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❐ Gauge group and particle content of the massless SM

❐ Spontaneous Symmetry Breaking and the Higgs mechanism

❐ The SM with masses after Spontaneous Symmetry Breaking

❐ Interactions dictated by the gauge symmetry group

❐ Example 1: The decay Z → ff in the SM

❐ Example 2: e+e− → µ+µ− in the SM

❐ Example 3: Muon decay

❐ The need for the Higgs to correct the bad high energy behaviour in
W+

L W
−
L →W+

L W
−
L
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❐ The Standard Model (SM) of strong and electroweak interactions has
provided the cornerstone of elementary particle physics

❐ The basic principle of of the Standard Model is gauge invariance which puts
together in the same basic framework the matter particles, their interactions
and the gauge vector bosons which mediate them

❐ It is based on the gauge group SUc(3)× SUL(2)× UY (1)

❐ The theory consists of three sectors: Quantum Chromodynamics (QCD)
which deals with the strong interaction, Quantum Electrodynamics (QED)
responsible for the electromagnetic force, and the weak interaction sector

❐ QED and the weak forces are combined in what is called the Electroweak SM

❐ Apart from the recent important confirmation of neutrino anomalies and
some theoretical unaesthetical aspects, the SM has been remarkably
successful in account for all aspects over the past three decades
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The plan of this lecture is as follows

❐ The massless Standard Model

◆ Electroweak model SU(2)L × U(1)Y

◆ Quantum Chromodynamics SUc(3)

❐ Spontaneous breaking of the gauge symmetry

❐ The Higgs mechanism

❐ The complete Standard Model with massive particles

❐ Examples of calculations in the SM
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❐ There are four gauge bosons, three W a
µ (a = 1, 2, 3) transforming as the

adjoint representation of SU(2)L, and one Bµ for U(1)Y . The
corresponding field tensors are:

W a
µν = ∂µW

a
ν − ∂νW

a
µ + g ǫabcW

b
µW

c
ν

Bµν = ∂µBν − ∂νBµ

g, g′ are the coupling constants of the SU(2)L, U(1)Y groups

❐ The kinetic Lagrangian for the bosons is given by

LG = −1

4
W a

µνW
µν
a − 1

4
BµνB

µν

❐ It is invariant under the (separate) local gauge transformations

W a
µ

σa

2
→W ′a

µ

σa

2
= ULW

a
µ

σa

2
U−1
L − i

g
∂µUL U−1

L , UL = e−iαa σa

2

Bµ →B′
µ = Bµ − i

g′
∂µUY U−1

Y , UY = e+iαY

δW a
µ = ǫabc αbW c

µ − 1

g
∂µα

a, δBµ = − 1

g′
∂µαY
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❐ The matter fields of the SM are all the known fermions which are classified
in three generations. One can project each fermion in two helicity states, left
and right

ψL =
1

2
(1− γ5)ψ, ψR =

1

2
(1 + γ5)ψ

❐ They transform differently under the SU(2)L group. Left handed
components are assigned to doublet representation while right handed ones
transform as singlets

LL =

(

νe
e−

)

L

, QL =

(

u
d

)

L

, e−R, uR, dR,

where we have only shown the particles in the first generation. The other
two generations are just copies of the first.

❐ We define the electric charge generator

Q = T3 + Y, T3 = 1
2σ3
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❐ The quantum numbers for the first family are

Particle νeL eL uL dL eR uR dR

T3
1
2 − 1

2
1
2 − 1

2 0 0 0

Y − 1
2 − 1

2
1
6

1
6 −1 2

3 − 1
3

Q 0 −1 2
3 − 1

3 −1 2
3 − 1

3

❐ Under finite local gauge transformations

ΨL → Ψ′
L =e−iαa σa

2 eiαY Y ΨL

ψR → ψ′
R =eiαY Y ψR

❐ The principle of gauge invariance establishes that the piece of the
Lagrangian describing the gauge interactions of the fermions is obtained
from kinetic energy part of the Lagrangian, after substituting the derivative
by the covariant derivative,
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❐ We define

∂µΨL → DµΨL =
(

∂µ − ig
σa
2
W a

µ + ig′ Y Bµ

)

ΨL

∂µψR → DµψR =(∂µ + ig′ Y Bµ)ψR

❐ Using the transformations properties of the fields (matter and gauge) we can
show that the covariant derivatives have the appropriate transformations
properties (that is, they transform in the same way as the fields)

DµΨL → DµΨ
′
L = e−iαa σa

2 eiαY Y DµΨL, DµψR → Dµψ
′
R = eiαY Y DµψR

❐ This assures that the Lagrangian

LEW =− 1

4
W a

µνW
µν
a − 1

4
BµνB

µν

+
∑

doublets

iΨLγ
µDµΨL +

∑

singlets

i ψRγ
µDµψR

is invariant under local SU(2)L × U(1)Y gauge transformations

❐ Mass terms are not allowed as they break gauge invariance
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❐ Quantum Chromodynamics is the gauge theory of SUc(3) that describes the
strong force

❐ The gauge bosons, Aa
µ, (a = 1, . . . , 8), called gluons, are in the adjoint

representation of SUc(3). Only the quarks feel the strong force and they
belong to the fundamental, triplet, representation of SUc(3)

