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Why neutrino physics in 2014?

Very rich physics: from their invention by Pauli in 1930’s to the
last results on θ13 in 2012 many exciting discoveries:

Fermi theory for beta decay
Majorana theory
µ decay
νe,µ,τ discoveries
Neutrino oscillation proposal
Solar ν problem
Oscillations in matter (MSW)
Atmospheric ν problem
Supernova SN1987A
Invisible Z -boson decay width
Oscillations in solar ν ’s confirmed
Oscilations in atmospheric ν ’s confirmed
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Why neutrino physics in 2014?

but

Still many questions to be answered:
We still do not know completely the spectrum of ν masses
(hierarchy and absolute scale)
CP violation in the lepton sector
Is total lepton number conserved?
Are familly lepton numbers conserved in the charged
lepton sector (µ → eγ)?
We do not have THE model of neutrino masses

There are experiments!
Planned experiments can answer many of them in a near future
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Implications

ν masses only signal of physics BSM: implications in any extension of
the SM (SUSY, GUTS, extra Dimensions, Technicolor)

ν ’s Very light (mν . 1eV) and they interact little: they are everywhere
like the photons:

Implications in cosmology

Contribution to the mass of the
universe (Ων )

Effects in the cosmic microwave
backgroud radiation (CMB)

Effects in the large scale
sctructure formation (LSS)

Primordial nucleosyntesis (BBN)

Possible explanation of the
baryonic assymetry of the
universe (BAU) with the
leptogenesis mechanism

Implications in astrophysics

Neutrino production in the Sun

Red giant stars cooling

Big effects in supernova
explosions

Technological implications

Communications in dense matter
(underwater)

Neutrino-graphies: earth core
(search of oil, minerals · · · )

· · ·
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Intrinsic properties of neutrinos

Before oscillation experiments

Three types of neutrinos νe,νµ ,ντ

Lepton numbers Le, Lµ , Lτ conserved separately

νe produces e’s and no µ ’s
No µ → eγ, τ → eγ, τ → eγ, µ → 3e

Total lepton number L = Le + Lµ + Lτ conserved (no 0νββ )

ν masses much smaller than charged lepton masses

mνe < 2eV , mνµ
< 170KeV , mντ

< 18MeV ∑
a

ma . 14eV

ν ’s helicity −1/2 and ν̄ ’s helicity +1/2

Magnetic moments very small: µν < 10−10µB , µν < 10−12µB)

After oscillation experiments

Neutrinos must be massive (mν ∼ 1eV)

They mix (with large mixings)

LFV processes must exist (still not observed)
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Fermions in QFT

Dirac fermions reducible representation

ψL = PLψ =

(
ξ

0

)
, ψR = PRψ =

(
0
η

)
ξ → exp(−iθ~n·~σ -~β ·~σ )ξ , η → exp(−iθ~n·~σ+~β ·~σ )η

In QFT the fundamental fields are two component spinors ψL
and ψR and not the complete Dirac field ψ!

L = iψL /∂ψL + iψR /∂ψR−m(ψLψR + ψRψL) =

= iξ †
σ̄

µ
∂µξ + iη†

σ
µ

∂µη−m(η
†
ξ + ξ

†
η)

= iξ †
1 σ̄

µ
∂µξ1 + iξ †

2 σ̄
µ

∂µξ2−m(ξ
T
2 iσ2ξ1−ξ

†
1 iσ2ξ

∗
2 )

with ξ1 ≡ ξ , ξ2 = iσ2η∗ (ξ2 transforms like ξ1)
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Fermions vs scalars

L = iξ †
1 σ̄

µ
∂µξ1 + iξ †

2 σ̄
µ

∂µξ2

− i
2

(
m1ξ

T
1 σ2ξ1 + m2ξ

T
2 σ2ξ2 + 2m21ξ

T
2 σ2ξ1 + h.c.

