here "amplitude" = "matrix element"
• Fermi's Golden Rule: transition probability = 
•Nice feature of Dalitz plots: phase space uniform in 

•Each component varies across the phase space
•e.g. D+ → K*(892)0 K+ will be largest near m(K−π+) = 890 MeV
•Phase of each component varies as well as magnitude

•So we can model the amplitude (=> partial BF) as a 
function of position in the Dalitz plot.

•Float free parameters of model and fit => measure the 
components!
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Amplitude analysis
Skipping over details here to give you a flavour:

•Model-dependent:
•Amplitudes correspond to real resonances, e.g. D+ → K*(892)0 K+

•Model each with an appropriate function (e.g. relativistic Breit-
Wigner) that includes variation in magnitude & phase

•Free parameters are relative magnitude & phase of each 
component, maybe also lineshape stuff like mass and width.

•Pro: fit results easy to interpret in terms of physical quantities
•Con: fit depends on model assumptions (often multiple solutions)
•Con: normalisation/unitarity is [usually] not built in

•Model-independent:
•Amplitudes correspond to partial waves sampled across phsp
•Truncate sum (typically L=2, i.e. S,P,D-waves only)
•Pro: no model input or systematic uncertainty
•Con: physical interpretation may not be obvious
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Why?

•Why go to all that work to understand the 
substructure of multibody hadronic decays?
•Well, there's good physics in the decay itself, but also:

•Valuable input to analyses of mixing and CP violation!

•For example...
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B+ → π+π−π+
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Figure 3: (colour online) Measured AN

raw

in Dalitz plot bins of background-subtracted and
acceptance-corrected events for (a) B± ! K±K+K�, (b) B± ! K±⇡+⇡�, (c) B± ! ⇡±⇡+⇡�

and (d) B± ! ⇡±K+K� decays.

between the momenta of the unpaired hadron and the resonance decay product with the
same-sign charge. Figure 6 shows the projection onto the low K+K� invariant mass for
the B± ! K±K+K� channel, while Fig. 7 shows the projection into m(K+K�) for the
B± ! ⇡±K+K� mode.

The dynamic origin of the CP asymmetries seen in Fig. 3 can only be fully understood
with an amplitude analysis of these channels. Nevertheless, the projections presented in
Figs. 4, 5, 6 and 7 indicate two di↵erent sources of CP violation. The first one may be
associated with the ⇡+⇡� $ K+K� rescattering strong-phase di↵erence in the region
around 1.0 to 1.5GeV/c2 [7, 8]. In this region, there are more B� than B+ decays into
final states including a ⇡+⇡� pair (positive CP asymmetry) and more B+ than B� into
final states that include a K+K� pair (negative CP asymmetry). The second source of
CP violation, observed in both B± ! K±⇡+⇡� and B± ! ⇡±⇡+⇡� decays around the
⇢(770) mass region, can be attributed to the final-state interference between the S-wave
and P-wave in the Dalitz plot.

11

• In 2-body B decays, sometimes see relatively large 
asymmetries of 10-30%.

• In B+ → π+π−π+ the overall asymmetry is 6%, but if you 
look in detail...

•Huge effects, 80%+!

•Where does it come from?
54
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Another model-
independent method: 
divide the Dalitz plot 
into bins, measure 
asymmetry in each 
bin independently.

http://dx.doi.org/10.1103/PhysRevD.90.112004
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Figure 3: (colour online) Measured AN

raw

in Dalitz plot bins of background-subtracted and
acceptance-corrected events for (a) B± ! K±K+K�, (b) B± ! K±⇡+⇡�, (c) B± ! ⇡±⇡+⇡�

and (d) B± ! ⇡±K+K� decays.

between the momenta of the unpaired hadron and the resonance decay product with the
same-sign charge. Figure 6 shows the projection onto the low K+K� invariant mass for
the B± ! K±K+K� channel, while Fig. 7 shows the projection into m(K+K�) for the
B± ! ⇡±K+K� mode.

The dynamic origin of the CP asymmetries seen in Fig. 3 can only be fully understood
with an amplitude analysis of these channels. Nevertheless, the projections presented in
Figs. 4, 5, 6 and 7 indicate two di↵erent sources of CP violation. The first one may be
associated with the ⇡+⇡� $ K+K� rescattering strong-phase di↵erence in the region
around 1.0 to 1.5GeV/c2 [7, 8]. In this region, there are more B� than B+ decays into
final states including a ⇡+⇡� pair (positive CP asymmetry) and more B+ than B� into
final states that include a K+K� pair (negative CP asymmetry). The second source of
CP violation, observed in both B± ! K±⇡+⇡� and B± ! ⇡±⇡+⇡� decays around the
⇢(770) mass region, can be attributed to the final-state interference between the S-wave
and P-wave in the Dalitz plot.
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B+ → π+π−π+

•Where does it come from?

•Rough answer: remember that direct CPV asymmetry with 
two amplitudes is proportional to r sin(Δθ) sin(Δ𝜙)

•For a two-body decay those values are just fixed...

• ... but for 3-body they can vary across the phase space.

•That's the rough answer. Precise answer is... not yet known!

•To understand the mechanism in detail -- and to see if it's SM 
or not -- we need to move to a 
model-dependent analysis. 

•Work ongoing at LHCb!
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Last words

•Flavour physics is a broad topic.

•Lots of stuff we didn't talk about
• spectroscopy, kaon physics, neutrinos, production, ...

•But the heart of it is:
•Precision tests of the SM, searching for / constraining New Physics
•Usually with interference effects

•|SM+NP|2 ~ |SM|2 + |NP|2 + 2α|SM||NP|

•With special focus on mixing, CP violation, and rare decays
• Sensitivity to NP comes from off-shell virtual particles (esp. in 

loops) -- including effects at energy scales >> LHC collision energy

56



Some handy resources

•"The BABAR Physics Book" (SLAC-R-504)
•Especially chapter 1 ("A CP Violation Primer") and 2 

("Introduction to Hadronic B Physics")
• It's 16 years old now, and the experimental bits are getting 

outdated, but it's still a great introduction to the physics.

•"The Physics of the B Factories" (Eur. Phys. J. C74 
(2014) 3026)
•Collected wisdom of BABAR and Belle (and theory!)
•Physics overviews, plus discussion of experimental methods and 

results.
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http://www-public.slac.stanford.edu/SciDoc/docMeta.aspx?slacPubNumber=SLAC-R-504
http://arxiv.org/abs/1406.6311