❐ The Lagrangian is

LQCD = −1

4
Ga

µνG
µν
a +

∑

f

i qfγ
µDµqf

where the sum is over the quark flavours (qf = u, d, c, s, t, b) and

Ga
µν = ∂µA

a
ν − ∂νA

a
µ + g fabcAb

µA
c
ν , Dµqf =

(

∂µ − ig3
λa
2
Aa

µ

)

qf

fabc are the structure constants and λa the Gell-Mann matrices

❐ We will not discuss in detail flavour in the SM. See the lectures of Francisco
Botella at the 2nd IDPASC School at Udine
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❐ Most symmetries in Nature are not exact. We say they are broken. For
instance the isospin symmetry is broken because the proton and neutron do
not have equal masses

❐ There are two ways to implement the breaking

◆ Explicit Breaking: There are small terms in the Lagrangian that break
the symmetry

◆ Spontaneous Breaking: The Lagrangian is invariant but the vacuum
breaks the symmetry choosing some particular direction in field space

❐ We are interested in the second type, spontaneous breaking. To illustrate, let
us consider the simplest case, a complex scalar field with the following
Lagrangian

L = ∂µφ
∗∂µφ− µ2φ∗φ− λ(φ∗φ)2 ≡ ∂µφ

∗∂µφ− V (φ∗φ)

❐ The Hamiltonian is

H = φ̇∗φ̇+ (~∂φ∗) · (~∂φ) + V, Bounded from below → λ > 0, µ2arbitary
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❐ We want to study the mass spectra of the theory. For that we have look at
the quadratic terms expanded around the vacuum

❐ For the potential

V = µ2φ∗φ+ λ (φ∗φ)
2

the minimization equations are

∂V

∂φ∗
= φ(µ2 + 2λ|φ|2) = 0,

∂V

∂φ
= φ∗(µ2 + 2λ|φ|2) = 0

❐ We have two possibilities

◆ φ = 0

◆ φ∗φ = |φ|2 = −µ
2

2λ
≡ v2
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µ2 > 0 µ2 < 0

Minimum: φ = 0 Minimum: φ∗φ = |φ|2 = −µ2

2λ ≡ v2
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❐ We want to find the spectra of the two degrees of freedom for the case of
SSB

❐ The easiest way is to parameterize the complex field as

φ(x) = e
i√
2v

ξ(x)

(

v +
σ(x)√

2

)

where ξ and σ are real scalar fields.

❐ Then

∂µφ =
i√
2v

∂µξ φ+e
i√
2v

ξ(x)
∂µσ, ∂µφ∗ =

−i√
2v

∂µξ φ∗+e
− i√

2v
ξ(x)

∂µσ

and we get

L =
1

2
∂µσ ∂

µσ +
1

2
∂µξ ∂

µξ +
1

2
∂µξ ∂

µξ

(√
2vσ +

σ2

2

)

− µ2

(

v2 +
√
2vσ +

σ2

2

)

− λ

(

v4 + 2
√
2v3σ + 3

√
2v2σ2 +

√
2vσ3 +

σ4

4

)



IST Spontaneous Symmetry Breaking (SSB): Spectra . . .

Summary

Massless SM

Higgs Mechanism

• Symmetry Breaking

• Spontaneous SB

•An SU(2)×U(1) case

•Goldstone theorem

•Higgs mechanism

•U(1)

Massive SM

Z0 → ff

e−e+ → µ−µ+

Muon Decay

Higgs & Unitarity

Jorge C. Romão IDPASC School Braga – 14

❐ Using the minimum condition we get

L =
1

2
∂µσ ∂

µσ+
1

2
∂µξ ∂

µξ − 1

2
(−2µ2) σ2+constant & higher order terms

❐ This Lagrangian describes two real scalar fields ξ and σ, one with mass
mσ =

√

−2 µ2 and another massless mξ = 0.

❐ This is interpreted as follows: V is a potential with the form of the Mexican

hat or bottom of a champagne bottle

◆ The field σ refers to radial excitations and the
field ξ to excitations around the bottom.

◆ These do not cost energy and therefore ξ is mass-
less.

◆ This is a particular case of a general theorem
known as Goldstone theorem.
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❐ As another example let us consider a Lagrangian invariant under the
symmetry group SU(2)× U(1)

L = ∂µΦ
†∂µΦ− µ2Φ†Φ− λ(Φ†Φ)2 ≡ ∂µΦ

†∂µΦ− V (Φ†Φ)

where

Φ =





φ+

φ0



 ≡









φ1 + iφ2√
2

φ3 + iφ4√
2









❐ This is invariant under the transformations

Φ′(x) = ei
τa

2 αa

Φ(x), Φ′ = eiǫΦ

❐ We are interested in the case of a non trivial minimum

Φ†Φ = − µ2

2 λ
≡ v2
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❐ As before we can parameterize the field as

φ(x) = ei
τa

2 θa(x)





0

v +
σ(x)√

2





❐ The 4 real scalar fields are now θa(x) and σ(x).

