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Syllabus:

Outline: This course provides a short introduction to the Cosmic
Microwave Background (CMB) radiation and Galaxy clusters as probes of
Cosmology and Large Scale Structure (LSS). After briefly reviewing the
current standard model of cosmology, we will describe the main properties
of the CMB and Sunyaev-Zeld’ovich (SZ) clusters and finalize with an
overview of the latest findings obtained with the Planck satellite (ESA).

Contents:

Part 1: Review of the Standard Model of Cosmology (SMC):
Part 2: CMB and Sunyaev-Zel’dovich (SZ) Galaxy Clusters
Part 3: Latest results from the Planck Satellite

Bibliography:

- Primordial cosmology, P. Peter, J.-P. Uzan, Oxford University Press, 2009
- An Introduction to Modern Cosmology, A. Liddle, J. Wiley & Sons, 2003
- Course notes by the course’s responsible
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Fig. credits: ESA

Project: ESA lead mission to observe the temperature
and polarization anisotropies of the Cosmic Microwave
Background (CMB] radiation with unprecedented
precision.

Total Cost: about €700 million (€1 / person in EU)

Mission timeline:
Launch: 14 May 20089
Uperational orbit at L2: July 2009
Nominal science phase: end of January 2011
Extended mission: Shut down date: 19 Oct. 2013

Payload:
Telescope: 1.5 m projected apertures
Low Frequency Instrument [LFI): array of 22 tuned
radio receivers operating at 30, 44 and 70 GHz.

High Frequency Instrument (HFI): array of 52
bolometers operating at 100, 143, 217/, 353, 945,
and 857 GHz.




Planck CMB observations

Animation credits: ESA and the Planck collaboration; Cluster map by
Douspis, Hurier, Aghanim 2013

2009-2013: Planck satellite
observes the CMB sky with
unprecedented angular
resolution and sensitivity.




anck CMB observations

2009-2013: Planck satellite
observes the CMB sky with
unprecedented angular
resolution and sensitivity.

Animation & Fig. credits: ESA and the Planck collaboration
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Part I:. Standard Cosmology

N

v




' F.oreWt')rd: 'Whjy'is.the sky dark at night?

e ers ..-(_18-26)'-:-argue'.s that
: " the darkness of y at night

SR A, 7 ’ With
" Heinrich Olbers :

= ‘stajf‘s_ dlstrlbuted unijformly.
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Foreword: 'Why'iS'the_Sk_Y da.rk at. night?

5 Olbefs.’:par_qdo#- (1826) argues that’
' "“the darkness 6 cy at night

stars distributed uniformly.

" Heinrich Olbers

.

Oblers paradox in
‘action.

‘Exercise: prove,Why
this happens -




Foreword: Why is the sky dark at night?

Some possible explanations:

1. Too much dust absorbs light from distant
stars.

§\ AR 2. The number of stars in the Universe is finite.
h{;\“ v. GONERE e =

Heinrich Olbers 3. The distribution of stars is not uniform.

4. The Universe is expanding. Light from distant
stars are redshifted into obscurity.

5. The Universe has a finite age.
Distant light hasn't even reached
us yet.
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The Observable Universe
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Stansa

¢ Nv '

Sun: 8 light minutes away
o -Centaure ;25 light yeats




... the birthplaces of sta‘rs

Distance to the Eagle Nebulae 7000 light years
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Our place in the Universe...

Credits: American Natural History Museum; gently provided by Miguel de Avillez U. Evora




Groups and Clusters of Galaxies...
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“The fingers of God”...
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2 billion light years
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Credit: M. Blanton and the Sloan Digital Sky Survey
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Galaxy surveys: 3D mapping of the
Universe...

SDSS: aims at ~25% of the sky; ~100 million objects




Fig. credits: ESA - C. Carreau.
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Observational cosmology:
main findings about the
Universe
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1924: Edwin Hubble ends debate on the
nature of nebulae being galactic objects

1929: reports a linear relation between
radial velocity and distance: v=H d

At a later time

) At a given time

v8 e,

LA

Efdwih Hubble




1. The Universe is expanding

 If the universe is expanding and matter-energy is conserved during
the expansion then the universe had to be smaller, denser and

hotter in the past!

e If so, the Universe must have evolved from a state where matter

and radiation form a of
fundamental particles

e As the universe expands and cools down:

o interactions between the plasma components become less frequent;
o different particle species should decouple from the plasma;

o eventually the universe becomes neutral and transparent to radiation




1. The Universe is expanding

Derive the Hubble’s law, using the relation
between physical and commoving coordinates in a
homogeneous and isotropic Universe:

rphys = a(t) Xcom

Is H (Hubble proportionality parameter) a constant?

