BAYESIAN INFERENCE
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Bayesian inference: Scheme

1) Model to describe data: M={p(x|4); xeQ,; 1eQ,}

/. Unknown parameters about which we want to make inferences
from observed data

Usually: A:{H,(p}{

6@ parameter(s) of interest
¢ nuisance parameter(s)

2) Full Model:  p(X,0,0) = p(X|0,p) 7(0,p)

77(0,p) “Prior density” for the parameters

3) Get distribution of unknown parameters conditioned to observed data:

Bayes Theorem _ B
Bayes “rutery  P0:0)=p(x[0,9) 7(0,9) = p(0. 9] x) p(x)

P(x|0,0) z(0,0)
p(x) supp{p(x)}

p(@.¢|x)=



4) Draw inferences on parameters of interest from “posterior” densities:

7(0,9) =7(p|0)7(0) X16.0) (0] 0)
Integrate on nuisance parameters:  p(@| x) = ﬂ(H)_[ PiX 6 L4 de
> p(X)

X|8) (0
....lf any, for otherwise simpler expression: p(@| x)= p(x|0) z(0)

p(x]0) 7(0|9)
[ p(x10) 7(6 | p)do

... may get conditional densities if needed: p(0|@,X)

Normalisation: <«

p(x)= | p(x,0,9)d0dp = [ p(x|0,9) 7(0,p)d0dy

OxA OxA

and usually, domain ®x A does not depend on parameters so

p@|x)~ ﬂ(ﬂ)f p(x|8,9) 7(p|0)de p@|x) ~ p(x|0) =(0)



5) Bayesian approach allows, eventually, to make “predictive inferences”
(... model checking)
Within same model M, ={p(x|0); xeQ,; 0cQ.}

predict new data yet to come  p(x', X,0) = p(x', x| 0)x(0) = p(X'|0) p(x|O) =(0)

-

X, X" sampling independent

**

doy_ [ P(X,X%,0) aa| PX[0)7(0) |,
p(xlx)_i p(x) da_ip(xw){ p(x) }da_

= p(x'|0)p(0] x)do

N~ -

iInfoon X'« @ X = infoon @

=P X, X' related through @



Bayesian inference: Elements

pO|x)=

(thus, same likelihoods = same inferences)
Defined up to a multiplicative constant

p(x16) p(6) _

)~
— Likelihood: How data modifies our knowledge on the parameters —
Experiment affect knowledge on parameters only through likelihood

... posterior is dominated by likelihood

- Prior: Knowledge (“degree of credibility”) about parameters before data is taken
Include Prior knowledge (in particular, if trustable info from previous experiments)
Relative ignorance before experiment is done (... independent experiment)
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Bayesian inference: Structures

0 One experiment (same conditions)
— T  p(x,0) = p(x|0) 7(6) =] [ p(x16) z(6)
X1 cen Xj cen Xn i=1
/
)
6, --- 0, --- 6, | Resultsfromisolated experiments ( 6 independent)
L[ p(x.0)=p(x|0) z(6) =1 px16) 7(6)
)(1 oo Xj oo Xn i=1
/
4 | Parameters {6,,6,,---,6.} come from a common

n
‘/l\ source governed by hyperparameters ¢

9, - 0, - 0, } P(X,0,p)=p(x]0) p@|9)z(p)
- {H p(x 16 p(@ |¢>}n<¢>




EXAMPLE:  Acceptance of events after cuts (or efficiency or whatever)

Total number of events
Number of events that have been observed to pass the cuts

Model: p(n|N,¢9):[|::

jen (1_ Q)N—n

Frequentist / Classical Solution:

“Estimator” of 0. o =
(maximizing the likelihood) N
* = = 1 - * E[n]
0" Is a random quantity with: E[6*] = =0
e(b>>)... —0" —
e(k>>) o[6"] = c\)}[%]eze \/n(an/n)
Confidence Level Interval: [6° —c,(n,N), 0 +c,(n, N)]

(B: OK... “a” model)

(B: How
Why)

(B: So what?)

(B: o[n] ?)

(B: did you e(k)?)

(B: inferences(e(k)) ?)
(B: if n=0, n=N?)

(B: What does it mean?)
(B: Does it contain &, 7?)



Bayes Solution:

Bayes “rule”: p(@|n,N)c[0"A-O)" "] 7z(O)
(F: O is a fixed (albeit unknown) number. Can’t talk about probabilities...
B: Probability is...  + Ramsey, de Finetti, Savage, Lindley, ...)
Prior density:
Bayes-Laplace postulate (“Principle of Insufficient Reason”)
If no special reason, all possible outcomes are equally likely 7(0) = 110, (0)

Posterior density: p(@|n,N)oc 8"(1—0)" "1, ,(6) (F: Inferences depend
on m(6) ?
Inferenceson #: @ ~Be(n+1, N —n+1)
E[0] = n-+d N>n>>1 —>L (F: Is biased ?
N =+2 o N B: So what? n=0,n=N)
mode : 6 = — —> 7
N N
(n+H(N —n+1) nL—n/N)
V]O] =
1= N2 (n+3) T N?

0,

P[O < (6,,0,)] = j p(@|n,N)do

6,



EXAMPLE: o(x|7) =z %" e(n) ={X, Xpr.s X, }

Frequentist / Classical Solution:

n n ___—nz./r__n-1
Maximum likelihood: " =n"'>" x; o(z. |z,n) = D] € z,
i=1 T I"(n)

. 68%CL intervals |c,(z",n),c,(z",n
100 identical experiments ° @ ., n)

r—2 n=50 ...random intervals

100

80—

Absolutely different philosophy:

“F Given the parameters,
how likely is the observed sample?,...

Great but of hardly any interest;...
we are interested in the parameters

Given the data,
draw inferences on the parameters,...

40—

20—

34 do not contain 7 = 2

...you do one sampling (n=50)...



In the Bayesian Solution for the Binomial example, we took a
uniform prior density:

Bayes-Laplace postulate (“Principle of Insufficient Reason”; J. Bernoulli)
If no special reason, all possible outcomes are equally likely

1) Not always reasonable choice

2) Consistency: Non-linear one-to-one transformation ¢ = ¢(6)

Ex g—e’  m(0)dO x 1,(0)d0 —> 7($)dg = 1, (¢)%d¢

Task: Reasonable and sound criteria to choose a proper prior density:

Several arguments:

1) Invariances (Jeffreys (1939))

2) Conjugated Priors (Raiffa+Schlaifer (1961))

3) Probability Matching Priors (Welch+Peers (1963) ... Ghosh, Datta, Mukerjee,...)
4) Reference Priors (Bernardo (1979), Berger)

5) Hierarchical Structures
6) ... more...



Before we start with priors...
two Important concepts:

(Frequentist / Classical care about unbiased, consistency, asymptotic
efficiency, minimum variance,...)



STATISTICS: | X se(m)={o %) X=(X,X,...X.)

X €Q

Statistic: :(Xl,..., Xm)e Q x-xQ —> RM  dim(t) = k(m)
Sufficient:  Statistics that have all relevant info on parameters of interest
iff vm>1 and Vz(0) (O] X, %y e X )= P(O| 1)

Sufficient and Minimal:  k(m) =dim(t) <m
If they exist, we do not have to work with the whole sample
(better if k(m)=k independentof m )

Example: M, ={N(x| ¢,0);xeR; (u,0)eRxR}




Except some irregular cases, the only distributions that admit a fixed
number of minimal sufficient statistics ~ (k(m)=k <m) belong to the
exponential family

Exponential Family M:{p(x|9); XeQ,; 0cQ,}

Belongs to the k-parametric exponential family if:

(x10)- (K)o (0 1)

g7(0)= J- f(x)g(8)exp {.Zk:‘ c.4(0)n (x)}dx < o0

Qy

“regular” family if QX does not depend on ¢

... more than what you think ...
... and less than what we would like...




Few examples: | (x10)- {(Xk(0Jep a0 ()

e—(ﬂ—nln )

e " u"
~ T PO(n“‘)_r(nﬂ) T(n+1)

X ~ Bi(n| N,@):(';'jen(l—e)N“ =(N

) jexp{n In6+ (N —n)In(1-6)}

b

b) exp{—ax+ (b—1) In x}

X ~Ga(x|a,b)= Fa

X ~ Ca(kmﬂ)mi+ﬁ()l(_ ) _exp’{ In «+’,B(x a) )}

X ~ p(x|a)= —(1+x)+ax \\\ X e[-11]

-~

X ~ p(xllél)fapl(’)ﬂl—a) p.(x) Sa

-

No Sufficient and Minimal Statistics = work with the whole sample



2) EXCHANGEABLE SEQUENCES:

X ~ p(x|6) X (M) ={X;, X,1.00 X |

The sequence {Xl, X5y Xm} IS exchangeable if the joint density
P(X., X, ,...y X | @) s invariant under any permutation of indices

—p Symmetry in observations so order
In which are taken is irrelevant

Any sequence {Xl, Xy yeees Xm} with X = {xl, ) S xm}conditionally
Independent and identically distributed (iid) , is exchangeable

Converse not true: exchangeable sequences are identically distributed but
not necessarily independent

iid

X (M) = % Kounn X} | PO Xg X [0) =] [ PO 16)




Now ...PRIORS

Model. M ={p(x|8) xeQ,; 0cQ,}

-~

Include Prior knowledge (for instance, if trustable info from previous experiments)

Non-Informative:
Relative ignorance before experiment is done (or independent analysis,...)