❐ To get the mass spectrum we substitute and expand to get

L =
1

2
∂µσ ∂

µσ + v2∂µθ
a ∂µθa + µ2σ2 + constant & higher order

=
1

2
∂µσ ∂

µσ +
1

2
∂µθ̂

a ∂µθ̂a + µ2σ2 + constant & higher order

where θ̂a ≡
√
2vθa

❐ We have therefore 3 massless fields θa(x) and one massive field with mass

mσ =
√

−2 µ2
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❐ Again this a general case of the Theorem of Goldstone

Consider a theory invariant under group G with n generators. If

there is a spontaneous breaking of the symmetry such that the

vacuum is invariant under G′ ⊂ G with m generators the number

of massless particles is n−m, that is, equal to the number of

broken generators

❐ In the first example we had U(1) with one generator and the vacuum had no
symmetry, and therefore we got just one massless particle

❐ In the SU(2)× U(1) example we started with 3 + 1 = 4 generators and got
3 massless particles. So there must exist a generator that leaves the vacuum
invariant. This the combination Q = 1+τ3

2 that we will identify with the
electric charge. We have then

QΦmin =
1 + τ3

2





0

v



 =





1 0

0 0









0

v



 = 0
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❐ At this point we can ask the following question. We started the discussion of
SSB because we wanted to give masses to gauge theories where they were
forbidden by symmetry. But all that we have achieved was to get more
massless particles!

❐ Here comes the miracle, the Higgs Mechanism: If we have SSB in gauge
theories, then the gauge fields can absorb the massless modes and become
massive!

❐ To show how this is done let us go to our first example, the charged scalar
field. Promoting the symmetry to a local one we have the Lagrangian

L = (Dµφ)
∗(Dµφ)− µ2φ∗φ− λ(φ∗φ)2 − 1

4
FµνF

µν

where the covariant derivative is

Dµ = ∂µ + ieAµ

❐ The Lagrangian is invariant under local gauge transformations

φ(x) → φ′(x) = eiǫ(x) φ(x), Aµ(x) → A′
µ(x) = Aµ(x)−

1

e
∂µǫ(x)
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❐ If µ2 > 0 we just have scalar QED. However if µ2 < 0 we have SSB and we
should analize the spectra more carefully

❐ The vacuum should then be (respecting Lorentz invariance)

〈Aµ〉 = 0, 〈φ〉 = v =

√

−µ
2

2λ
> 0

❐ To get the spectra we parametrize

φ(x) = e
i
ξ(x)√

2v

(

v +
σ(x)√

2

)

to get

L =− 1

4
FµνF

µν +
1

2
∂µσ ∂

µσ +
1

2
∂µξ ∂

µξ + e2v2AµA
µ

+
√
2veAµ∂

µξ + µ2σ2 + higher order terms

❐ We have Aµ and ∂µξ mixed and we cannot read the spectra
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❐ Solution: we use the gauge freedom to make a gauge transformation with

parameter ǫ(x) = − ξ(x)√
2v

❐ In this gauge, called Unitary gauge, we have

φ(x) → φ′(x) = e
−i

ξ(x)√
2v φ(x) = v +

σ(x)√
2

Aµ(x) → A′
µ(x) +

1

e
√
2v
∂µξ

❐ Substituting in the Lagrangian, L(φ,Aµ) = L(φ′, A′
µ)

L(φ′, A′
µ) =− 1

4
F ′
µνF

′µν +
1

2
∂µσ ∂

µσ + e2v2A′
µA

′µ − 1

2
σ2(6λv2 + µ2)

+
1

2
e2A′

µA
′µσ (2

√
2v + σ)−

√
2λvσ3 − 1

4
λσ4

❐ The ξ field disappered and we get the masses for σ and Aµ

mσ =
√

6λv2 + µ2 =
√

−2µ2, mA =
√
2ev
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❐ We are now ready to apply the Higgs mechanism to the Standard Model. As
the SUc(3) group of the strong interactions will remain unbroken, we will
just consider the SU(2)L × U(1)Y of the electroweak interactions

❐ As we have seen, in order to preserve the SU(2)L × U(1)Y invariance all
fields are massless. Their mass will be generated by the Higgs mechanism

❐ In order to implement this idea in the SM a SU(2)L scalar doublet Φ is
introduced in the theory

Φ =

(

φ+

φ0

)

with the quantum numbers

Particle φ+ φ0

T3
1
2 − 1

2

Y 1
2

1
2

Q 1 0

Q = T3 + Y
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❐ We start by writing the following SU(2)L × U(1)Y invariant Lagrangian

LH = (DµΦ)
†(DµΦ)− µ2 Φ†Φ− λ

(

Φ†Φ
)2

❐ As before, we choose the non-trivial vacuum for µ2 < 0, with the minimum
of the potential at |Φ|2 = − 1

2µ
2/λ. For the quantized theory this is

equivalent to

〈|Φ|〉 = v√
2
=

√

−µ
2

2λ

❐ If we now perform perturbation theory around the true vacuum (θa and H
are real and have zero vacuum expectation value)

Φ = ei
θa(x)σa

v





0
v +H(x)√

2



 → Φ′(x) = e−i
2θa(x)

v
σa

2 Φ =





0
v +H(x)√

2





where we have performed a gauge transformation into the unitary gauge
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❐ In the unitary gauge there is only one physical scalar field, the Higgs boson
H, and the θa degrees of freedom become the longitudinal components of
the 3 gauge bosons of SUL(2) which are now massive.