What’s the expression for the peculiar velocity
(relative to the global cosmic expansion)?
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Herman, Gamow, Alpher

The relative abundance of light elements
can not be explained by stellar
nucleosyntesis

1948: Alpher & Gamow computed the
abundance of light elements in the
context of the theory

Light elements were produce at low
temperatures (<1e9K and high densities)
during several tens of minutes
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3. Cosmic Microwave Background

1965: Penzias & Wilson serendiputsly
discovered a uniform radiation (“excess”)
across the sky.

This was the cosmic microwave background

ki e | radition predicted by Gamow and Alpher in
B B\ o8B 043

b [ g
Fonatss i Bl

Penzias & Wilson
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3. Cosmic Microwave Background

1991: High precision measurement of
CMB temperature by COBE and 1st
detection of temperature fluctuations
(Mather & Smoot)

éoﬁn Mgtter &h 2001: State of the art measurements of
eroge Smoot dT/T~1e-5 temperature fluctuations by
WMAP

CosmiC MICROWAVE BACKGROUND SPECTRUM FROM COBE
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Fig. credits: NASA / WMAP Science Team
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4. Isotropy of distanigébjects

On Large Scales the Universe...
... appears to be ISOTROPIC

The APM Galaxy Sur:i)ey

Maddox et al

CMB
T=2.725 K

Distant Objects in the Hubble Ultra Deep Field

otrdpic on larg
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NASA, ESA, R. Windhorst (Arizona State University)

and H. Yan (Spitzer Science Center, Caltech)




5. The existence of Dark Matter

V (rotation velocity)

wemeeees solid body (V< R)
Keplerian (V< 1 / V R)
flat (V= constant)
Galactic

R (radius) J
Jan Oort

1927: Jan Oort studies the
and infers that their rotation is not

consistent with Keplerian motion.
Veire = GJ‘J(R)
1V —




5. The existence of Dark Matter

From:

Oorts constants:

Galactic center

Circular motion: , , ,
Observations vs Keplerian motion:

 Kepler. motion: (A-B)/(A+B) =

_ [GM(R)
Veire = « Observations : (A-B)/(A+B) =

?"

If the whole mass is mostly
at the centre:
http:/ /icc.dur.ac.uk/~tt/Lectures/Galaxies/TeX/lec/node42.html




5. The existence of Dark Matter

Distance

1980: Vera Rubin and others also find that

to
remain bound assuming that gravity is produced
only by visible matter.




5. The existence of Dark Matter

Fritz Zwicky

1936: Fritz Zwicky applied the
and finds
M/L~500 for them to remain bound

* Mass from the virial theorem: Mv=<v/A2> <R>/ G

 Visible (luminous) Mass: Mt=Ng RvL L.  (Rmr — mass to light ratio)




5. The existence of Dark Matter

lensing effects:




5. The existence of Dark Matter

lensing effects:




5. The existence of Dark Matter

lensing effects:

Double Einstein Ring SDSSJ0946+1006 Hubble Space Telescope = ACS/WFC

|

NASA, ESA, R. Gavazzi and T. Treu (University of California, Santa Barbara), STScl-PRCO8-04
and the SLACS Team




6. Cosmic expansion is accelerating

Saul Perimutter Brian P. Schmidt Adam G. Riess

assuming supernovae
are standard candles,
they appear further
away then predicted by
non-accelerating
expansion models

1998: S. Perlmutter and the
supernova Cosmology project
found first evidence for the
accelerated expansion of the
Universe.

Num dado instante Num instante posterior
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Standard Model of Cosmology
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SMC: Mathematical framework

Fundamental assumptions:

e The Universe is homogeneous and isotropic when
observed on large scales and expands uniformly

with respect to any position

 The dynamics of space-time is described by
Einstein's theory of general relativity (GR).

for the Universe to be homogeneous and isotropic the stress-
energy tensor has to be that of a perfect fluid




SMC: Mathematical framework

Reprinted from the lecture notes “The Cosmic Microwave Background”, 2006, by Carlo Baccigalupi, available from:
http:/ /people.sissa.it/~bacci/work/lectures/
1.3 notation and micro-elements of general rel-