“~Non-Informative” ... reference priors

1) “Used as standard” such that posterior is dominated by likelihood

2) “Non-Informative”....One Is never in a state of complete ignorance
“knowing little a priori”... is relative to info provided by experiment

3) Usually are improper densities:
... do not quantify prior knowledge on parameters in a pdf ...
(sequence of compact coverings, admissible models, ...)
... do we really need a proper prior?...

Task: Specify a prior which provides little info relative to what is
expected to be provided by experiment

General advise: Prior will have some (hopefully small) effect on inferences so
try with several reasonable priors ...



Priors derived from
INVARIANCE ARGUMENTS




INVARIANCE: Position and scale parameters

Position parameter: X ~ p(x|¢)= f(x-0)
7(0) —— p(x,6)dxdd = p(x|6)z(6)dxdd = f (x—6)z(6)dxdd

Newrg.. Y=X+a; J(Y;X)=1 p(y,6)dydd = f(y—a—8)z(0)dyds
Reparametrization: §'=@+a; J(0;0)=1 p(y,0")dydd’ = f(y—6')r(0'—a)dydd’

id
Model: f (X_Q) X —>e(m)= {Xl, Xy yeres Xm} inferenceson @

formally analogous to ”

Model: f(y—@’) Y —e(m) = {y11 Voo ym} inferences on o'

Prior knowledgeon @ sameason @'

7(0)=7(0'-a) VacR  ——p |7(6)=CL(0)




Scale parameter: ., _ o(x[6) = % f(%)

7(0) —— p(x,6)dxdo = p(x]0)=(0)dxdo =% f (%);n(é’jdxdé’

New r.q.: Y=aX: J(Y;X)= % n(y,0)dydé :a—lg f(% )n(e)dyde
Reparametrization: §'=ag; J(&';&): % p(y,@’)dyd@’:é f(%)l:iﬂ'(e’ a)l;dydﬁ’
1 iid
Model: P f(%) X _>e(m) = {xl, ) ST xm} inferenceson @

formally analogous to ”

Model: %f(%,} Y >e(m)= {yl, Yo seens ym} inferenceson  @"

Prior knowledgeon @ sameason @'

Eﬂ(i'j:ﬂ(g); VAR e ()= 11, (6)

da \ a




For Location and Scale parameters:

m(u,0) = % (considered independent)

... Many important models with LOCATION AND SCALE parameters:



Example:

—x0
X ~ Ex(x|0) p(x[0) =6 1., ()
@ unknown parameter of interest
iid
X —e(m) = {X,, Xy, X, } D(X;, Xy ooy X, | 0) = @001 50)
n Qn
i =Y'x is suffici isti t|6,n) = t"e™
Givenn, t ;xl is sufficient statistic p(t|o,n) ()
0" is scale parameter (67 % , == 7(0) %
p(@|t,n) o p(t|8,n)z(0) p(@|t,n) = Ft(n) o" e ®~Ga(fd|t,n)
... COnNSsistency: .
Model: z=It  =Ing p(zg.n) = =~ expln(p—2)—e*"}

¢=In0  Position parameter

I'(n)

r()=c > z(@) Y,




Example: 1
P X ~ Un(x|0, H) = 0 Lo.0) (X) Q, = (O, 6))

@ unknown parameter of interest

i
1
X _)e(m) = {X1’ Xz""’ Xm} p(Xp Xoyeeey Xy | ‘9) — Q_m 1(0,9) (max{xi })
t)" 1
Sufficient statistic t = max{xl, X yerns xn} p(t|n,8) = n[gj 7 10,6y (1)

@ Scale parameter w=pp 72'((9)0(2%

n

p(@[t,n)ec p(t|0,n)z(0) | p(d|n,t)= nﬁl(t,w) (#) ©~Pa@@|n,t)

(by the way, Frequentists and bias: gl\‘;lrfq . and E[0]= th ~t+t/n
n —



iid

Problem: e(n) = X ={X,, X,y X, }

1) Show that {n;

n
S (xi —x)z} IS a set of sufficient statistics
)

2) Being{ 1,0} location and scale parameters, take  7(u,o }/a
(improper) prior and show that

T =\/n7—1£”;)_(j~8t(t|n—1) z:n[§j~xz(z|n—l)

— inferenceson U — Iinferenceson g

E[T]=0 (n>2) E[Z]=n-1 (n>])
V[T]=(n-D(n-3)* (n>3) V[Z]=2(n-1) (n>1)




Problem: Comparison of means and variances

Let X, ~ N(X|,u1 01) and X, ~ N(X|y2,02)be independent r.q.
Con5|derthesampllngs X, {11, 1oy Xln} (d) X, ={Xy, Xpp1 X } (i)

Ny
and the sufficient statistics : Z X, — :_ 1 Z (X, _)—(k)Z
nk i-1 N, = (19

1) Show that for the priors (improper)

Comparison of variances: ;z(ﬂl,o—l,yz,az)oc}/ 7 = ny(, —1) 012/3 ~Sn(z|n,-1,n,-1)
9192 n(n, -1\ o, /52

Comparison of means:

H1: k | : =0,=
same (but unknown) variances: ¢, =0,=0 m(, 1y, 0 %
— )= (X =X ns, +Nn,s,
_ (1= 1) = (% 13(22) - St(t[n, +n, —2) Mz e
s(1/n, +1/n) N +1, -2

H2: unknown and different variances: ﬂ(yl,(fl,,uz,az)oc%a
172

F B _(n,+1/2) B —(n,+1/2)
W=y -1~ pw|x,X,)~ j(sl2 +(x1—w—u)2) (322 +(X, —u)z) du

(Behrens-Fisher problem)




INVARIANCES: under a Group of Transformations
X ~ p(x|@) Model: M ={p(x]0);xeQ, ;0cQ,)}
Consider a Group of transformations that acts

on the sample space: X—>X'=gXx ;0e€G;XXeQ,
on the parametric space: 0—>60=9g0 ;9e€G;0,0cQ,

The model M is invariantunder GIf vgeG; Vvée Q, the random
quantity X'= gX is distributed as p(gx|g0)= p(x'|0")

» The action of the group on the sample and parameter space may be different

SCHEME:
1) Identify the group of transformations on sample space (if exists)

This induces the action of the group G on the parameter space under
which the model is invariant



Examples: Translations:  x — X'=gx =a+ X

Scaling: X—> X'=0gX= bXx
Affine: X — X'=gx =a+bx
Rotations: X o> X'= gXx = RX (... matrix Transforms)

Important Case: 1 »
Location and Scale Parameters: p(X|u,o)=— 1 [ 'uj

o o
Affine group G = {ga’b = (a,b); acsR;be R+}

On sample Space XxeR X—>X'=(,,X=a+Dbx

Model Invariant if on

Parameter Space (1,0)eRxR*  (W:0) > (1,0)=0,,(1,0) =

— (a+bu,bo)

Group: vxeR —>g,,XeR

gc,d (ga,bx) — gc,d (a+ bX) — (a+ da + de) — ga+da,dbx
0,=(01) 0.5 =(-a/bl/b)



2) Choose a prior density that is invariant under this group so that:

- Initial transformations of data will make no difference on inferences
= Same Prior Beliefs on original and transformed parameters
(...if we want to incorporate this as part of prior info)

For the action of group G of transformations, there exists an invariant measure
U (Haar measure) such that | |

| £(90de(x) =] f(x)du(x)

Q Q

for any Lebesgue integrable function f ()

Alfred Harr (1933) _

» Unique (up to a multiplicative constant): Von Neuman (1934); Weil and Cartan (1940)

Inourcase: x — @& f(x) — p(e|O) 1, ()

and the measure we are looking for: 1 << Lebesgue — du(0)==(0)do

Group acting on the LEFT: . p(e| go)x(£)dO = _f P(e|O')7x(6")dE'

RIGHT: [ p(e] 69)7(6)d0 = [ p(e|6')x(6")dE"

AcR A'cR




Example: Location and Scale Parameters g = (1,0)

, !
Group acting on the LEFT: | j p(e| go)x(6)d t9'= I p(e|8)7(0')dO
|

AcR

| A'QR

\ J

du(0) du(0)

j p(e| g(u, 0N 7(u,0)dudoi= | p(e| ', 0")(u',o")du' do”

A'cR

IACR I

Affine group G = {gab =(a,b);aeR; beR*}

...on the left:

= = = = e e e = = = = == ===
!

j P(e1 90, )11, 0)dusdo

Ag

A'cR
YVAcCR

2(97 (', o)) (', 0 1, 0)dpr' o' =

Gap(tt,0)=(1',0') = (a+bu,bo)

(u,o0) = ga_;lb(ll'll’](-)-') :(ﬂ;a ; (;lj

Jsotima)=rs

”(

u-a o

0 b)bz du'do'=7(u',o')du' do’




ﬂ(ﬂba ZJbzd,udG (', o')du' do Vu',aecR ; Vo',beR"

1

LEFT Haar Invariant Measure - | 7T, (,u, O

Group acting on the RIGHT: j p(e| &)z (6)dO = j p(e| ")z (0')dO

AcR A'cR

(u',o')=(u,0)9,, =(uu+oa,ob)
' ' _ a o
(e, 0)=(', o)., [,U GE Fj
1

J(/UI’G';IU’O-) :B

RIGHT Haar Invariant Measure = 7z (,u, o-) oC —
o




» For the Group of affine transformations, LEFT and RIGHT invariant Haar
measures are not the same

1 1
7z (e, o) oc —5 e (pt, ) oc —
O O

0) As invariant measures, both are OK.