❐ Introducing into the Lagrangian and dropping the primes we get

LH =
1

2
(∂µH)2 + µ2H2 − 1

4
λH4 − λ vH3 + λ

v4

4

+
1

8
(H + v)

2 (
g2W 3

µW
3µ + g′2BµB

µ + 2gg′W 3
µB

µ + 2g2W+
µ W

−µ
)

=
1

2
(∂µH)2 − 1

2
m2

HH
2 +m2

WW+
µ W

−µ

+
1

8
v2

(

g2W 3
µW

3µ + g′2BµB
µ + 2gg′W 3

µB
µ
)

+ · · ·

where

mW =
1

2
gv, mH =

√

−2µ2, W±
µ ≡

W 1
µ ∓ iW 2

µ√
2

❐ We see that Bµ and W 3
µ mix
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❐ As we have cross terms between A3
µ and Bµ to get the mass eigenstates we

have to diagonalize the mass matrix

M2 =
1

4
v2

[

g2 gg′

gg′ g′2

]

❐ The eigenvalues are 0 and 1
4 v

2(g2 + g′2). If we call the massless eigenstate
Aµ (photon) and the other Zµ we can write

Aµ =− sin θWA3
µ + cos θWBµ

Zµ =cos θWA3
µ + sin θWBµ

❐ The weak mixing angle θW is determined by requiring that Aµ is massless

1

4
v2





g2 gg′

gg′ g′2









− sin θW

cos θW



 = 0 → tan θW =
g′

g
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❐ The constants g, g′ and θW are not independent. In fact

tan θW =
g′

g
→ g sin θW = g′ cos θW

❐ But they are also related to the electric charge. To see that we write

DµΨL =

[

∂µ − i
g√
2

(

0 W+
µ

W−
µ 0

)

− i gT3W
3
µ + i g′Y 1Bµ

]

ΨL

=

[

∂µ − i
g√
2

(

0 W+
µ

W−
µ 0

)

+ i g sin θWQAµ

−i g

cos θW

(

T3 − sin2 θWQ
)

Zµ

]

ΨL

DµΨR =∂µ + i g′Y 1Bµ =

[

∂µ + i g′ cos θWQAµ + i
g

cos θW
sin2 θWQZµ

]

ΨR

❐ Therefore Aµ couples as the photon (minimal coupling) if

g sin θW = e → e = g′ cos θW

where e > 0 is the charge of the proton
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❐ We now turn to the Yukawa Lagrangian LYuk. The most general
SU(2)× UY (1) invariant Lagrangian for Yukawa interactions is

LYuk = −
∑

ij

[

Y l
ij l

′
iL Φ l′jR + Y u

ij u
′
iL Φ̃u′jR + Y d

ij d
′
iL Φ d′jR + h.c.

]

where Φ̃ = iσ2 Φ
∗ is a doublet with Y = −1/2 as needed by gauge invariance

❐ In the unitary gauge we have

Φ =







0

v +H(x)√
2






, Φ̃ =







v +H(x)√
2

0







❐ We get

LYuk =−
∑

ij

[

l′iLM
l
ij l

′
jR + u′iLM

u
iju

′
jR + d′iLM

d
ijd

′
jR

+
H√
2
l′iL Y

l
ij l

′
jR +

H√
2
u′iL Y

u
iju

′
jR +

H√
2
d′iL Y

d
ijd

′
jR + h.c.

]
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❐ The mass matrices are

M l
ij = Y l

ij

v√
2

, Mu
ij = Y u

ij

v√
2

, Md
ij = Y d

ij

v√
2

❐ The mass eigenstates are then obtained via the rotations

liL = Rl
LR
l
LR
l
Lij l

′
jL uiL = Ru

LR
u
LR
u
Liju

′
jL diL = Rd

LR
d
LR
d
Lijd

′
jL

liR = Rl
RR
l
RR
l
Rij l

′
jR uiR = Ru

RR
u
RR
u
Riju

′
jR diR = Rd

RR
d
RR
d
Rijd

′
jR

where the RfRfRf ’s are unitary matrices.

❐ In the SM neutrinos are massless because the model does not contain
right-handed neutrinos. For convenience we choose νiL = Rl

LR
l
LR
l
Lijν

′
jL. With

this rotation we get

LYuk = −
∑

i

[

ml
i li li +mu

i ui ui +md
i di di

]

+ · · ·

where mf
i are the physical fermion masses
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❐ We write now Lkinetic
F in term of the physical mass eigenstates

❐ The derivative and the neutral current coupling remain diagonal since it

always involves RfRfRf †RfRfRf = 1

❐ The diagonal form of the neutral current coupling implies that there are not
flavour changing neutral currents. This is the Glashow, Iliopoulos and Miani
(GIM) mechanism.

❐ The charged current Lagrangian for quarks becomes

L =
g

2
√
2
uiγ

µ(1− γ5)VVV CKM

ij djW
+
µ + h.c.

where VVV CKM = Ru
LR
u
LR
u
LR

d
LR
d
LR
d
L

†
is the Cabbibo-Kobayashi-Maskawa. It contains 4 free

parameters, 3 angles and a phase which leads to CP violating terms

❐ The charged currents for leptons remain diagonal because we have chosen
the neutrino states to be rotated by the same matrix as the charge leptons.
This is only possible because in the SM the neutrinos are massless

See F. Botella’s Lectures
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❐ We are now in position to write the full Lagrangian for the the SM

LSM =− 1

4
Ga

µνG
aµν − 1

4
W b

µνW
bµν − 1

4
BµνB

µν

+ (DµΦ)
†(DµΦ)− µ2 Φ†Φ− λ

(

Φ†Φ
)2

+
∑

doublets

iΨLγ
µDµΨL +

∑

singlets

i ψRγ
µDµψR

−
∑

ij

[

Y l
ij l

′
iL Φ l′jR + Y u

ij u
′
iL Φ̃u′jR + Y d

ij d
′
iL Φ d′jR + h.c.