The Christoffel symbols are defined as usual as

oo 1 [8Ga~r , Ogyz  Ogaz : 1 .. (0905  Oga~r  Ogs~
Togy==| o2+ 22— 222 | T9, =-g° | 222+ 222 - 221
at lVlt'y 2 ( oz” oz dx” 8y = 59 oz dz” dz®
(1.5)
Spacetime is described by three spatial dimensions plus the time coordinate. The Riemann, Ricci and Einstein tensors are given by
Greek indeces run from 0 to 3, while latin indeces are used for spatial directions, Fe e
‘ Y . . . . . - ” . . x — i I o A o A ¢ 3
from 1 to 3. We use z to indicate a generic spacetime point, # and Z for its spatial Rauw = Zen ~ 5gr T Tl e = TRl 5 (1.6)
component and versor, respectively. The fundamental constants we use are the B RO (1.7
~ . . . . . . y pr = Lo,y \L.0)
Boltzmann and Gravitational ones, indicated with kg and G, respectively. We )
. . . . . ana
work with unitary light speed velocity, ¢ = 1, never using the Planck constant 1 .
(];:z; = Ru.'/ _g.'u.'R ) |\l-8,'
h. w59,
In general relativity, the infinitesimal distance from two spacetime points is [l where R = Rf is the Ricci scalar and the repeated indeces are summed.

defined as To simplify the notation, let us introduce the following conventions for derivation
9 oy , in general relativity:
ds® = g, dz*dz” | (L.1)

e ., =V, means covariant derivative with respect to =¥,

i

where g,,,,(z) is the metric tensor. By an appropriate change on reference frame,

X ) ° |, 5V, means covariant derivative with respect to the spatial metric,
it is always possible to reduce the metric tensor to the Minkowski one, meaning i.e. the 3 x 3 array obtained removing the time column and row from the
that the system changes to the one which in free fall locally in . The signature metric tensor in (1.1),
of the metric tensor we adopt is the following: e . means ordinary derivative with respect to z .

( \ 1. J A uni-dimensional tensor, or vector, v,, can be obtained via covariant derivation
/e A of a scalar quantity s as
Up = 8.0 = S, (1.9)

The inverse of the metric tensor is represented with the indeces up: . . : .
where the last equality holds for scalars only. A tensor can be obtained via

covariant derivation of a vector as

pv o gu 19
Gued” =0y \1.3) ) .
tuwy = Vpyw = Vo U(—,r}‘f:, (1.10)

where 6% is the Kronecker delta. We shall use the Kronecker delta in arbitrary W5 ther covariant derivative raises the rank of tensors:

index configuration: 7
Uppp = t,ul/:," = t;u/.,) tn:'r;:,; f;uj\ r::.,
Y - cuy . n . / \ ¥ — v _ v Vo apv

6 =08, = 6" =1if p=w, 0 otherwise. (1.4) Upp tp = tpp — talpp + 6l pa - (1.11)




SMC: Mathematical framework

Fundamental assumptions:

e The Universe is homogeneous and isotropic when
observed on large scales and expands uniformly

with respect to any position

 The dynamics of space-time is described by
Einstein's theory of general relativity (GR).

Solution is the FLRW metric:

ds® = c*dt? — a*(t) 1 — b + 72 ((102 + sin? ()dq‘)z)




SMC: Mathematical framework

» Energy-momentum conservation

) = —3% (p + (1—:) = d (/)(':2(13) = —pd ((13)




SMC: Mathematical framework

» Energy-momentum conservation

) = —3% (p + (1—:) = d (/)(':2(13) = —pd ((13)




SMC: FLRW models

e Cosmological parameters

Rr(7 Ac? kc? ZQ 4+ Q Q =1
i M Li +3p + Y =
LAY )

includes all matter and

radiation components

(baryons, dark mater, & s
radiation, ...) k=0




SMC: FLRW models

 Friedman equation revisited

Dark Matter + Dark Energy |
effect the expansion of the universe
s, @ o
R 'E B 0.3 0.7
The evolutionary & 0.3 0.0 i
fate of the 5
° ° ° 2 B Ml
Universe i1s 2
determined by 2
. -~ 1k - =
cosmological 3 7
==
parameters =77
0 / 1/ 1 | 1
-10 Now 10 20 30

Billions of Years
MAFS90350




SMC: Concordance Cosmology

Combination of different observational datasets...

