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The Standard Model

= Quantum Field Theory

gauge invariant

with spontaneous symmetry breaking



gauge invariance

powerful symmetry principle

determines structure of interactions

guarantees renormalizability → precision tests
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symmetry breaking

massive leptons and quarks

massive vector bosons of the weak interaction
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1. Gauge theories



Notations and Conventions
µ, ν, .. = 0, 1, 2, 3; k, l, .. = 1, 2, 3

x = (xµ) = (x0, !x), x0 = t ( " h = c = 1)

p = (pµ) = (p0, !p ), p0 = E =
√

!p 2 +m2

aµ = gµν aν , (gµν) =








1 0 0 0

0 −1 0 0

0 0 −1 0

0 0 0 −1








a2 = aµaµ, a · b = aµbµ = a0b0 − !a ·!b

∂µ = ∂
∂xµ = gµν ∂ν , ∂ν = ∂

∂xν
[ ∂0 = ∂0, ∂k = −∂k ]

! = ∂µ∂µ = ∂2

∂t2 −∆



Fields in the Standard Model

spin 0 particles: scalar fields φ(x)

spin 1 particles: vector fields Aµ(x), µ = 0, . . . 3

spin 1/2 fermions: spinor fields ψ(x) =








ψ1

ψ2

ψ3

ψ4








Lagrangian: L(φ, ∂µφ) Lorentz invariant
Action: S =

∫

d4xL(φ(x), · · · ) Lorentz invariant

free fields: L is quadratic in the fields ⇒ propagators

interacting fields: higher powers in the fields ⇒ vertices



Constructing QED – main steps

start with L0 = ψ (iγµ∂µ −m)ψ for free fermion field ψ
symmetric under global gauge transformations
ψ′ = eiαψ, α real

perform minimal substitution ∂µ → Dµ = ∂µ − ieAµ

⇒ invariance under local gauge transformations
ψ′ = eiα(x) ψ, A′

µ = Aµ + 1
e ∂µα(x)

involves additional vector field Aµ

induces interaction between Aµ and ψ

e (ψγµψ) Aµ ≡ e jµAµ

make Aµ a dynamical field by adding
LA = −1

4 Fµν Fµν , Fµν = ∂µAν − ∂νAµ



Non-Abelian gauge theories

Generalization: “phase” transformations that do not
commute

ψ → ψ′ = Uψ with U1 U2 "= U2 U1

requires matrices, i.e. ψ is a multiplet

ψ =








ψ1

ψ2

:

ψn








, U = n× n -matrix

each ψk = ψk(x) is a Dirac spinor



(i) global symmetry

starting point: L0 = ψ (iγµ ∂µ −m)ψ

where ψ = (ψ1, · · · ,ψn)

consider unitary matrices: U † = U−1

ψ′ = Uψ ⇒ ψ′ = ψ U † = ψ U−1

⇒ ψ′ψ′ = ψψ, ψ′γµ∂µψ′ = ψγµ∂µψ

if U does not depend on x

⇒ L0 is invariant under ψ → Uψ

U : global gauge transformation



similar for scalar fields:

φ→ φ′ = Uφ, φ =








φ1
φ2
:

φn








each ψk = φk(x) is a scalar field, φ† = (φ†1, · · · ,φ
†
n)

terms φ†φ, (∂µφ)†(∂µφ) are invariant

⇒ L0 = (∂µφ)†(∂µφ)−m2 φ†φ is invariant



relevant in physics:
the special unitary n× n-matrices with det=1

group SU(n)

examples:

SU(2) : ψ =

(

ψ1

ψ2

)

e.g. ψ =

(

ψν

ψe

)

isospin

SU(3) : ψ =






ψ1

ψ2

ψ3




 e.g. ψ =






ψr

ψg

ψb




 colour



SU(n) matrices U can be written as exponentials

U(θ1, · · · , θN ) = eiθaTa sum over a = 1, · · ·N

θ1, · · · θN : real parameters

T1, · · ·TN : n× n-matrices, generators, T †
a = Ta

infinitesimal θ : U = 1+ iθaTa (+O(θ2))