]

=−e
∑

f

Qfψfγ
µψfAµ+

g

cos θW

∑

f

ψfγ
µ
(

gfV − gfA γ5

)

ψfZµ

+
g√
2

∑

doublets

ψuγ
µ 1− γ5

2
ψdW

+
µ +

g√
2

∑

doublets

ψdγ
µ 1− γ5

2
ψuW

−
µ + · · ·

where we have kept only the charged and neutral currents and

ΨL =

(

ψu

ψd

)

L

=

(

νe
e

)

L

,

(

u
d

)

L

, · · · , gfV =
1

2
T f
3L−sin2 θWQf , gfA =

1

2
T f
3L
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❐ The charged current Feynaman rules are

ψd

ψu

Wµ
+

ψu

ψd

Wµ
−i

g√
2
γµ

1− γ5
2

i
g√
2
γµ

1− γ5
2

❐ For the neutral current we have

f

f

Zµ
0 i

g

cos θW
γµ(gfV − gfAγ5)

Fermion e−, µ−, τ− νe, νµ,ντ u d c s t b

T f
3L − 1

2
1
2

1
2 − 1

2
1
2 − 1

2
1
2 − 1

2

Qf −1 0 2
3 − 1

3
2
3 − 1

3
2
3 − 1

3

gfV =
1

2
T f
3L − sin2 θWQf , gfA =

1

2
T f
3L
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❐ As a first example in the SM let us consider the process

Z0 → f f i
g

cos θW
γµ(gfV − gfAγ5)Z0

f

f

where f is any fermion of the SM with the exception of the top.

❐ The amplitude is then

M =
ig

cos θW
ǫµ(k, λ) u(q1)γ

µ
(

gfV − gfAγ5

)

v(q2)

❐ The decay width is obtained from the definition

Γ =

∫

1

2MZ

|M |2(2π)4δ4(k − q1 − q2)
2
∏

i=1

d3qi
(2π)32Ei

❐ In the Z0 rest frame

dΓ

dΩ
=

1

64π2

1

MZ

|M |2
√

1−
4m2

f

M2
Z
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❐ The next step is to evaluate |M |2

|M |2 =
1

3

∑

spins

|M |2 =
1

3

(

g

cos θW

)2
∑

λ

ǫµ(k, λ)ǫ∗ν(k, λ)

Tr
[

(q/1 +mf )γµ

(

gfV − gfAγ5

)

(q/2 −mf )γν

(

gfV − gfAγ5

)]

❐ Using now

∑

λ

ǫµ(k, λ)ǫ∗ν(k, λ) = −gµν +
kµkν

M2
Z

Tr [. . .] = 4
[(

gfV
2 + gfA

2
)

(q1µq2ν + q1νq2µ − gµν q1 · q2)

−gµν m2
f

(

gfV
2 − gfA

2
)

− 2iǫαβµνq1αq2β g
f
V g

f
A

]

❐ We get

|M |2 =
4

3

(

g

cos θW

)2

M2
Z

[

gfV
2 + gfA

2 + 2

(

mf

MZ

)2
(

gfV
2 − 2gfA

2
)

]
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❐ Using the relation

GF√
2
=

g2

8M2
W

=

(

g

cos θW

)2
1

8M2
Z

where we have used the SM relation MW =MZ cos θW , we finally get

Γ =
2GFm

3
Z

3
√
2π

√

1−
4m2

f

M2
Z

[

gfV
2 + gfA

2 + 2

(

mf

MZ

)2
(

gfV
2 − 2gfA

2
)

]

❐ For the SM fermions is a good approximation to neglect (mf/MZ)
2 (even

for the b quark is only 3× 10−3), so

Γ(Z → ff) =
2GFm

3
Z

3
√
2π

(

gfV
2 + gfA

2
)

and

Γ(Z → e+e−) ≃ 83.4 MeV
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❐ We consider now the process e−e+ → µ−µ+ in the SM. We have the
diagrams

+

p1p1

p2p2

q1 q1

q2q2

γ Z

❐ We get for the amplitude (we include ΓZ in the propagator)

M =(ie)2
−igµν
s

v(p2)γµu(p1) u(q1)γνv(q2)

+

(

ig

cos θW

)2

v(p2)γ
µ (geV − geAγ5)u(p1)

−i
(

gµν − kµkν

M2
Z

)

s−M2
Z + iMZΓZ

u(q1)γ
ν
(

gfV − gfAγ5

)

v

❐ For the energies we are considering it is safe to take me = 0. Then we can
neglect the terms in kµkν/M

2
Z in the propagator after using the Dirac

equation



IST e−e+ → µ−µ+ in the Standard Model

Summary

Massless SM

Higgs Mechanism

Massive SM

Z0 → ff

e−e+ → µ−µ+

•Amplitude

•dσ/dΩ

•Cross Section

Muon Decay

Higgs & Unitarity

Jorge C. Romão IDPASC School Braga – 35

❐ We get for the amplitude

M =i
e2

s

[

v(p2)γ
µu(p1) u(q1)γµv(q2)