1) For models with one parameter, prior derived from RIGHT invariant
measure coincides with Jeffreys’ prior (will came in a while)

2) Prior derived from RIGHT invariant measure is
probability matching (will come in a while?)

3) For models with several parameters, prior derived from LEFT Haar
measure coincide with Jeffreys’

(and, as we shall see, gives problems ...although is interesting too...)

Common approach:
» Usually there is no invariance (“obvious?”) of the model but...

» If the structure of the model has a group invariance, ... RIGHT Haar prior



Problem: Bivariate Normal (X, X,)~ N(x,xJ0.0,%)
X' = (%, X,)
p(x|Z)=(27) |22 expl-1/2|x'T x| z:( o? palchz]
pO,0, o,
2= 070, (1-p°)

1) Obtain Right and Left Invariant Haar measures under the action of Lower
(Upper) Triangular Matrix Group

Solution:
1) Cholesky decomposition in lower triangular matrices
2 1 0
sio L[ %2 TPOO:|_ aip A=l 2 1
|2 |\ - po,o o ___ P
o 1 o\1-p° o, 1-p°
1 1
|2 ]= 1, 2
|27 A

New parametrization of the model A :{Aﬂ, A, Azz}

o(x| A) = (27)7 | Al exp{—%[xtAt Ax]}



2) Group of lower triangular 2x2 matrices G={T €lLT,,; T.>0}

T'eG
1 -l
...and the action on the Sample Space me=1"T=1
On the Left On the Right
XTI AAT )X X (T THAACTT x|
ToX—>TX=X XoT 5T 'x=X
-1
—_ M-=T M=T"
\/ 1
Mx=X' X=M"'x'" X"=x'"M' dx =mdx'

o(xX'| A) = (27)7 %exp{—l/ 2[xt (AM 1) (AM M) x|}

» Model is invariant under G if the action on the Parameter Space Is:

G:A>A=AM™" AM=A |AHA|M|
p(xX'| A) = (27) | A'lexpl-1/2|x* (A* A)x'|}



Haar Equation: [ p(e| gA)7(A)dA = [ p(e| A')z(A)dA'

[ Pl A)z(AM)I (A AYIA = [ p(o| A')z(A')dA

VMeG — (Zz(A'M)J(A'; A)dA', dA',, dA',, = 7z (A")dA", dA',, dA',,

M :T:[a O] J(A; A)=a’c
b ¢

ﬂ(aAlll , aA'Zl_I_bA'ZZ ? CA'ZZ )(azc) dAlll dA'Zl dA'ZZ — E(A')dAlll dAlZl dAlZZ

1
(A, A, A )
( 11 21 22) Alllz A|22
_ 1({c O 1
M=T = — ' = —F-
(—b aj JATA ac’
w(fn LaBa Bay L ydn,, di, dA'y, = 2(A)IA,, A, A,

1
1 I 2
A Ay

(AL, AL LA, )




Transform back to parameters of interest: {al, O,, p}

1
— 0
1
_ o dA .dA .dA,. = do,do.,d
A= ) 5 1 A1 0A,,0A,, 013(722(1—,02)2 1UoL,up
o\1-p° o0,41-p°
M=T ToxX—>Tx=X 7oy (01,05, p) oc - 2\3/2
0,0,(1-p°)
=r,(o0y,0,,p)
-1 -1 I 1
M=T Xol 5T X=X Tgy (01,05, p) o€ 2 2
o, 1-p%)
_ - Tt T T TT T 1 |
Upper Triangular: : ey (0y,0,, p) o<
:
|

o0



'INVARIANCE under reparameterisations (Sir H. Jeffreys; 1950)

Any criteria to specify a prior density 7(¢) for # should give a consistent result
for parameter ¢ =h(f) with h(e) a single-valued function

69=\ 010 — 7(0)d0 = 2(9)d6 =290 N0 — (0) = 7(4(0) 5

06
Fisher’s Matrix: X ~ p(x|¢)
e _0’log p(x|¢) 5% 1oa n(X
1,(9) ijp(xw)( 2409 ]dx 1(d) = Ip(X|¢)E %p( |¢)j 0
...obviously if exists: Qy ¢
1) supp, {p(x | #)} does not depend on ¢ and under a transformation (s.v. function)
2) p(x[¢9)eCy(g) (.k=2) _
0 o(e) ¢ =¢(0)
9 welheavese %Q{( )dX:Q{ 00 X [pixigax=1f 1(0)= |(¢)( ﬂ
Y 0° log p(x|6) &
,0) =10 F & -,

(Not unique: other expressions are also invariant against reparametrizations)



Example: (back to efficiency, acceptance,...)

X ~Bi(k|n,8) p(X :k|n,H):(EJ9k(1—9)”k
0% log p(x| 6) N _ .
1(6) = E {— oy }: 00-0) 7(0) oc 0 %(1—9) %

= Be(@l%,%) proper

= p(9n,k)oc plk|n,0)r(6) < 8 2 1-6)""

0~ Be(k+%,n—k+%)



2
By the way... |(0)= |(¢)(%) ... “Normalization”

iid

e(M->x={ % %} p(x|O)=[]pP(x10)  w(@]e)=log p(x|8)=>log p(x|6)
i=1 i
Taylor expansion around max likelihood 6’m:

w(e|x):w(9m|x)—ﬂ{1ia("ng(x'e)} 0=, +.. = p(0]X)~N(8]6,,07 =nI(6,)

2| ns 0°0
T
n>>—1(6,)
Transformation ¢ =¢@(f) such that =P (4| X) ~ N(¢|d,, o = const)
| /2 (#) =1 1/2 ((9)[d_‘9j _ const |12 ( (9) do o« d ¢ “Data translated likelihood”
dg (G.E.P. Box, G.C. Tiao)

EX: Binomial Distribution

- m p=[1"(0)0=[0721-0) "2do= m
04 _ ,9 0.4 —
0; 0 0.1 0.‘2 0.‘3 0.‘4 0.5 0.‘6 0.‘7 0}8 2 1 - 2 atan 4_ 0 0.:: 4; 0.‘5 } 15 ‘2 25 .‘?




Example: ey
X ~ Po(k P(X =n|u)=—"- 0
(k| ) (X =n|pu) i e
2
l(ﬂ)=Ex[—a IO%? (X|ﬂ)]=1 - ”(ﬂ)“ﬂ_% (improper)
Iz Iz
Posterior density p(,u|n):Ga(1,n+%) (proper)
' Example: a+l
o [ X
X ~ Pa(x|a,xo) pP(X| e, X,) :X—(?Oj Ly, o) (X)
¢ a>0
: X, known
I(ac):E{—a log p§X|a,XO)]:l2 - (a)ca” (improper)
0o o

(t = In(X) > o scale parameter)

Posterior density P(a | X, X,) =In(x)x™“ (proper)



Jeffrey’s in n dimensions: Fisher’s Matrix:
oIn p(x|@) &In p(x|6)
Iij (0) = Ey PYE 00
i j
06, 06,

smooth one-to-one transformation ¢ =@(0) — 1;(p) = 1,,(0)
@ 0P,
... like a covariant tensor

Connection: Geometry, Information and Probability

Largest difference  ...and same Euclidean distance

02 ------ :

()-1 ------ :

2 i s y Ho
0 Q) - R (If..) The parameter space of a distribution Riemannian Manifold
1, () = g;; (@) metric tensor (ds)2 = g; (O)d Hidﬁii i
g (‘9)gkj (9) — 51'



Let @ = (@) be a smooth one-to-one transformation such thatat @, = @(8,)

the Fisher’s matrix becomes [I:ij (p,)] =1  (identity matrix)

(location)
In a neighborhood of @, , the geometry is Euclidean == 7(p)dp oc dp

00,

Pj

do = {det

23 ;6" Fu (0) 77(0) oc [det[F (g)_]__]_l_ff ____________

Fij (p) =

EXAMPLE: N LA |

Gamma Distribution: ~ p(x|a,b) =e *x"™ F(b) ]10 ) (X) a,beR*

1) Fisher’s matrix elements are: F_= L) F. = 1 F,=Y"(Db)

aa 2 ab —

a a

det[F]= (0¥ (b) —1)a? 7,(a,b) ca™/b¥' (b) -1




But 7(0) o [det[F (0)]] > may not be the best choice..
(as pomted out by Jeffreys)
Example: Normal distribution