N-dimensional Lie Group

det=1 and unitarity ⇒ N = n2 − 1

n = 2 : N = 3, n = 3 : N = 8



commutators [Ta, Tb] "= 0 non-Abelian

[Ta, Tb] = i fabc Tc

Lie Algebra

fabc : real numbers, structure constants
fabc = −fbac = · · · antisymmetric



commutators [Ta, Tb] "= 0 non-Abelian

[Ta, Tb] = i fabc Tc

Lie Algebra

fabc : real numbers, structure constants
fabc = −fbac = · · · antisymmetric

SU(2) fabc = εabc (like angular momentum)

Ta = 1
2 σa, σa : Pauli matrices (a=1,2,3)



commutators [Ta, Tb] "= 0 non-Abelian

[Ta, Tb] = fabc Tc

Lie Algebra

fabc : real numbers, structure constants
fabc = −fbac = · · · antisymmetric

SU(2) fabc = εabc (like angular momentum)

Ta = 1
2 σa, σa : Pauli matrices (a=1,2,3)

SU(3) Ta = 1
2 λa, λa : Gell-Mann matrices (a=1,...8)

λ1 =








0 1 0

1 0 0

0 0 0








, . . .



λ1 =








0 1 0

1 0 0

0 0 0








, λ2 =








0 −i 0

i 0 0

0 0 0








, λ3 =








1 0 0

0 −1 0

0 0 0








,

λ4 =








0 0 1

0 0 0

1 0 0








, λ5 =








0 0 −i

0 0 0

i 0 0








,

λ6 =








0 0 0

0 0 1

0 1 0








, λ7 =








0 0 0

0 0 −i

0 i 0








, λ8 =
1√
3








1 0 0

0 1 0

0 0 −2










(ii) local symmetry

now: θa = θa(x) for a = 1, . . . N

covariant derivative ∂µ → Dµ = ∂µ − igWµ

vector fieldWµ is n× n matrix: Wµ(x) = TaW a
µ (x)

induces interaction term L0 → L0 + Lint

with Lint = gΨγµWµΨ = g (ΨγµTaΨ) W a
µ ≡ jµa W a

µ

For a multiplet of scalar fields Φ:

L0 = (∂µΦ)†(∂µΦ) → L = (DµΦ)†(DµΦ)



L is invariant under local gauge transformations

Ψ → Ψ′ = U Ψ ,

Wµ → W
′
µ = U Wµ U

−1 −
i

g
(∂µU)U−1

for infinitesimal transformations:

W a
µ → W ′ a

µ = W a
µ +

1

g
∂µθ

a + fabcW
b
µ θ

c

crucial property of covariant derivative
D′

µ U = U Dµ



(iii) dynamics of W a
µ fields

need: additional term LW ⇒ e.o.m., propagators
naive:

∑

a (∂µW
a
ν − ∂νW a

µ )
2 not gauge invariant

instead: Fµν = DµWν −DνWµ ≡ F a
µν Ta

= ∂µWν − ∂νWµ − ig [Wµ,Wν ]

= i
g [Dµ, Dν ]

gauge transformation: Wµ → W′
µ, Dµ → D′

µ

⇒ Fµν → F′
µν = U Fµν U−1

⇒ Tr (F′
µνF

′µν) = Tr (UFµνU−1 UFµνU−1) = Tr (FµνF
µν)

gauge invariant



Lagrangian:

LW = −1
2 Tr (FµνF

µν) = −1
4

∑

a F a
µνF

a,µν

components of Fµν [using normalization Tr(TaTb) =
1
2 δab ]