)
Kinetic terms invariant under ξ 1,2→ eiα1,2ξ1,2. m1,2 break it
If m1,2 = 0, α2 =−α1 conserved→ Dirac fields

L = iψ /∂ψ−mψψ , ψ = ψL + ψR

Invariant under ψ → eiαψ

L =
1
2

∂φ1 ·∂φ1 +
1
2

∂φ2 ·∂φ2−
1
2

(
m2

1φ
2
1 + m2

2φ
2
2 + 2m2

21φ1φ2

)
If m21 = 0 and m1 = m2 ≡m. Invariant under rotations of (φ1,φ2)

L = ∂µφ
∗
∂

µ
φ −m2

φ
∗
φ , φ =

1√
2

(φ1 + iφ2)

Invariant under φ → eiαφ
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Weyl and Majorana Fields

ξ2 not necessary if there are no conserved charges: fermion
fields can be massive with only two components (Majorana)

LM = iξ †
σ̄

µ
∂µξ − i

2

(
mξ

T
σ2ξ + h.c.

)
iσ̄ µ

∂µξ − imσ2ξ
∗ = 0

If m = 0 (in momentum representation) (E +~p ·~σ)ξ (~p) = 0,
E =±|~p|

~p ·~σ
|~p|

ξ (~p) =

{
−ξ (~p) E > 0
+ξ (~p) E < 0

Weyl field:
Limit m = 0 of the Majorana field
Particle helicity −1/2, antiparticle helicity +1/2.
A U(1) charge conserved (invariance ξ → eiαξ )
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Quantization
ξ (x) = ∑

σ=±

∫ d3~p
(2π)32Ep

(
aσ (~p)uσ (~p)e−ip·x + a†

σ (~p)vσ (~p)eip·x
)

Two helicities but particle and antiparticle are the same
In the limit m→ 0 u+(~p) = v−(~p) = 0

ξ (x) =
∫ d3~p

(2π)32Ep

(
a−(~p)u−(~p)e−ip·x + a†

+(~p)v+(~p)eip·x
)

Particle has helicity −1/2 and antiparticle helicity +1/2
In four components define ψc

L = (ψL)c = CψL
T (is right-handed)

LM = iψL /∂ψL−m
1
2

(ψc
L ψL + ψLψ

c
L ) = i

1
2

ψM /∂ψM −
1
2

mψMψM

with ψM = ψL + ψc
L that satisfies

(
i /∂ −m

)
ψM = 0

ψM(x) = ∑
s

∫ d3~p
(2π)32Ep

(
a(~p,s)u(~p,s)e−ip·x + a†(~p,s)v(~p,s)eip·x

)
Two helicities but particle and antiparticle equal
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Generalization to several fields

ψc
i ψj = ψc

j ψi → Symmetric mass matrices

ψc
i γµψj =−ψc

j γµψi → Antisymmetric vector current

ψc
i γµγ5ψj = ψc

j γµγ5ψi → Symmetric axial current

ψc
i σ µνψj =−ψc

j σ µνψi → Antisymmetric magnetic moments

L = iΨL /∂ ΨL−
1
2

(
Ψc

LMΨL + h.c.
)

with ΨL = column(ψ1L,ψ1L, · · ·ψNL) and M symmetric

M = V T MdiagV , ΨM = V ΨL + V ∗Ψc
L

L =
i
2

ΨM /∂ ΨM−
1
2

ΨMMdiagΨM
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Masses of neutrinos in the SM

Simplest solution: add νR like in the quark sector

LYL =−L̄LYeΦeR− L̄LYν Φ̃νR + h.c.

But
Why mν are so small?
Why omit terms of the form νc

RνR in the Lagrangian?
Solution to the two questions: they are not omitted!

LYL→LYL =−L̄LYeΦeR− L̄LYν Φ̃νR−
1
2

νc
RMνR + h.c.