(x—p)°
p(x]a,b) =— exp[—
F — 0_—2 . F — 20_—2 . I: _ O 272'0 202
M ! oo ’ y7%ez
o known — {u} (1) oc F vz _ OK (Jeffreys’/ location)
7, known — {g} 7z'(a) oC FGG o ot OK (Jeffreys’l scale)

u,o unknown — {u,o} F, =0

m) 7(0) < [det[F@)]]"° |Fl=20" — x(u,o)oc o ? (L-Haar)

mm) assumed independent (1, 0) = () (o) oc ot (R-Haar)

w(u,o)oco™ E[ns’s2]=n-1

X >N ===
a=1 T=\/n—1[ﬂT_xj~St(t|n—l) Z=n|> R

2 T:\M(ﬂT_)_(j~St(t|n) 20| |~ 2in)

d




PRACTICAL SUMMARY

From Invariance arguments:

For ONE parameter Models:

LOCATION parameters:

SCALE parameters:

If 4Group of Transformations:

T, (‘9) -

[16)]2 -

(if exists)

7ew (0)

() o L, (1)

7(0) = 7316 0)




Priors from
CONJUGATED FAMILY




Conjugated Priors Make life easier ... Simplify calculations (?)

Let $be a class of sampling distributions p(x|6)
Let 2 be a class of prior distributions for parameter ¢ p(o)

The class 2 is conjugated for & If
forall p(x|0)esS and p(@)e 2 =p p@|X)c 2

Natural Conjugated:
If 2 Is the class of prior distributions with same functional form as &

—— Conjugated Prior Distributions are “closed under sampling”

Likelihood functions p(x|#) for which there is a conjugated family of
priors are those which belong to the exponential family

b1 10-[] 1000 S 05 1)

P(Hlro,rl,rz,...,rk)zﬁgfo (0)exp {ch(bj (0)11} K(z) :jg“’(ﬂ)exp {Zk:chﬁj(ﬁ)rj}dﬁmo

=1 0 =




General Scheme: Model M ={p(x|0);xeX ;0c0O}

1) Choose a class of priors  7(f|@) that reflect the structure of the model

2) Choose a prior distribution for the “hyperparameters”  7(p)

3) Posterior density  P(8,¢| X) < p(x|8)7(0 | p)7(p)

and marginalise for parameters of interest: P(@| X) o j P(X|8)z(0|p)r(p)de
®

... 2) How do we choose the “hyperprior” 7(¢p) 2



Option 1):
From marginal density: (g, X) = ﬂ((/))j P(X|0)7(0|)dl =r(p)p(X|p)

0

p(x|¢):J D(X|0)7(0|p)d0 —mp reference prior 7(p) for model p(x|¢p)
Q)

—> 7(0)=|7(01p)7(p)dp

)

Option 2): “Empirical method”: assign numeric values to hyperparameters
from p(X|¢) (for instance MaxLik) <d.,p(0.p]x)>

No variability (uncertainty) of hyperparameters but may help to guess

Option 3): ... Consider “reasonable hyperpriors”
(proper posteriors; may look at Option 2 for indication)



EXAMPLE: X ~ Po(k | z)

express in the form:

oln )= et | et D(X,, X, .. xn|0)=Hf(xi)g“(ﬂ)exp{zk:chﬁj(e)zn: hj(xi)}

[(n+1)] T'(n+1) i-1

l g 1 U, To-1
015555 50" O S0l | = |pll )= e
Z-1T2 —(+)p , n+7,-1
p(ﬂ’71’72|n)ocr( )e H 72(11,72) p(uln)ocjp(y,rl,rzln)dr
Ty T

p(%fz | n):j p(:u’TI’TZ | n)dﬂ x {Fg(;r ;2) (1:; ;n+72 }T(Tmfz)oc p(n|71’72)77(71172)

— _/
~

p(n | 71172)




Example: Dirichlet and Generalised Dirichlet

Conjugated priors for Multinomial: p(d|0)=C[]8"
i=1
@ :{9 youuy Qn} -~ DI(H | a) p(g | a) — D(a) 91061—102052—1 . .Qnan—l

a, >0 D(a)=T(,) ﬁf(ak)} oy = Zn:ak

k=1

n

6, €[0,1]

Degenerated Distribution:  p(@|a) = D(a) (

n-1
a“ilj(l—zek)“nl
k=1

-1
=1

fol=,- VIe,e == 2T

Control on E or V; not both: =y Generalised Dirichlet



EXAMPLE: UNFOLDING a simple distribution

Interest in distribution of X

7 'no

DATA: 'Y observed quantity in categories data= {nl,nz,... n } Ng = Zni
MC simulation of detector response and selection

Pops (¥) = j R(Y %, &)pe(x)dx  P(Y,X) = R(Y %) pg (X)
j pe (X)X j R(y | x,£)dy

“Migration” (unfolding) Matrix  P(i| j) = j_
P (X)dX

J

MODEL: Po: p(d|e)= CH e " 0 =10, 0 o |

Mn: p(d|g)=C] [

_ - nt
Interestin: @ =16,,6,....,0, } 6 => Pl j) o,
n, <n, =



O={6,...0.}~GDi(@|a, p) . | ’
— (e, + )
ot~ [T rete gy (-2a)
0<6 <1 §9k<1 0 =1- nlé?k

ﬁi Qi — ﬂ|+l : | :1’2 """ n-2

a, >0 B >0 =
pB..-1; 1=n-1

% S i1
+B | Si =1 ﬂk(ak+ﬁk)_l

E[@i] =

a; +5ij
VO] = E[®i][ 1~ E[®i]j T = 4 (B +D(a, + B, +1)7

B+ 11



PRIOR: 0~7x0|a)=Di(0|a) ..GDi(0| a)

POSTERIOR: p(@|d,a) o« p(d|p(0))z(0]a)

p@1d,a)cc p(d|¢(0))7(0|a)z(a)

(Still more work...
See later “Priors with Partial Information”)



The structure  7(0,9) = 7(0| ¢)7 ()

...hierarchical structures and “hyperpriors”

Priors for
HIERARCHICAL STRUCTURES



Hierarchical Structures Parameters {§, 4, --- 6} aredrawn from

a common “super-population” governed by

“hyperparameters{)
4 p(p)
/l\~ Mo ={p(0]9);0c0;pc®|
con5|ders variability of (9
01 T Hj o an p(H | (0) usually, conjugate models simplify life
X, o Xp o X, p(x|6) M, ={p(x|6); xe X ;0 0)

P(X,0,0) = p(x|0,0)p(0,9) =
= p(x|0)p(@|9o)p(e)

Under exchangeability
p(6;.....0, | @) = HD(H | p)
(X, X, | 6. 9) Hp(xw)

Posterior:
p(@.¢| x) o p(x|0)p(@ | ¢) p(e) = @[] p(x 16)p(4, 9)




Parameterisation {6, ¢} ... usually, parameters of interest {6}

1) What data tell us about ¢ ?

p(x,0) = P(p | X)p(X) = [ P(X,0,9)d6 = [ p(x|0)p(0| p) p(p)d0

P(e| x)  p(x|9)p(p) = p((ﬂ)f p(x|8)p(0|p)dd
- My Mg——
P(X| )

(... make sure it is proper...) ~

p(0.x,¢) _ p(x[0)p(@|9)
P(X, ) P(X| o)

PO x,¢) < p(x|8)p(@ | 9)

2) Inferenceson @ PO X, )=

... nicely suited for MC sampling:

1) Draw ¢@ from p(e| X)

2) Draw ¢ from p(@]|Xx,¢) (usually can be drawn in dependently)
PO X, ) :H PG, | %, 9)



3) Interest in Marginal... @

3.1) p(6,x)=p(0]x)p(x) = | p(x.0.9)dp = p(x|6)] (0] 9) p(p)dp

® D

P01 x) = p(x]6)[ p(0|9) p(p)dp
My~ M,

3.2) P(0.X)=p@|X)p(x)= [ p(x,0,9)dp = [ p(@| x,0) p(p] X) p(X)dep =

» P(X.0) »  P(X[9)

p((0|X) Usually draw inferences on each Gi
p(01) % [P(x|0)p(@1 ) e 2003001
| @ P(X| )

p(e| x)de

4) Predictive distribution P(€, X, X,ey) = P(Xpew | 8, X) P(O, X) = P(X,e, [ ) P(O | X) P(X)

P(X e | X) = .[ P(X e [ ) P(O] X)dO (independent samplings correlated
° through model+ posterior)




Example: Comparing sample means

We have seen the case for two means:
differences between two means: Student’s t-Distribution

Differences among a group of means: Generalize Student’s t-Distribution

Classical Approach: ANOVA (R.A. Fisher):

To compare means, consider variances within groups
and variances between groups

Classically... under hypothesis of Normality
- transformations to get “close” to Normal