Parameter Value Description

Basic parameters

Ho TUUfiJ:‘ kms Mpe! | Hubble parameter
Oy ().[]44411:::::% Baryon density
0 9660025 Total matter density (baryons +
= 0266 0,040 dark matter)
T 0 (]T‘)ﬂ:::i‘; Optical depth to reionization
all OW Uus t 0 As U.c,\?liij:::::ég Scalar fluctuation amplitude
I (]..‘-)4(?11:1:}; Scalar spectral index

1 mp ON]& Derived parameters
. 0.041006 o 10728
COIlStralntS OIl ZeRtanckaciyy po : J-LU'D'J %A Critical density

kg/‘m3
COS mOIO glcal . ,' Qp 0. Tiﬂ?tg: E:J:‘EI Dark energy density
f. : / 9 R
p ararnie te IS VH— ' Zion 10 .53_ ; Reionization red-shift
\ < o8 UTT.’fggig Galaxy fluctuation amplitude

§ 13.7373 17 x 10°
years

4% Atoms Age of the universe



SMC: Exact solutions of the Friedman equation

e Scale factor:




SMC: distances, horizons and volumes

 Coordinate distance:

A PASTL1GHT CONE




SMC: distances, horizons and volumes

 Coordinate distance:

Angular size of the particle horizon for A=0:

8y Q21+ 2
g ~2tan — = -
2 SI[J.Z + (Szl:) o ‘2) \/ l + SZ[_)A": - l)




SMC: distances, horizons and volumes

 Hubble length:

where the last equality holds for a critical density universe Q=1

* Physical volume element:

adr

dV:\/'g|d-r-ded@=(a-r)2\/l — 49
~ %y
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The Horizon Problem
At high redshift

there are ~54000 causal disconnected areas in the CMB
sky. Why the CMB has a thermal spectrum with a so
uniform temperature in all directions (2.725 °K)

CosMIC MICROWAVE BACKGROUND SPECTRUM FROM COBE i
age of universe

—
We can see gas at

points A and B before
they knew about each

THEORY AND OBSERVATION AGREE

sec cm-1

500,000 yr

Intensity, 10-4 ergs / cm2 sr

" distance

Gas at point A has received signals Gas at point B has received signals
from this part of the universe. from this part of the universe.

Copyright © Addison Wasley
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The Flatness Problem

From the Friedmann Equation, written at early times:

K|

’ . ) ’ ”".)(/‘)H',.)(l:)

decreases as time approaches the big bang instant.

This means that as we go back in time the energy density
of universe has to be extremely close to critical density.
For t=1e-43 s (Planck time) Q) should deviate no more
than 1e-60 from the unity.

Why has the universe to start with ()(t) so close to 1?




The Monopoles & other relics Problem

Particle physics predicts that a variety of “exotic” stable
particles, such as the magnetic monopoles, should be
produced in the early phase of the Universe and remain
in measurable amounts until the present.

No such particles have yet been observed. Why?

This either implies that the predictions from particle
physics are wrong, or their densities are very small and
therefore there's something missing from this
evolutionary picture of the Big Bang.




The Origin of Perturbations Problem

Locally the universe is not homogeneous. It displays a
complex hierarchical pattern of galaxies, clusters and
super clusters.

What’s the origin of cosmological structure?
Does it grew from gravitational instability?
What is the origin of the initial perturbations?

Without a mechanism to explain their existence one has
to assume that they were born" with the universe
already showing the correct amplitudes on =~~~ 7 0
all scales, so that gravitaty can correctly

reproduce the present-day structures?




The homogeneity and isotropy Problem

Why is the universe homogeneous on large scales? At
early times homogeneity had to be even more “perfect”.

The FLRW universes form a very special subset of
solutions of the GR equations. So why nature “prefers”

homogeneity and isotropy from the beginning as opposed
to having evolved into that stage?

Distant Objects in the Hubble Ultra Deep Field

CMB T=2.725 K BT Sy




The Theory of Inflation

Inflation can be defined as

Inflation < a >

This happens when




The Theory of Inflation

Inflation can be defined as

Inflation < a >

If the universe experiences a phase of inflation prior to
radiation domination we avoid...

... the flatness problem because the derivative of the scale
factor increases in

i




The Theory of Inflation

Inflation can be defined as

Inflation < a >

If the universe experiences a phase of inflation prior to
radiation domination we avoid...