F a
µν = ∂µW a

ν − ∂νW a
µ + g fabc W

b
µW

c
ν

F a
µν = Abelian + non-Abelian

LW = quadratic
︸ ︷︷ ︸

+ cubic + quartic
︸ ︷︷ ︸

free part tri- and quadri-linear interactions



LW = −
1

4
(∂µW

a
ν − ∂νW

a
µ )

2 ⇒ propagator

= −
1

2
gfabc (∂µW

a
ν − ∂νW

a
µ )W

b,µW c,ν

= −
1

4
g2fabc fadeW

b
µW

c
ν W

d,µW e,ν

new type of couplings:

self-couplings of vector fields (gauge couplings)
universal coupling constant g for fermions and vector
fields



propagatorDρν for massless spin-1 particles

[

! gµρ − ∂µ∂ρ
]

Dρν(x− y) = gµν δ
4(x− y)

in momentum space
(

− k2 gµρ + kµkρ
)

Dρν(k) = gµν

has no solution (det = 0)

way out: add gauge fixing term Lfix = − 1
2ξ

(

∂µWµ
)2

[

− k2 gµρ +
(

1−
1

ξ

)

kµkρ
]

Dρν(k) = gµν

which now has a solution:

Dρν(k) =
1

k2 + iε

[

−gνρ + (1− ξ)
kνkρ
k2

]

Feynman gauge: ξ = 1



Faddeev-Popov ghosts, BRS symmetry

[important for quantization and renormalization]

gauge group G, generators Ta, structure constants fabc

for quantization: L = Lsym + Lfix + Lghost

Lfix = 1
2

∑

F 2
a , Fa = ∂µW a,µ

requires ghost fields ca and anti-ghosts c̄a

Lghost = (∂µc̄a) (D
adj
µ )ab cb, Dadj

µ = ∂µ − ig W r
µ T

adj
r

L is symmetric under BRS transformations

δW a
µ = (Dadj

µ )ab cb [W a
µ → W a

µ + δW a
µ etc.]

δc̄a = −∂νW a
ν , δca = −1

2g fabc cbcc



BRS [Becchi, Rouet, Stora] symmetry guarantees
– renormalizability
– gauge invariant and unitary S matrix

important: ST identities = symmetry relations between
Green functions, valid to all orders

basic quantity: effective action Γ(L)
generating functional of vertex functions

δΓ
δϕiδϕj ...

∣
∣

ϕ=0
= Γϕiϕj ...

classical action: Γcl(L) =
∫

d4xL
⇒ tree level vertices

general: vertex functions with loop contributions,
building blocks for renormalization



BRS symmetry: invariance of Γ under BRS transformations,

S(Γ) =
∫

d4x
[
δΓ
δϕi

δϕi + · · ·
]

= 0 S: ST-operator

⇒ δS(Γ)
δϕj ...

∣
∣

ϕ=0
= 0 relations between vertex functions

Slavnov-Taylor (ST) identities

⇒ determines the structure of the counter terms
for renormalization

all UV divergences in vertex functions can be removed
by (multiplicative) renormalization of parameters and
fields in the classical Lagrangian/action



2. Higgs mechanism



Vector field for massive spin-1 particles

generic vector field Aµ(x), Fµν = ∂µAν − ∂νAµ

free Lagrangian L = −1
4 FµνFµν + m2

2 AµAµ

e.o.m.
[

(!+m2) gµν − ∂µ∂ν
]

Aν = 0

solutions ε
(λ)
ν e±ikx with k2 = m2

3 orthogonal polarization vectors ε(λ)ν with polarization sum

3
∑

λ=1

ε
(λ)∗
µ ε

(λ)
ν = −gµν +

kµkν
m2

longitudinal polarization εν ' kν/m for high momentum



propagator Dρν(x− y)

solution of
[

(!+m2) gµρ − ∂µ∂ρ
]

Dρν(x− y) = gµν δ4(x− y)

in momentum space
[

(−k2 +m2) gµρ + kµkρ
]