Clear and general scheme as
Hierarchical Bayesian Structure



Hierarchical Structure  ¢={w,0,0,}

I

(assume Normality in
this example)

/Lll e o /Llj e oo /LlJ
y.l e y.j e y.J
1) J groups of observations: = 1 e J

are considered as an exchangeable sequence (within groups;
conditional on {,uj,O'} ) drawn from the model

Uty e 13 }
,o,}

4) Set up prior

#; ~N(u,0,)

ylj - N(IUJ-,UZ)
Y. ={y1j ----- ynjj}
ylj - N(IL[J.,GZ)

#; ~N(u,0,)



n; Uy=my)®
-1 62
Yy ~ N(u;.0%) pCY.; /1,-,6)~Ha e *
i=1
J —('uj_’u)z n; (Yij—ﬂj)2
- 202 1 >
; ~N(u,02) o(y. . 1t | o o,)~[[ole * {][o
j=1 i=1

.y o0}~ P iy p0,0,)~ Y. iyl o0, )n(pn,0,0,)

O'ﬂ(f

n;
2 2
Gyz Yij t HO 2 2
i—1

For the J groups: u; ~N ,
g p J G/inj +(72 (Tflnj +62

For{u, 0,0}

J
2 2
Gﬂ’uo_l_aozﬂj 2 2
ﬂ(ﬂ) — N(,Uo,Ug) o~ N j=1 ’ G,UGO
ol +0,J o’ +05)




=0’ _ 13 J
Ji 7 77:0#2~Ga Z(IL[J-—ILI)Z-l-C,E‘Fb
j=1

7(17) = Ga(c,d) 25
=0 p=0c"~Ga EZjlil(yij_/‘11)24“""£Zjlnier
7(¢) =Ga(a,b) 2933 293
(...Inverse Gamma Distribution... )
(Uniform priors for o and o, correspondto ga=c=0 ; b=d= _% )
Gibbs Sampling: (see lecture on MC sampling)
0) Set {x,,0,,a,b,c,d}
1) Draw from marginal densities  1): {44, 6, 143} ;= N(o,0)
2): {u} #~N(e0)
3): {1} n~Ga(ee) >o,=n"
4): {4} ¢~ Ga(e,0) >0 =¢ *

Repeat step 1) until equilibrium is reached and then take 1 every 5 or 10 samples



For this example | took, without further checks, (all densities are proper)

{19,040} sample mean and rms

a=c=s b:d:—(%+g)

Sampling Distribution of differences

0.07

0.06

0.05

0.04

0.03

0.02

0.01

oO

10. - .20 il .30 .40. - .50 - I60

Real data (now a days irrelevant and forgotten) on scaled transmittance of aerogel tiles under
different pressure and temperature



Predictive Distribution:
SAMPLING from POSTERIOR (“Bayesian Bootstrapping”)

As starting hypothesis, we consider a model: M, = {p(x 10): xeX:0e @}
...but any model is an approximate description of nature

Is the model reasonable to describe the observed data?

From the posterior p(#|x) we make inferences but do not have a feeling
on the adequacy of the model

If doubts:
1) Check other models (obvious) M) = {pi (X|0); xeX;0¢ @}

2) Get a feeling of the adequacy of the model from predictive density

p(X™ | x*™) = [ p(x™"16) p(8] x**)do
C)

usually MC sampling under the assumption that model is adequate and test
statistics (for instance order statistics)



PROBABILITY MATCHING PRIORS

Welch B. , Pears H. (1963) J. Roy. Stat. Soc. B 25 318-329
Ghosh M., Mukerjee R., Biometrika 84 970-975



Probability Matching Priors

frequentist approach

Prior distribution such that one-sided credible intervals derived from posterior
distribution coincide (to a certain degree of accuracy) with those derived from

Expand  p(@|x) o< p(x|8)x(6)

T= nl(em)(e_em) B

around # =max, p(x|6d) upto O((9—9m)4)

_% 9
P(T<z|x)=P(z)- £() [Iﬂ(;)e) ag(j)] oL

Jn

. Z(X)=

+2[a172(9)
3 [ 00 ] off) ()= [2(01

“Frequentists” . 0,=0, +O(%mj and, for a sequence of priors that shrink to 9~ 6,

Jn| 3

p.(T <2|x)=P(z)- 22 ZZ”[

172(0) o7(0)
70) 00

same Probability if {

00

o

; %(e)l ol

2172(6)
00

]9 — 2(0)=[1(0)]

...Jeffrey’s prior is PMP



n-dimensional case:  p(x|6,,0,,...,0.) ...same argument...

Parameter of interest: 91 ordered parameterization {(91,92,...,9n}
1) S=F
2) Zp: 0 7;(9) =0 any solution 7 (#) will do the job
= 00, Sfiz
- EXAMPLE:
Gamma Distribution:  p(x|a,b) =e™x"* ——1, _(X) a,beR*
F(b) |
1) Fisher’s matrix elements are: F. = % F., = 1 F,=Y"(Db)
a a
2) ordering  {b, a} oy (B, @) oc a2 [b¥' (b) -1
{a,b} Ty (a,b) o a1 /" (0) (/0" (0) —1)

( ais a scale parameter) 7, (a,b) oc a—l\/bqﬂ (b) -1




PROBLEM: Correlation Coefficient of the Bivariate Normal Model ‘

p(X |, X) ot det[Z]”zeXp{—%(X—ﬂ)tE1(X—ﬂ)}

(n) weln) =,

X, Hy PO10, O,
lid

e(n) = X ={(Xy1s X51)s (Xi20 X50)sever (X1 X5 ) 3

1) Show that a probability matching prior with o the parameter of interest is
given by

(P, 1, Hy,0,,0,) C 0-1_1(72_1(1_,02)_1

2) Show that the posterior for the correlation coefficient is:

7(p] X) o (1—/72)(”3)/2(1—"/?)(n3/2)F(1/2,1/2,n—1/2,1+2rpj

Z( 1i 1)(X1| )

sample correlation r = ‘ Is a sufficient statistic for O

R L%




REFERENCE PRIORS



Reference Priors Bernardo, J.M. (1979)
J. Roy. Stat. Soc. Ser. B 41 113-147

M, ={p(x|6);xe X ;00

e(l) = {X,}  Expected amount of info on parameter @ provided by one
observation of the model p(x | ) relative to prior knowledge p(4)

_ p(®, x) _ p(f]x)
Ile(), p(@)]-@_[( 0(0, ) log 00500 dxdd = ({ p(H)dé’i 0(x|6)log 0 dx

Expected Mutual Information:

Given two continuous random quantities X and Y with density p(X, y) , the info we expect to get on
X if we observe Y is

. p(x,y) p(x1y)
1(X2Y) = | dx]dy p(x,y) |n( j= p(v)dY{ dx p(x]y) |n[ }
i ! p(x)p(y) J l p(x)
Kullback-Leibler Discrepancy between two distributions D, (g‘ f ): I f(x)In f Exgjdx
X gx
A sequence {pi (X)}Ti1 of pdf’s converges Iim oo DKL ( P | P ) =0

logarithmically to a pdf p(X) iff:



lid
For k independent observations X —e(k) = {X,, X, .., X, }

Expected amount of info on parameter @ provided by k independent observations
of the model p(x|8) relative to prior knowledge p(6)

0(62,) dz, = dx,dx,---dx,
e(k). p(@)]=[ p(O)0 [ b 16)log = x>z, = [Pz, 16)dz, =1

C) X

p(0)

= | p(e)de{ [ p(z,16)l0g p(62,)dz, ~log p(e)} = [ p(8)log

f ()
lle(k), p(8) = )| déd
le(k), p(6)] ip()og 0

1,0)- exp{ [ p(z,16)log p(6) zk)dzk}

X

“Perfect info”  |[e(w), p()]= lim | ek), p®)]  (if 3)

measures maximum infoon @ that could be obtained from model p(x|8)
relative to prior knowledge p(6)



Central Idea:
Reference prior relative to model M, = {p(x 10); xe X ;0¢ @}

. that for which “perfect info” is maximal
“less informative” for this model

Calculus of Variations  p(0) = p"(0) +&n(0) jp(@)de jp (0)do =1
log f, () =log . (8) +O(&?) _— j 7(0)do =0
log p(@) =log p*(O) + ¢ 1(0) +0(&?)

p™(6)
I[e(k) p(@)]=Ilek). p* (@) ]+ £ n(@){log - E@; —1}d¢9+0(3 )

=70 c® - p(d) o< T, (O)—

Problems:
1) implicit equation since f, (§) dependson p(f) through posterior p(0|x,)

2) usually lim f (@) divergent: o info needed to know &

k—o0

3) In general, info not defined on unbounded sets > sequence of priors 7, (6)

(Propper priors, defined on a sequence of compacts A, CO A, _or v@ )



== Define what is a “Reference Prior”
Berger, J.O., Bernardo J.M., Sun D (2009)
Ann. Stat.; Vol. 37, No. 2; 905-938

— Def.: Permissible Prior:

A strictly positive prior function (@) is a permissible prior for the model
M, ={p(x|6);xeX ;0cO} if:

1) vxeX j P(xP)x(0)dl < o = proper posterior
C)

2) For some approximating compact sequence, A, c® A —2250
the sequence of posteriors 7 (0] X) oc p(x|0)7, (0)
converges logarithmically (Dy, ) to  7z(9| x) oc p(x|8)7(6)

- Def.: Reference Prior

A permissible prior that maximizes “perfect info” (for model My)




Explicit form of the reference prior:  Berger, J.0., Bernardo JM., SunD (2009)
Ann. Stat.; Vol. 37, No. 2; 905-938

1) Consider a continuous strictly positive function 77(6)

such that the corresponding posterior 7(0]2,) = p(z, |9)z"(6)
Is proper and asymptotically consistent ‘ J' p(z, | A (6)do
(... the easier the better ...) ©

2) Obtain  f,"(0) = exp{j p(z, |0)log 7" (@] zk)dzk} and for any interior point
X

6, of @ define h (4,6,)= f‘fk )
T (6)

3) If
3.1)each f () iscontinuous
3.2) For any fixed @ and large k h, (6,6,) 1s either monotonic in k
or bounded above by some h(8) which is integrable on any compact set
3.3) f(@)=Ilim,__h(0,6,) isa permissible prior function

Then 7z(#) = f(9) is a reference prior for the model M, ={p(x|8); xe X ;0 <O}

_ _ If 1 exists, 7[(6’) — [| (9)]%
Easy to implement a MC. algorithm Usually are PMP




EXAMPLE: Scale Parameter

Show that () « %

Is a reference prior for the model p(x| &) =% f(g) XeR; 6eR"
Solution:
id 1 & (x
X >e(k) = X, =X, Xpreer X, | P(Xs X p0e X, |9)=?H f[é]
i=1

- 1
Take, for instance: 77 (0) = =

= * 1 —(K+a : Xi OO
== Proper posterior: 7zk(6’|x):m6’(k )*:1-]‘[_) I(x):j@“k”)ﬁf(%jdﬁ
I= 0 i=1

log 7, (8| X) =—(k +a)log 8- log I(x)+ilogf(%j

j D(X,, X,,..., X, |0)l0g 75 (8] X)dx,dx, ---dx, =—(k +@)log 8+ J,(k)-J,(k,6,a)

X



J.(K)=6" ij(xe )Zlogf(xe Hdx,dx, -+ dx, =k [ f(w)log f (w)dw =kJ,

X i=1 W

J,(k,0,a) = ekjﬁfxe Iog{jé’ <k+a>Hf(x9 )M}dxdx - dx,

X i=1l

— jﬁ f(w, )Iog[é’ $eco 1>js <k+a>H f (sw, )ds}dw dw, - - - dw

X i=1

= Jz(k,a)—(k+a—1) log &

—> | p(x|6)logz; (0] X)dx =—log 6+kJ; - J,(k,a) =—log 0+ G(k, a)

Xk

f (0,9) = exp{ j p(x|0)logz, (0| x)dx} = %exp{G(k, a)}

f (09 1

- ”(e)mlmf(e 90




PROBLEM: Poisson Distribution o 0
p(n[6)=e
I'(n+1)
iid

Consider X —e(k) > x, ={n,n,,..,n,} and 7°(0)=1

Showthat f, _ (6,e) (ké’)_ll2 and, in consequence | 7(4) oc |im f (‘9") !
k—o0 f (00, ) 91/2

PROBLEM: Binomial Distribution

N N-—n
p(n|6,N) =(n]9”(1—6’)

iid

Consider X —>e(K) > %, = N0} and GO > 7°(0) o 071 (1-0)"

Show that 7[(6’)0C||m f(6’ .) 1/2 1 1/2
kK—o f (90’ ) (9 (1—9)

Hint: Analize the behaviour of f, (0,8) expanding logI'(z,e) around E[Z]
and considering the asymptotic behaviour of the Polygamma Function

LPn)(Z) ~a,Z2 " +a 27" 4 | the moments of the Distribution, ...

n+1



For n>1 dimensions

1) arrange parameters in order of importance {6,,4,,0,,...}
2) proceed sequentially with conditionals 7(6,6,,0,,...,6 ) --7(0,|6)r(6)

(... check if they are proper)

Ex:n=2 X ~ p(x|4,¢)

parameter of interest: @

nuisance parameter: ¢ } ordered parameterization {6, ¢}

p(0, ¢, %)= p(x|0,9)7(¢]0)7(0)

1) get conditional prior 77(@| @) (reference prior for ¢ keeping @ fixed)

2) find the marginal model: P(@, X) = 7(60) Lp(x 10,0)7(4|6)dp = 7(0) p(x|6)

~
3) get reference prior 77(6) from marginal model P(X|6)



EXAMPLE: Multinomial

X ~Mn(n|6) p(n]O)oct0,” 6" (L-6)" 5= 2.0,
ordered parameterization {6,,0,,---,6.}

7(0,0,1--10) =76, 16, 110070, 116, 5100) - 7(60)

k

7O 1100 = 0,2 A=5,)" e 7(0,,0,,...,0,) < [ [0, (1-8) 7"

All are proper 1=l

— _
p(@|n)ec H@in‘_1/2(1—5i)‘1’2 (1-35, )"




" Joint Posterior Asymptotic Normality: The Statiscian 47, 1-35

.. 2) proceed sequentially with conditionals ...

Usually 7(¢|6)is improper s J‘p(X|0’¢)ﬂ'(¢|9)d¢ divergent

=P Define 7, (¢|6) over asequence (), of compact sets
of the full parameter space such that in the limit tend to ()

Forinstance: Q) = (0, o0) Q =[1/k,K] UQk —0
k=1

One nuisance parameter with Bernardo J.M., Ramén J.M. (1998)

If: A independentof g
F(0,2) suchthat [, ,(6, 2)}'* =, (6) b,(2)
S(9,2)=F7(,1) suchthat 11(9 /1)}1/2 =a,(0) b, (1)

Then 7z(A]0)cby(A) 7(0,2) c a,(O)b (1) &N If conditional reference
7(6) < a,(0) | ’ priors are not proper




EXAMPLE:

Gamma Distribution: X|a,b) =ex"* a,beR"
p(x|a,b) = F(b) 1[000)() €
L : _ b 1 :
1) Fisher’s matrix elements are: F.. = =z F., = — F, =Y'(b)
2) Jeffirey’s prior 7, (a,b) oc a‘l\/b\P' (b) -1

( a Isascale parameter)

2) ordering {b, a} 7. (0,a) cc ab™?\/b¥' (b) -1

oy (0,@) oc a2, /b (b) -1

{a,b} 7o (a,b) c a”* /P (b)
Ty (a,b) o a1 /" (0) (/0" (0) —1)




PROBLEM: Negative Binomial I'(a+X)

X —_ X — a _ X
P(x]6.2) C(x+1)I'(a) ¢ 1-9)
a: number of failures until experiment is stopped (fixed) a>0
X: number of successes observed Q, ={012,..}
@: probability of failure 0<f<1

E[X]=a(l-0)8™"

— -1(1 _ p\-1/2
F(@)=a0d°(1-0)" e (0) =7, (0) c 6 (1-06)

Ha—l (1 . 0) x—1/2
Be(a, x +1/2)

p(f]x,a)=

"PROBLEM: Weibull Distribution

p(x|a, B) = aB ()" exp{—~(BX)“Hio..)(X)

1) Find the transformations Z =Z(X) and ¢ =e¢(a, ) a,feR”

such that the new parameters are location and scale parameters and
transform them back to get the corresponding (improper) prior

2) Obtain the Fisher’s matrix and the Jeffirey’s prior
2 -1
3) Find the reference prior w(a, ) ca”p

4) Show that it is a Probability Matching Prior




EXAMPLE: Ratio of Poisson Parameters

Sky maps showing the arrival directions of selected 16—350 GeV electrons (left) and positrons (right) in galactic coordinates
using a Hammer-Aitoff projection. The color code reflects the number of events per bin. J. Casaus et al.; 33rd ICRC-2013

: . -1
Model: X, ~ Po(nl | ,Ul) Parameter of interest: 9=y, u,

independent Nuisance parameter: —
X, ~ PO(I’IZ |ﬂ2) i .- ¢ <
Ordered parameterisation: {@, ¢}

______________________________________________________________

Previous case with same efficiencies e_¢(1+9) o™ ¢n1+n2

and exposure times: p(nl, n,|o, ¢)




Prior: - _ PO 1 F1:(0(1+9)¢1 —ej
1 @a+o¢? —6 &

F,,0.0) =[a+0)¢*]? =a,0)b,) 7($]60) < b, (§) = 572

1/2

S, 0.0 =loa+ 0 [ =a,0)by(@)  7(0) e &, (0) =[O+ O)]

——————————————————————————————————————————————————————————————————————————————————————