LνM =−1
2

(
ν̄L,ν

c
R

) ( 0 MD
MT

D M

) (
νc

L
νR

)
+ h.c.

if M �MD (“see-saw” mechanism):
3 Heavy Majorana neutrinos ∼ νR with masses ∼M
3 Light Majorana neutrinos ∼ νL with masses ∼M2

D/M
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Dirac and Majorana neutrinos

Dirac: if M = 0, (Mν = MD)

LDirac = iνL /∂νL + νR /∂νR− (νRMννL + h.c.)

4 degrees of freedom
Conserve total lepton number (No 0νββ decay)
Less natural (why m ν are so small)

Majorana: if M �MD, (Mν =−MDM−1MT
D )

LMajorana = iνL /∂νL−
1
2

(
νc

L MννL + h.c.
)

2 degrees of freedom
Do not conserve total lepton number (0νββ decay)
More natural and more CP violating phases
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Neutrinos at low energies: Dirac

LDirac = iνL /∂νL + νR /∂νR− (νRMννL + h.c.)+

−GF√
2

JµJ†
µ −

GF√
2

Jµ

Z JZ µ +LMM +LNSI + · · ·

Jµ = 2ν̄Lγ
µeL + · · · , Jµ

Z = ν̄Lγ
µ

νL + · · ·

diagonalization

ναL = Vα iνiL , ναR = Uα iνiR , U†MνV = Mdiag , νi = νiL + νiR

Jµ = 2ν̄γ
µV †PLe + · · · , Jµ

Z = ν̄γ
µPLν + · · ·

V =

1 0 0
0 c23 s23
0 −s23 c23

 c13 0 s13e−iδ

0 1 0
−s13eiδ 0 c13

 c12 s12 0
−s12eiδ c12 0

0 0 1
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Neutrinos at low energies: Majorana

LDirac = iνL /∂νL−
1
2

(
νc

L MννL + h.c.
)

+

−GF√
2

JµJ†
µ −

GF√
2

Jµ

Z JZ µ +LMM +LNSI +L0νββ + · · ·

Jµ = 2ν̄Lγ
µeL + · · · , Jµ

Z = ν̄Lγ
µ

νL + · · ·
diagonalization

ναL = Vα iνiL , V T MνV = Mdiag , νi = νiL + ν
c
iL

Jµ = 2ν̄V †PLe + · · · , Jµ

Z = −1
2

ν̄γ
µ

γ5ν + · · ·

VMajorana = VDirac

1 0 0
0 eiα 0
0 0 eiβ
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1 Introduction

2 Neutrino oscillations in vaccum and in matter
Neutrino oscillacions in vacuum
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The adiabatic approximation in the Sun



Solar and atmospheric neutrino problems

The Solar neutrino problem
The Sun produces νe’s, whose flux can be
calculated using solar models
The flux of νe measured in the earth in all
experiments reduced by a factor 0.3–0.5
Explained by oscillations νe→ νµ,τ

The atmospheric neutrino problem
π ’s produced in the atmosphere should
give a flux of νµ ’s twice that of νe’s
The observed flux of νµ ’s is largely
reduced
Explained in terms of oscillations νµ → ντ
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Neutrino oscillacions in vacuum

Define |νe〉 the state that produces e− and
∣∣νµ

〉
the one that

produces µ−. (Flavour eigenstates no energy eigenstates).

|νe〉= cosθ |ν1〉+ sinθ |ν2〉∣∣νµ

〉
=−sinθ |ν1〉+ cosθ |ν2〉

Where cosθ = 〈ν1|νe〉= 〈ν2|νµ〉 and sinθ = 〈ν2|νe〉=−〈ν1|νµ〉

|νe, t〉= e−iE1t cosθ |ν1〉+ e−iE2t sinθ |ν2〉∣∣νµ , t
〉

=−e−iE1t sinθ |ν1〉+ e−iE2t cosθ |ν2〉

then

P(νe→ νµ ; t) =
∣∣〈νµ |νe, t〉

∣∣2 = sin2(2θ)sin2
(

(E2−E1)t
2

)
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Definite momentum ultrarelativistic neutrinos (p�mi ),