Dρν(k) = gµν

solution

Dρν(k) =
1

k2 −m2 + iε

(

−gνρ +
kνkρ
m2

)



problem: weak interaction, gauge bosons are massive

mass terms ∼ M2W a
µW

a, µ spoil local gauge invariance

bad high energy behaviour of amplitudes and cross
sections, conflict with unitarity
reason: longitudinal polarization εµ ' kµ

M ∼ kµ

bad divergence of higher orders with loop diagrams
reason: propagators contain −gµν +

kµkν
M2

⇒ additional powers of momenta in loop integration
⇒ spoil renormalizability

renormalizable theories: divergences can be removed by a
finite number of counter terms

gauge invariant theories: counter terms for parameters
(and fields)



W and Z are massive

W, Z have longitudinal polarization states
polarization vectors of W (Z) εL ∼ k/MW

for large momentum k

WL

WL

WL

WL bad high energy behaviour of WW scattering

Do not allow for precision calculations

WL

WL bad divergence of loop integrals

way out:
new scalar with appropriate couplings to W,Z



restoration of unitarity
WL

WL

WL

WL WL

WL WL

WL

+
H

restoration UV finiteness ⇒ renormalizability

H

consistent way: Higgs mechanism
= scalar with gauge invariant interactions

and non-invariant ground state



example: complex scalar field φ "= φ†

Lagrangian with interaction V (potential), minimum at φ0 = v

L = |∂µφ|2 − V (φ)

V = V (|φ|) : L symmetric under φ→ eiα φ, U(1)

v "= 0 : φ′0 = eiα v "= φ0 not symmetric

V = V (|φ′0|) = V (|φ0|) : vacuum is degenerate

spontaneous symmetry breaking (SSB)



write φ(x) = η(x)eiθ(x), η and θ real

V (|φ|) = V (η), minimum at η = v : V ′(v) = 0, V ′′(v) > 0

expand around minimum: η(x) = v + 1√
2
H(x)

V (η) = V (v) + 1
2V

′′(v) · 1
2H

2 + · · ·

L = 1
2 |∂µH|2 −

1

2
V ′′(v)
︸ ︷︷ ︸

·12H
2 + v2|∂µθ|2 + · · ·

m2
H > 0 mass of H

H field is massive

θ field is massless, no θ2 term: Goldstone field

special case of Goldstone theorem:
for each broken generator Ta with Ta φ0 "= 0

there is a massless Goldstone field θ(x)



SSB in gauge theories

L =
(

Dµφ
)+(

Dµφ
)

− V (|φ|)−
1

4
FµνF

µν , Dµ = ∂µ − ieAµ

invariant under local U(1) transformations:

φ′(x) = eiα(x) φ(x) = eiα(x) eiθ(x)η(x)

A′
µ(x) = Aµ(x) +

1

e
∂µα(x)

choose α(x) = −θ(x): φ′(x) = η(x)

L = |(∂µ − ieA′
µ)η|2 − V (η)−

1

4
F ′
µνF

′ µν

massless θ field removed (unphysical)



L = |(∂µ − ieA′
µ)(v +

1√
2
H)|2 − 1

4F
′
µνF

′µν − V

= −
1

4
F ′
µνF

′µν + v2e2A′
µA

′µ

︸ ︷︷ ︸

+
1

2
[(∂µH)2 −m2

HH2]
︸ ︷︷ ︸

+ · · ·

massive A-field,mA ∼ ev neutral scalar,mH "= 0

in this special gauge: no Goldstone field unitary gauge

Aµ-field propagator: i
k2−m2

A+iε

(

−gµν +
kµkν
m2

A

)

︸ ︷︷ ︸

polarization sum of 3 pol. states

massive vector field without spoiling gauge symmetry of L



two different gauges

properties φ field Aµ field
symmetry manifest H, θ 2 polarizations

(transverse)
physics manifest H 3 polarizations

(2 transverse + 1 longitudinal)

θ → longitudinal polarization of Aµ