... the horizon problem because

enough all causally disconnected
sky patches could have been
in causal contact

distance




The Theory of Inflation

Inflation can be defined as

Inflation < a >

If the universe experiences a phase of inflation prior to
radiation domination we avoid...

... the monopoles problem because
their density is very much diluted
to be observed.

distance




The Theory of Inflation

Inflation can be defined as

Inflation < a >

If the universe experiences a phase of inflation prior to
radiation domination we avoid...

... the homogeneity problem
because the visible universe
expanded a lot and had time to
undergo causal interactions

distance




The Theory of Inflation

The simplest model of inflation is described by, a slow-
rolling, scalar field with:

whenever @ “slow-rolls

Py = —py = V = const




The Theory of Inflation

The simplest model of inflation is described by, a slow-
rolling, scalar field with:

the universe expands exponentially




The Theory of Inflation

Inflation also provides a mechanism
for the origin of fluctuations...

... fluctuations (density and grav.
waves) are due to quantum
fluctuations about the vacuum state
of the inflationary potential.

During inflation fluctuations are
“inflated” to macroscopic scales




Standard Model of Cosmology: the origin of fluctuations

SMC = Hot Big Bang + Inflation

FLRW models provides a B¢y Reionization
provide a mechanism for k ST

description for the origin of
the evolution of perturbations
the “background” to the
Universe “background
Universe”

fluctuations (density and grav. waves)
are due to quantum fluctuations about -
the vacuum state of the inflationary 13.7 Billion Years
potential. after the Big Bang




Standard Model of Cosmology: the origin of fluctuations

SMC = Hot Big Bang + Inflation

=ud OF luilzriyr

FUMLEEIYN YR

After the end of inflation

_MJ SPECLRum Eixe xed!

Radiation = Matter
Energy
CMB
Last Scattering %975 I

06 TS Reionization '

e Background evolution is
dominated by:

eRadiation
eMatter
*Dark Energy

PRESENT
13.7 Billion Years
after the Big Bang
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Formation of Cosmological Structure: « overall picture »

A

Inflation

& Coneaton ofTuctuatons (dp)

Cosmological Model
Q, A, QB

mearTheory
( Bp/p << 1)

6p/p~1

Approximate methods

Numerical Simulations J
T.LA ximation

Frozen Flow Formation of galaxies

Large scales

Observations ol
alaxles and
.S.S. In the Universe

From: G.Yepes, Cosmological Numerical Simulations, Astronomical Society of the Pacific Conference Series, Vol. 126 (1997]



Formation of Cosmological Structure

Cosmological random fields
-specified by an infinite set of joint probability distribution functions
(pdfs):
(A(x)), (AX)A(X)),. s (A(x)AR)... A(x™))

-usually assumed Ergodic (ensemble average <— spatial average)
-invariant under rotations and translations:

-one-point pdf independent of x
-two-point pdf depends only on r=|x-x|



Formation of Cosmological Structure

Density contrast (overdensity field/excess function)

p(x,t) — po(t)

where  po(t) = (p(x, 1))
po(t)

d(x,t) =

- Gaussian distributed, ergodic, invariant under rot. and trans.
- one-point pdf: (4(x)) =0
- two-point pdf: £(r) = (6(x)é(x +r)) (correlation function)
- Fourier decomposition:

i ! [k-x i 1 [ ;
d(x,t) = Zbk(k, t)e K ok, t) = v /b(x,t)(:’k'xd3:1:

- Correlation function & power spectrum

£rt) = s [ (Bl ) et

P(k,t) = (|6x(k,t)|*) = %/f(r)c'—k'rdsr



Formation of Cosmological Structure

Linear perturbation theory
‘linear regime: § < 1
*expanding universe: Ry o t. grows faster then M,y = a(t)Acom x t°
general freatment: GR multi-fluid component analysis

Sub-horizon perturbations in non-relativistic components

Growth of perturbations collisional matter (experiences short-lived
accelarations due to shocks, e.g. baryons)

dp

ot +V-(pv) =0 Continuity equation

ov

— +(v-V)v=-V | ¢+ £ Euler equation

ot P

V2¢ = 4=xGp Poisson equation
where

* physical coord.: r = a(t)x ; vV = ax + au

/ \

Hubble expansion peculiar velocity ( 1 = X )



Formation of Cosmological Structure

Linear perturbation theory
Sub-horizon perturbations in non-relativistic components

Growth of perturbations collisional matter

2k2
& + 2— (‘)+(——47TG/)0)6=0
a a?

where c% = (9p/dp)s is the adiabatic sound speed.