+ F (s)v(p2)γ
α(geV − geAγ5)u(p1) u(q1)γα(g

f
V − gfAγ5)v(q2)

]

where

F (s) =
1

sin2 θW cos2 θW

s

s−M2
Z + iMZΓZ

❐ After some trace calculations

|M |2 =
e4

4s2

{

A+ |F (s)|2B + 2Re
[

F (s)C
]

}

❐ We get for A

A =32(p1 · q1 p2 · q2 + p1 · q2 p2 · q1 +m2
f p1 · p2)

=4s2
[

1 + cos2 θ + (1− β2) sin2 θ
]
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❐ For B and C

B =4s2
{

gfV
2(geV

2 + geA
2)
[

1 + cos2 θ + (1− β2) sin2 θ
]

+ gfA
2(geV

2 + geA
2)β2(1 + cos2 θ) + 8geAg

e
V g

f
Ag

f
V β cos θ

}

C =4s2
{

geV g
f
V

[

1 + cos2 θ + (1− β2) sin2 θ
]

+ 2geAg
f
Aβ cos θ

}

❐ For the differential cross section

dσ

dΩ
=
α2

4s
β
{

Q2
f

[

1 + cos2 θ + (1− β2) sin2 θ
]

− 2Qf
χ
1(s)

[

geV g
f
V

[

1 + cos2 θ + (1− β2) sin2 θ
]

+ 2geAg
f
Aβ cos θ

]

+ χ
2(s)

[

gfV
2(geV

2 + geA
2)
[

1 + cos2 θ + (1− β2) sin2 θ
]

+ gfA
2(geV

2 + geA
2)β2(1 + cos2 θ) + 8geAg

e
V g

f
Ag

f
V β cos θ

]}

where χ1(s) = Re(F (s)), χ
2(s) = |F (s)|2
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❐ Integrating in the solid angle Ω we get

σ =
2πα2

3s
β
{

3− β2 + 2χ1(s)g
e
V g

f
V (3− β2)

+ χ
2(s)

[

gfV
2(geV

2 + geA
2)(3− β2) + 2gfA

2(geV
2 + geA

2)β2
]

}

which should be compared with pure QED

σQED =
2πα2

3s
β(3− β2)

❐ In the figure we show the result
comparing with pure QED. This
was fully confirmed at LEP
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❐ The last example is the decay of the muon. Historically this process was very
important for the acceptance of Fermi theory of four-fermion interaction

❐ Today this process is understood in the SM through the diagram

µ−
e-

νe
__

νµ

k p

q1

q2

with an intermediate W boson

❐ The amplitude is

M =

(

ig√
2

)2

u(q1)γ
µ

(

1− γ5
2

)

u(k)
−i

(

gµν − qµqν
M2

W

)

s−M2
W + iMWΓW

u(p)γν
(

1− γ5
2

)

v(q2)

=i
g2

8
u(q1)γ

µ (1− γ5)u(k)u(p)γ
ν (1− γ5) v(q2)

gµν − qµqν
M2

W

s−M2
W + iMWΓW
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❐ The width is given by the usual expression

Γ =

∫

1

2mµ

|M |2(2π)4δ4(k − p− q1 − q2)
d3p

(2π)32p0

2
∏

i=1

d3q1
(2π)32q0i

❐ The final state with three particles makes things complicated. However a
simplification can be done due to the fact that q2 ≪M2

W

❐ This approximation corresponds to the effective Fermi theory and is
equivalent to collapsing the propagator into a point

gµν − qµqν
M2

W

q2 −M2
W

→ − gµν
M2

W

❐ In this approximation we get

M = −i g2

8M2
W

u(q1)γ
µ (1− γ5) u(k)u(p)γµ (1− γ5) v(q2) → GF√

2
=

g2

8M2
W
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❐ We get for averaged squared amplitude

|M |2 =
1

2

∑

spins

|M |2 =
g4

128m4
W

Tr
[

q/1γ
µ(1− γ5)(k/+mµ)γ

ν(1− γ5)
]

Tr
[

(p/+me)γµ(1− γ5)q/2γν(1− γ5)
]

=2

(

g4

m4
W

)

k · q2 p · q1

❐ Then for the total width

Γ =

(

g

MW

)4
1

(2π)5mµ

∫

d3p

2p0

∫

d3q1 d
3q2

2q01 2q02
δ4(k−p−q1−q2) k ·q2 p ·q1

❐ We can use Lorentz invariance to show that (∆ = k − p)

Iαβ =

∫

d3q1
2q01

d3q2
2q02

δ4(∆− q1 − q2)q1αq2β =
π

24

(

gαβ∆
2 + 2∆α∆β

)
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❐ Putting everything together

Γ =

(

g

MW

)4
1

(2π)5mµ

∫

d3p

2p0
π

24

[

3k · p(m2
µ +m2

e)− 4(k · p)2 − 2m2
µm

2
e

]

=
G2

F

32π3

∫

m2
µ+m2

e
2mµ

me

dEe

√

E2
e −m2

e

[

3Ee(m
2
µ +m2

e)− 4E2
emµ − 2mµm

2
e

]

=
G2

Fm
5
µ

192π3

[

(1− x2)(1− 7x2 − 7x4 + x6)− 24x4 lnx
]

where x = me

mµ

❐ Introducing the values from PDG we get

Γ = 2.95× 10−16 MeV = 4.48× 105 s−1, τ =
1

Γ
= 2.2× 10−6 s
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❐ In the last part of this lecture I will review the role of the Higgs boson in
preserving unitarity of the scattering amplitudes in the Standard Model.