______________________________________________________________________________________

Posterior:  p(9] nl,n2)=j p(6,¢|n,n,)d¢

r'(n, +n, +1 e
p(glnl’nZ): ( X : ) n,+n,+1
['(n,+1/2)['(n, +1/2) 1+6)™*™
E[Qm]:F(nl+%+m)F(n2+%—m) n1+%

r(n,+ %)r(n2 n %) HLo1n, 21= n,-1



Example: Characterization of a source

region S  Events are produced with arate A,

and collected during an “exposure” time ts

Model:  Events produced at S follow n_ ~ Po(n_ | At,)

Produced events are detected with probability &,

Observed events: s ~ Bi(s|n,,&,)

Poisson-Binomial model s ~ » Bi(s|n;,&,)Po(n, | At;) = Po(s| At.&,

region S

Background inferred from observations at b~ Po(b| At &)

Model: p(s,b|e) = Po(s| At.e.)Po(b| At &)



2) Prior: Parameters of interest: Ratio of Poisson Parameters

0= io=hnf  p(sblexe gy

— — S
(usually ¢, =¢, ) n=b+s a=

- _[atyge” at, -1 _[0A+ad)(sat) &,
at, t.(1+af)g™ B

___________________________________________________________________________________________

3) POSterior: p(g, ¢ | S, b, a,tb) oC e—tb¢(1+a6’)95—1/2(1+ a@)—l/Z ¢b+s—1/2
HS—l/Z
4) Integrate nuisance parameter: p(@]|s,b,a,t,) oc |O—1 :
1+ad)™
| 1, E[0"]= 1 TI'(n—-s—m+1/2)I'(s+m+1/2)

am+s+1/2 F(n+1)
m<n-—S



Sensitivity to existence of a source: MC simulation with &, = &,

— 4.0;t, = 200
4=40 A=5.0 /%b —50

p(@le) F(O|e)

Prax  'F

i R NS SUNOOS WSO WOUROS SR SN WO A0 SN S0 A SO s o

0.4— 0_4? ....... ........... ........... ...... .......... ..... — ‘ ............ ‘‘‘‘‘‘‘‘‘‘ ...........

IIJ:{LIIiJLIiIl EIII: Ilill'illlilLtilllilllilll
— Ll J — 0 02 04 06 08 1 12 14 16 1.8 2 22

2 12.51 9 9 ‘

0 0.5

If Source... A = +u —— Ordered Parameterization {ue, 4, }

Infoon A :Get p(A4, |e)from S region
p(A, NN, t,tg) o< 7(20) [ PO(S | (A, + £0t,2,)Ga(A, |t,,,b+1/2)d 2,

> (S P

k=0 k t:ts_l_tb
ak:(tg)kr(n—k+1/2) n=b+s



PRIORS WITH PARTIAL INFORMATION



Jdncluding Partial Information in the PRIOR...

7(6) [g,0)x(0)do =4, X ~ p(x|6)

0
1) get reference prior 7, (6’) fr

om model p(X|6)

2) find the prior () for which s (9) Is the best approximation in the
Kullback-Leibler sense with Lagrange multipliers for the constraints:

| :jn(e)m

®

() d<9+Z’IJ J 9;(0)7(6)do =2,

7, (6)

]d¢9+0 )



EXAMPLE: Unfolding (2) |

PRIOR: 0 ~ 7,(0| o, B) = GDI(8| ., ) 39, =1

Additional constraints:

for instance existence of 1%t derivative g;(0) = (¢; ;40,1 + €11 01— 06 11;1)° =0

J, 17+ L7 J

Eik =X — Xy
>1i9;(0)
(0| a, f)=7,(0]a, e’
POSTERIOR: p(@|d,a, p) < p(d|e@)z(0|a,p)

10.5— MCM to draw sampling of @
10’2

10“;

103;

102? T, MC simulation of AMS-02

“’_ Cosmic Ray spectrum for p

1I ] I

10 102 10°



PRIORS for MODELS WITH
DISCRETE PARAMETERS



Discrete Parameter Prior \

1) Hierarchical Model:
@ Discrete (or continuous) Model: p(x|6)

Specify: p(6¢) ¢ : continuous hyperparameter p(0,4) = p(0|4) p(4)
p(6.4,%) = p(x| 6,4) p(6.9) = p(x|6) P(0] ) P(¢)
p(g, %) = [ p(6.4,%)d0 = p(@) | p(x|6)p(8] $)d0 = p(x| ) p(9) [ oy

= Model: p(x|¢)=]p(x|6)p(#|¢)d6 == Prior: p(g)

p(0.)=p(0]4)p(g) = Prior:| p(6) = [ p(0.4)dé = | p(614) p(g)d




2) Simpler approach:
Continuum embedding of parameter space

Example: CHARGE Determination with a Cherenkov Detector

Observed Number of Cherenkov Photons Xy ~ Po(ny | n,Z 2)

Ny, - (known) Expected number of photons for a Z=1 particle
7(Z)~C p(Z|n, ny) e g 2" 72"

P(Z=1|nny)=yp, (1)—y_(1)
L y(n+1/2,ni(i+¢ )?)
7:(1) = r(n+1/2)

(Check accuracy)




Last,

Another kind of problems you may be

Interested In:

Regression Problems




Regression Problems: linear regression

Data: {(x,y.);1=1,...,n}
Linear Model: y. =a+bx,+g, & ~N(¢|0,0) o unknown
Model: p(y|x,a,b,c) c o™ exp{z_l2 Zn:(yi —a—bx )2}

O a1

0) Parameters of interest: {a, b, o}

1) Less messy in matrix form ( and easier to generalize)
Y1 1 X
: a . n
Y =| P:( j D=|: | plylxabo)xo exp{
1

Yn Xn

_12 (Y -DP) (Y - DP)}

20

2) Express the exponent in a more convenient form: Find the minimum P~ = (Zj
D'DP"=D'Y P*=(D'D)'D'Y

s=( -DP)(Y -DP)=(Y —DP"J (¥ —DP" )+ (P P*)D'D(P - P )

dependence on{a, b}



Model: p(y|x,a,b,0)co™ exp{— 21 =S(a,b,y, X)}
O

S(a,b,y,x)=(Y —DP*J(y —DP*)+(P-P*)D'D(P - P")

Prior: 7(a,b,o) o« i
> 1

Posterior:  p(a,b,o |y, X) oc ™Y exp{— - S(a,b,y, X)}
O

(Y —DP) (Y —DP)

. (*)

1) Different and known variances: g ~N(£|0,0;) o, unknown

2) Other functional form: Y. =g(X)+e¢

» Prior specification quite involved

»may work... decompose the regression function in a linear
combination of orthogonal polynomials...

Regression function

(*) (Same formal solution for  y. =b, +b, X, +...+b X +& )



Example: Spherical harmonics ... different approaches...

Real basis in Q:
IYIm (0, 8)Yim (0, 0)dpt = 60y
Q

[V (0. 9)du=azs,,
© dy=sin@dadg

rn1—1/2
rin,n,)=N(n,n,)———
p( | 1 2) ( 1 2) (1_|_ r)n+1
o0 [
1 m I = a, _[Y| ((9,¢)d,u
p(g’¢|a):E(l+al Ylm(€’¢|a)) | IZO:mZ—:I in i
=1 1
VO.9eQ pOHlR)20 > Yai <t
m=-1 -
472_ SE_ 0.05?
”(ai—l’aﬂ_o’aﬂ_l)zun S,(r :? °F °:
%2 B R '°'2.(5I2'"4‘,.'1‘5“;,'_1‘“.;,_35“'6 ST 02




Problem: Linear Regression \ (with uncertainty in x and y)

Data: {(x,y:);1=1...,n}
Linear Model: y=a-+ 0)%4
Model: (X0, Y) = NOG Y I, Yy ,Gx. Oy

Assume precisions (O ;, O,; ) are known and show that:

p(a le y) 7Z'(a b)H( O0,;0y; ] Xp{__z( —a— bX) }

\/Gyl—l— 1 Oy G +bioy

Take =z(a,b)==x(@)z(b)=c andobtain p(a,b]|X,y)




TEST OF HYPOTHESIS

DECISION THEORY



DECISION THEORY

PROBLEM: How to choose the optimal action among a set of different
alternatives (... Games Theory)

For a given problem, we have to specify:

Qg Set of all possible “states of nature” (Parameter Space)

@) X Set of all possible experimental outcomes (Sample Space)

@) A Set of all possible actions to be taken

Example: Disease Test

Q, {sane, ill}
Q X {test +, test -}

Q A {apply treatment, do not apply treatment}



In nontrivial situations, we can’t take any action without potential losses
2) Loss Function
Basic element in Decision Theory: Loss Function

I(al9): (6,2)eQ,xQ, —>R" +{0}

Quantifies the loss associated to take an action (or decision) a
when the “state of nature” is G

... What do we know about H 2

The knowledge we have on the “state of nature” is quantified by the
posterior density p(@|x)

3) Risk Function

R(a|x)=E,[I(a| )] = [I(a|6) p(d|x) do

Risk associated to take the action g
having observed the data X




4) Bayesian Decision: Take the action a(X) that minimises the Risk
(Minimum Expected loss)

a(x) | min{R(a|x)}

Two types of problems:

Hypothesis Testing: €2, = {accept, reject} an hypothesis

Q,cR

a(x) statistic that we shall take as an estimator of 6’

Inference:



\ Hypothesis Testing: Example with two alternatives

P(H. | data) = P(data| H;)P(H;) Hypothesis are exclusive
| P(data) and exhaustive

Possible actions:
al

N +action to be taken if we decide for hypothesis {
2

rHl
H2

’

Loss function  take action  (i.e. choose hypothesis)

I(a1|H1):I1120 Y > H,; >

I(a |H2):|2220 a2 > Hz >
| |(a1|H2)—|12>0' d, » H, >
| |(8.2|H1)—|21>0I a » H

N
v

2

\

when “state of
nature’ is

H,
H,
H,
H

1



2
Risk Function: R(a |data)=) 1(a;|H;)p(H | data)
j=1

R(a, | data) = I, p(H, | data) +1,, p(H, | data)

R(a, |data) =1,,p(H, |data) +1,, p(H, | data)

Bayesian Decision: Take the action that minimises the Risk

take action @, (choose hypothesis H, ) if R(a, |data) <R(a, |data)

p(Hl | data)(lll o I21) < p(Hz | data)(lzz _ I12)

If we take I, =1, =0 ==l

p(H, [data) _ 1,

p(H,|data) |

(same for a, )
p(H, | datos) . |,

p(H,|datos) 1,



Bayes Factor: P(data| H;)P(H;)

P(H, | data) =
P(data)
take action @, (decide for hypothesis H, ) if
p(H, |data) ,p(data|H1)| p(Hl)
p(H, |data) 'p(datalH,)} p(H,) I21
/ t \
Posterior odds Evidence from Prior odds
. data J
Change of prior beliefs...
How strongly data favours one model over the other
p(data| H,) l, p(H,)
B, = == Choose hypothesis H, if B, > -2 2
“ p(daialH,) P T T a(Hy)

Ratio of likelihoods

Usually: . 0-1 loss function) decide for hypothesis H, if

B, >1

|12 — |21 (-

p(H,) = p(H,)



HYPOTHESIS TESTING: General cases:

Hypothesis:

\

[ SIMPLE: specify everything about the model/models,
Including values of parameters

Oe®=0,U0, ;0,={0}

COMPOSITE: parameter values are not specified by hypothesis

(+ different models and nuisance parameters)

p(H, | data)
p(H, | data)

[ pu(x16,, )7, (6, $)d g

[ p(X16,,4)7,(6,,4)d 4

J‘|:J‘ p. (x| 6, 9)7, (O, ¢)d¢:|d(9
C-C: ©.LD

j{j P, (x| 8,¢)7,(0, ¢)d¢}d9

( p(x|6,)7(6,)
p(X | 92)77(62)

N—

(p(xwoj
p(x|M,)

©2 Marginal likelihoods of data

for the two models




Example: 3-S- H : particle with Z=2 is a *He nucleus

H - particle with Z=2 is a “He nucleus

— p(mobs | H) _ N (mobs |m1161) _ 0-2 exp{ (mobs B m2)2 . (mobs B m1)2

e p(mObS | ﬁ) - N(mobs | m2’02) N O, 2(722 2(712
l, =1 wy —
s Infavourof Hif: B > p(H) —>InB,, >1In p(H )
l, =1, =0 p(H) p(H)
Critical massvalue: &,°(m. —m,)? —o,° (M. —m,)? =20,°0,° In P(H)o,
P(H)o,
-
3 0.8f
m, <m. —>"He jj

4
m, > m. —> "He

0.5

0.4

0.3

0.2}

Usually, keep p(H) and P(Hbar)

+
- i
b 0
0.1 7
=
B




Recelver Operating Characteristic

For each value of m,

_I_

H

q

P(+H,c)

P(+‘ﬁ,c)

P(-|H,c)

optimum
0y

P(+H)

P(-{H,c)

P(+H,c)=F,(c) = j' f,(u)du

P(+|H,c)=F,(c) = j f,(u)du

x=F,(c) > f(x) = R(F,"(x)

A= j f (X)dx = _1[ F (F,*(x))dx

A= T F (u)f,(u)du :T f,(u)du 'u[ f,(x)dx

true positives

(0,0)

false positives

d* = (f(X)=x)> - max(d)

P(+H)



iid

Example: | X ~un(x|0,6) Q, =(0,0) X —e(m)={x, %, X |

21000y A

We have seen already that:

o | t"
Sufficient statistic maX{Xl, Xyyeees Xn} | p@|n,t)=n—Hn 1t o0y ©
@ Scale parameter 7(6) }(/9 ®~ Pa@|n,t)
C-C: -
_ H, (null hypothesis
Hypothesis: o P ) /0l
H, (alternative hypothesis) 6 e (a,)

(94

P(Ho): [p@InD1,,,(©0)do = [1—(%)}1“@)(@)

(0 0]

P(HY): [ POINDL,(0)d0 = Lon@+(V ] 1. (@)

; 0 if a<t
0-1 Loss: P(HO) — n ! -a
P(H,) (%) 1 if a>t

If a>t PO ela,»)) = (%!T



Point Estimation




INFERENCE: (Point estimation)

1) Quadratic Loss: I(a|#) =(6—a)’
_ mean
R(al x)=E,[l(a]| 0)] = j (0-2)* p(9|x) do A el
a|min[R(a| x)] > | (6’ a) p(@|x)dé=0
2) Lineal Loss:  l(al#)=c,(a-0)1_, (@) +c,(0-a)1,.,(O)

R(a| x) :cli(a—ﬁ) pP(&@| x) d0+czT(6’—a) p(@|x)da

almln[R(a|X)]—) F'(@Sa)z C,=C, median
C, +C,

3) Zero-one Loss:  I(a|8)=1-1;,.,,(0) mode
min j(l 1g ey (0)) P(O]X) A6 = max jp(9|x)d9 0| max{p(&]x)}

B(a;e)



'CREDIBLE REGIONS |

0,
[0,,0,]€© | [p(6]x)do=c
0,

HPD (Highest Probability Density): Smallest possible volume V_ < ®

In parameter space such that j p(@| x)do =a
Vv

a

Equivalent definitions:
1) V_ ={6 € ®} such that 1) j pP(@|x)do =«
Vv

2) VO, eV, and 6,¢V,
— p(0, | x) 2 p(6, | x)

) V, =0 <0 p(8] ) 2k, }

(24

where Kk _ isthe largest constant
forwhich P(@eV ))>a

(24

HPD regions may not be connected V. ={0c0O|p@|x)=k }
(for instance more than one mode)



One dimension:

1 1 0,
A=— P )
p(0, %) p(6, | %) [ p@1x) do=a
~— _ A ,
g g
p(6; | x) = p(&; | X) 6, # 0,

I distribution has one mode and is symmetric = 6, = 2E[0] -6,

Some useful properties:  Usually, HPD regions determined from MC sampling

1) p(0,|x)=p(@,|x)—> bothareincluded 8,0, c HPD_
or excluded 0,,0,  HPD

2) ForagivenCL ¢ thereisa p, valuesuchthat HPD ={v0<c®|p(@|x)=> p.}
(Def. 2)

3) ¢ =¢p(6) onetoone:

= Region with probability contentcr in @ has probability content ¢ in ¢

... but in general is not HPD unless linear relation

4) In general equal tailed credible intervals may not have the smallest size
(are not HPD)



EXAMPLE: 3He and “He nuclei (AMS-01)

Observed (identified as): n, = O7 n=115
dentification criteria:  P(4]4), P(3|3) Probability that an event of type i=3,4
Is identified correctly
Parameter of interest: €@  Probability that a nucleus is of 3He
Probability to identify a
nucleus as *He: P(0, Ps3. P3y) = P(3[3)0+P(3[4)1-0) =

— (1_ p44) _9(1_ P33 — p44)
Model: X3~ P(ng,n, |6, Pss,s Pgy) o€ ¢n3 (1_¢)n_n3
Ordered parametrisation: {6, Pss, Pas}

— pl’iOf: 7Z'(¢1 p33; p34)



10, Pszs Pas} (9, P33 p34) = 7( p33)7z( p34)7z(¢)
Knowledge on:
7t(Ps3) ~ N(Pgs | p3(,)3’ T33) (from MC sampling)

7(Pas) ~ N(Pas | Pas Ous) (from MC sampling)
(p2, =0.852, p;, = 0.803, 5, ~0.005)

7(p) o< [p(L— ) [*

P(O1n5,1,) ¢ [ (0, Pas, Pae)™ 2 (L= B(O, Pass Pas))™ > 7 (P53) 7 (Pss)dP53005,

P33, P34

o= — = = = =
&uasé—mmmmmmémmmmmmmj ------------------------- i ........................ immmmmmmmé ................... i
T S — R — I .....................
= i e e e B
0 S W 74

e s e

L bl L
:IIII IIIIi—‘—(‘rI/K!IIiIIII!IIIII

87 0.75 0.8 0.85




The END

... of L,