This defines the Jeans scale

27 2a
A= P ky = —+/7Gpo
J

Cs

Solutions:
- k < ks 2 solutions with increasing, and decreasing amplitudes

* k > ks: amplitude does not grow (oscillates)



Formation of Cosmological Structure
Linear perturbation theory
Sub-horizon perturbations in non-relativistic components

Growth of perturbations collisionless matter (can develop multi-
stream flows, where there isn't a unique velocity at a given r)

(('))t_f +v- g - V¢- % = () Boltzmann equation
V2¢ =4nGp, Poisson equation

where f - phase space density, and p = m [ f(r,v,t)d%v

Perturbing we find again fwo regimes of evolution around the
characteristic scale (free streaming):

k-d fo/Ov
20. ¥ -2 f kOV ds-v
krs = —\/7Gpo ; v, "= 3

Vs [ fod3v

* k < krs: 2 solutions with increasing, and decreasing amplitudes

* k > krs: perturbations are dumped due to free streaming



Formation of Cosmological Structure
Linear perturbation theory
Sub-horizon perturbations in non-relativistic components

‘Matter domination era: in both collisional and collisionless systems
(e.g. baryons and dark matter) perturbations evolve according:

54226 — AnGped = 0
(i

for scales larger than the Jeans (k<ks) or free-stream (k<kes) scale.

The growing solution in both cases is: |8k o t°

o
-
o

5 % 3
logpalt).
a,
From: Caoles & Lucchin, 2002

Figure 3. Evolution of perturbations in the baryonic. §,,. cold dark



Formation of Cosmological Structure

Linear perturbation theory
Multi component fluid case

» Cosmic fluid is made of relativistic and non-relativistic components
characterized by individual equations of state w;

‘Radiation )
: Energy density components:
: NZUTr|nOS P(I'; t) - pb(r7 t) + PDM (I', t) + p’rad(ra t) + Pu (I', t)
-Baryons >
Component perturbations:
‘Dark matter pu(t)o(r.t) = ppude + pDMAODM + Pradudrad T Poudy
‘Dark energy )

- all subjected to gravity + interactions between collisional species

*The evolution of the system requires integration of the Boltzmann
transport equations for both collisional and colissionaless species



Formation of Cosmological Structure

Linear perturbation theory
Multi component fluid case

» The solution of the Boltzmann transport equations is numerical
(public codes: CMBFAST, CAMB, etc)

‘Central quantity is the computation of the linearly extrapolated
matter power spectrum:

A0 [ kN . R
Pk, t) = L ( ) T?(k,t) 0% (k)  (for t after during matter domination)

g2 (Qo, Q,\o) aH
Linear growth Transfer Function  Primordial
factor of density (cmbfast output) power spectrum
perturbations of density
perturbations
where,
. . k n—1
8% (k) = 8% (ko) (—) (n=1 is the scale invariant
ko Harrison-Zel’dovich power

spectrum)



Formation of Cosmological Structure

Linear perturbation theory
Multi component fluid case

‘Linear extrapolated matter power spectrum

2 N\ 4
P(k, t) — g (Q,Q\) ( k ) Tz(k,l)Jf,(k) Wavelength A [h™! Mpc]

e 1000 100 10 1
gz(szo,szl\o) aH 106: T |IIII T T |IIIIII T T IIIIIII T T |IIIIII T T |IH:-

T(k,1) fitting formula by BBKS (LCDM)

- —1“(1;;;]34‘1) [1+3.89¢ + (16.1¢)% + (5.46¢)° + (6.71¢)"] /4
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Structure formation history:

Dark Energy
Accelerated Expansion
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Quantum §7-
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1st Stars
about 400 million yrs.

Big Bang Expansion

13.7 billion years
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Appendix




Computation of the linear growth factor

Linear perturbation theory:

Linearized field equations in commoving coordinates (expressed in terms of
perturbed quantities):

0

_1
a

Vo

-~ D ~
4G a” py 0

d>D .
dt?




Computation of the linear growth factor

Linear perturbation theory:

Linear growth factor is analytical for various FLRW models

([ 212 d D .




Computation of the linear growth factor

Linear perturbation theory:

model the solution is numerical:

22 z) 1

g(z) =(1+z)Pz) " —/——/—77——————————
2 OVT(2) — Qulz) + [1+ Qn(2)/2[L + Qa(z)/70]

Hy ]
H(z)
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