❐ We will look at the process

◆ W−
L +W+

L →W−
L +W+

L

for longitudinally polarized gauge bosons.

❐ We will need the couplings of the Higgs with the gauge bosons

H

Zµ

Zν

i
g

cos θW
mZ gµν

H

Wµ
+

Wν
−

ig mW gµν

❐ And the gauge boson self-couplings
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p q

k

W−
α

W+
β

Aµ −ie [gαβ(p− k)µ + gβµ(k − q)α + gµα(q − p)β ] ≡ −ieΓαβµ(p, k, q)

p q

k

W−
α

W+
β

Zµ ig cos θW [gαβ(p− k)µ + gβµ(k − q)α + gµα(q − p)β] ≡ igΓαβµ(p, k, q)

W−
α

W+
β

W+
µ

W−
ν

ig2 [2gανgβµ − gαµgβν − gαβgµν ]

Γαβµ(p, k, q) ≡ [gαβ(p− k)µ + gβµ(k − q)α + gµα(q − p)β]
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❐ In many problems with massive gauge bosons we do not measure their
polarization, and therefore we sum over all polarizations using the well
known result,

∑

λ

εµ(k, λ)ε∗ν(k, λ) = −gµν +
kµkν

M2
W

where we used the W boson as an example.

❐ As we will be considering the case of longitudinal polarized gauge bosons, we
have to review the expressions for the polarization vectors.

❐ Let us start with the case of longitudinal polarization. In the gauge boson
rest frame where pµ = (MW , 0, 0, 0), the longitudinal polarization vector is

εµL(p) = (0, 0, 0, 1), satisfying εL(p) · εL(p) = −1, εL(p) · p = 0 .

❐ In the frame where the gauge boson is moving with velocity ~β we have

εµL(p) = (γβ, γβ̂), ~β = ~p/E, γ−1 =
√

1− β2, β̂ = ~β/β
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❐ The last topic we want to discuss is the behaviour of the amplitudes with the
growth of the center of mass energy.

❐ For these 1 + 2 → 3 + 4 processes, it can be shown that the amplitudes for
large values of

√
s should, at most, be constant with the energy,

lim√
s→∞

M = constant.

❐ This in turn will imply that the cross sections given by

dσ

dΩ
=

1

64π2 s

|~p3CM|
|~p1CM| |M|2

will decrease for values of
√
s≫M , where M is any mass in the problem.
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❐ Now we will consider the scattering of longitudinal W±
L .

W−
L (p1) +W+

L (p2) →W−
L (q1) +W+

L (q2)

where the momenta are as indicated and the subscript L means that the
gauge bosons W± are longitudinally polarized.

❐ In the SM this process has seven tree-level diagrams

h
h

W− W− W−W−W−W−W−W− W−W−

W+W+ W+W+W+W+W+ W+W+ W+

γ, Z
γ, Z

Figure 1: Diagrams contributing to W−
L +W+

L →W−
L +W+

L .
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p1 =

√
s

2
(1, 0, 0, β)

p2 =

√
s

2
(1, 0, 0,−β)

q1 =

√
s

2
(1, β sin θCM, 0, β cos θCM )

q2 =

√
s

2
(1,−β sin θCM, 0,−β cos θCM )















































εL(p1) =

√
s

2MW

(β, 0, 0, 1)

εL(p2) =

√
s

2MW

(β, 0, 0,−1)

εL(q1) =

√
s

2MW

(β, sin θCM, 0, cos θCM )

εL(q2) =

√
s

2MW

(β,− sin θCM, 0,− cos θCM )

❐ β =
√

1− 4M2
W /s

❐ Notice that the invariant relations of the type εL(p1) · εL(p1) = −1 and
εL(p1) · p1 = 0 are verified for all cases.

❐ This case is very interesting, because not only the gauge structure is
necessary for the amplitudes to have the correct behaviour, but also the
Higgs boson is fundamental.
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Let us denote, in an obvious notation, the amplitudes as

M = Ms
γ+Z +Mt

γ+Z +M4W +Ms+t
H

We have then,

Ms
γ =

g2s2W
s

ǫαL(p1)ǫ
β
L(p2)ǫ

γ
L(q1)ǫ

δ
L(q2) Γα,β,µ(p1, p2,−p1 − p2)

× Γδ,γ,ν(−q2,−q1, p1 + p2) g
µν

Ms
Z =

g2c2W
s−M2

W /c2W
ǫαL(p1)ǫ

β
L(p2)ǫ

γ
L(q1)ǫ

δ
L(q2) Γα,β,µ(p1, p2,−p1 − p2)

× Γδ,γ,ν(−q2,−q1, p1 + p2)

[

gµν − (p1 + p2)
µ(p1 + p2)

ν

M2
W /c2W

]

Mt
γ =

g2s2W
t

ǫαL(p1)ǫ
β
L(p2)ǫ

γ
L(q1)ǫ

δ
L(q2) Γα,γ,µ(p1,−q1, q1 − p1)