Ei =
√

m2
i + p2 ≈ p + m2

i /2p, L≈ t and p ≈ E

P(νe→ νµ ) = sin2(2θ)sin2
(

2π
L
λ

)
with λ oscillation length

λ =
2π(E/GeV)

1.27(∆m2/eV2)
Km , ∆m2 = m2

2−m2
1

Not valid for
L� λ

E
σ

(decoherence, σ wave packet width)

L� λ (Too fast oscillations: average)

〈P(νe→ νµ ; t)〉=
1
2

sin2(2θ)

Independent of L,E and ∆m2
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Three neutrino oscillations

P(να → νβ ; t) =
∣∣〈νβ |να , t〉

∣∣2 =

∣∣∣∣∣∑i
e−iEi t〈νβ |νi〉〈νi |να〉

∣∣∣∣∣
2

if 〈νβ |νi〉= Vβ i and Ei ≈ E + m2
i /(2E)

P(να → νβ ; t) = ∑
ij

e−i∆m2
ij t/2EVβ iV ∗α iVα jV ∗β j =

= δαβ −4∑
i>j

Re{Vβ iV ∗α iVα jV ∗β j}sin2

(
∆m2

ij L

4E

)
+

+2∑
i>j

Im{Vβ iV ∗α iVα jV ∗β j}sin

(
∆m2

ij L

2E

)
Effective hamiltonian H = M†

νMν/(2E) = VM2
diagV †/(2E)

Phases of Majorana irrelevant (oscillations conserve LN)
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Neutrino oscillations in matter, MSW

LCC =−
√

2GF (ēγµPLνe)(ν̄eγ
µPLe)→−

√
2GF ne(ν̄eγ

0PLνe)

H = CunivI + V

0 0 0

0 ∆m2
21

2E 0

0 0 ∆m2
31

2E

V † +

Ṽ 0 0
0 0 0
0 0 0


Ṽ =±b =±

√
2GF ne with + for ν ’s and − for ν̄ ’s

For two generations

H =

(
sin2

θ + 2EṼ
∆m2 sinθ cosθ

sinθ cosθ cos2 θ

)
∆m2

2E
+ universal

sin2θ̃ = sin2θ
∆m2

∆m̃2 , ∆m̃2 = ∆m2

√√√√1 +

(
2EṼ
∆m2

)2

−2cos2θ
2EṼ
∆m2
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The resonance

∆m2 cos2θ =±2E
√

2GF ne →

{
∆m̃2 = ∆m2 sin2θ

sin2 2θ̃ = 1

∆m2 cos2θ > 0 for ν ’s and ∆m2 cos2θ < 0 for ν̄ ’s
Ordering of H eigenvalues such that ∆m̃2 > 0 implies

2EṼ/∆m2� 1 ,∆m̃2 ≈∆m2, θ̃ ≈ θ and |ν̃2〉 ≈ |ν2〉

2EṼ/∆m2� 1 ∆m̃2�∆m2, θ̃ = π

2 and |ν̃2〉 ≈ |νe〉
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Adiabatic approximation in the Sun

If ne(x) changes slowly we can use the adiabatic theorem:
“If in t = 0 the system is in one of the instantaneous eigenstates
of H(t = 0), H(t) |n, t〉= En(t) |n, t〉 it will remain in the state
|n, t〉 for t > 0”

ne�
|νe〉 ≈ |ν̃2〉

Adiabat−→ |ν̃2, t〉
Adiabat−→

ne�
|ν2〉= sinθ |νe〉+ cosθ

∣∣νµ

〉
P(νe→ νe) = sin2

θ =
1
2
− 1

2
cos2θ

If θ � 1 all the νe are transformed in νµ ! (MSW)
General case

P(νe→ νe) =
1
2

+ (
1
2
−PLZ)cos2θ̂0 cos2θ

PLZ ≈ e−γ , γ ≡ π∆m2

4E |(n′e/ne)res|
sin2 2θ

cos2θ
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The solar neutrino triangles
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