× Γδ,β,ν(−q2, p2, q2 − p2) g
µν
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Mt
Z =

g2c2W
t−M2

W /c2W
ǫαL(p1)ǫ

β
L(p2)ǫ

γ
L(q1)ǫ

δ
L(q2) Γα,γ,µ(p1,−q1, q1 − p1)

× Γδ,β,ν(−q2, p2, q2 − p2)

[

gµν − (p1 − q1)
µ(p1 − q1)

ν

M2
W /c2W

]

M4W = g2 ǫαL(p1)ǫ
β
L(p2)ǫ

γ
L(q1)ǫ

δ
L(q2) [2gαδ gβγ − gαβ gδγ − gαγ gδβ ]

Ms
H = − g2M2

W

s−M2
H

ǫαL(p1)ǫ
β
L(p2)ǫ

γ
L(q1)ǫ

δ
L(q2) gαβ gγδ

Mt
H = − g2M2

W

t−M2
H

ǫαL(p1)ǫ
β
L(p2)ǫ

γ
L(q1)ǫ

δ
L(q2) gαγ gβδ

❐ Where s2W = sin2 θW , c2W = cos2 θW , and use the SM relations
MW = cWMZ and e = gsW .

❐ If we insert the ǫµL ≃ pµ/MW we see that the amplitudes can grow
potentially as s2 or even s3.

❐ We calculate the amplitudes using the exact expressions for ǫµL
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Ms
γ =

g2s2W
4M4

W s

(

2M2
W + s

)2 (
4M2

W − s− 2t
)

Ms
Z =

g2 c2W
4M4

W (s−M2
W /c2W )

(

2M2
W + s

)2 (
4M2

W − s− 2t
)

Mt
γ =

g2s2W

4M4
W t (s− 4M2

W )
2

[

256M10
W − 64M8

W (4s+ t) + 16M6
W s(5s+ 14t)

− 4M4
W s

(

2s2 + 21st+ 20t2
)

+ 8M2
W s2t(s+ 3t)− s2t2(2s+ t)

]

Mt
Z =

g2c2W

4M4
W (s− 4M2

W )
2
(t−M2

W /c2W )

[

256M10
W − 64M8

W (4s+ t) + 16M6
W s(5s+ 14t)

− 4M4
W s

(

2s2 + 21st+ 20t2
)

+ 8M2
W s2t(s+ 3t)− s2t2(2s+ t)

]

M4W =
g2s

4M4
W (s− 4M2

W )
2

[

− 64M6
W + 48M4

W (s+ t)− 4M2
W s(3s+ 7t)

+s
(

s2 + 4st+ t2
)]
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And finally for the Higgs mediated diagrams,

Ms
H =− g2

(

s− 2M2
W

)2

4M2
W (s−M2

H)

Mt
H =− g2

(

−8M4
W + 2M2

W s+ st
)2

4 (t−M2
H) (MW s− 4M3

W )
2

❐ For
√
s≫MW the first five amplitudes grow as s2 and the last two (from

the Higgs exchange) as s.

❐ We define the dimensionless variable x = s/(4M2
W ), for x≫ 1 we should be

able to write all amplitudes in the form

Mi = Aix
2 +Bix+ Ci +O(1/x)
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Mi = Aix
2 +Bix+ Ci +O(1/x)

Ai Bi Ci

Ms
γ −g24s2W cos θ 0 g23s2W cos θ

Ms
Z −g24c2W cos θ −g2 cos θ g2

[

3 cos θ c2W − cos θ

4c2W

]

Mt
γ g2 s2W

(

− cos2 θ − 2 cos θ + 3
)

g2 8s2W cos θ
g2s2W

cos θ − 1

(

− 2 cos2 θ − cos θ − 1
)

Mt
Z g2 c2W

(

− cos2 θ − 2 cos θ + 3
)

g2
(

8 cos θc2W − cos θ

2
− 3

2

)

g2

cos θ − 1

[

− 2 cos2 θc2W − cos2 θ

2
− cos θc2W − cos θ

4c2W

+ 3 cos θ − c2W − 3
4c2W

+
3

2

]

M4W g2
(

cos2 θ + 6 cos θ − 3
)

g2 (2− 6 cos θ) 0

∑

γZ

0 g2
1 + cos θ

2
g23 cos θ + · · ·

Ms
H 0 −g2 g2

(

1− M2
H

4M2
W

)

Mt
H 0 g2

(

1

2
− cos θ

2

)

−g2
[

1 + cos θ

2
+

M2
H

4M2
W

]

∑

γZH

0 0 6= 0
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❐ We see that the terms proportional to x2 cancel among the first five
diagrams involving only the gauge bosons.

❐ The term proportional do x remains after we sum over the gauge part. So, if
we consider only a gauge theory of intermediate gauge bosons, we are in
trouble.

❐ This trouble can be traced back to the fact that with mass the gauge
invariance is lost, and the theory is inconsistent if the diagrams involving the
Higgs boson field are not taken in account.

❐ In conclusion, the Higgs boson is crucial to make the SM consistent.
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❐ As the amplitudes are pure c-numbers with no spinor part, the cross section
is simply obtained by summing all the amplitudes and taking the absolute
value of the result to obtain M|2.

❐ We get

100

101

102

103

104

105

102 103 104

σ 
(p

b)
 

ECM (GeV)

σTotal
σgauge
σHiggs
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