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Resumo

Os buracos negros sao responsaveis por alimentar alguns dos processos mais energéticos
no nosso Universo. Como tal, é importante estudar os diversos métodos que podem ser
usados para extrair energia de buracos negros. O processo de Penrose é um exemplo tipico
destes métodos; se uma particula se desintegra em dois fragmentos perto de um buraco
negro, um dos fragmentos pode adquirir energia adicional a troco de o outro fragmento
cair no buraco negro, reduzindo o momento angular do buraco negro. No entanto, a
viabilidade do processo de Penrose para efeitos praticos é limitada, uma vez que os dois

fragmentos precisam de ter uma velocidade relativa muito elevada.

Ainda assim, se considerarmos difusao de particulas em vez de decaimento de particu-
las, esta velocidade relativa elevada pode surgir naturalmente em colisoes de altas energias.
O processo de Penrose colisional recebeu entao grande atencao apés Banados, Silk e West
(BSW) discutirem a possibilidade de ocorréncia de colisoes de particulas de teste com
energias do centro-de-massa arbitrariamente elevadas perto do horizonte de buracos de
negros de Kerr em rotacao maxima. Curiosamente, este efeito BSW esta na verdade pre-
sente em todos os buracos negros extremos; o efeito é causado pela existéncia de um tipo
distinto de movimento de particulas perto dos horizontes de buracos negros extremos.
Estas chamadas particulas criticas apenas se aproximam asimptoticamente do horizonte,
e isso permite-lhes que a energia de colisao do centro-de-massa com outras particulas

genéricas cresca sem limite.

Apesar da variante original do efeito BSW requerer particulas com um ajuste fino do
momento angular que orbitem buracos negros rotacionais extremos, Zaslavskii encontrou
um efeito andlogo para particulas carregadas com ajuste fino da carga em movimento ra-
dial em torno de um buraco negro estatico, um buraco negro carregado extremo. Apesar
de terem a mesma natureza cinematica, as duas variantes diferem significativamente em

termos de energias extraidas. Enquanto a energia e massa das particulas de escape pro-



duzidas no efeito original estao sujeitas a limites superiores incondicionais, tais restrigoes
nao sao encontradas na versao carregada do efeito. Como tal, estas duas variantes do
efeito BSW representam um dilema impossivel; o caso mais proximo de ser astrofisica-
mente relevante é limitado no que toca a extragao de energia, enquanto que o caso que

permite uma extragao de energia relevante requer um cenario menos realista.

Como demonstrado por Wald, buracos negros astrofisicos podem conter uma carga
diferente de zero gracas a acregao de carga causada pela interagao com campos magnéticos
externos. No entanto, esta carga tenderd a ser extremamente pequena. Logo, surge a
questao da possibilidade de generalizar a versao carregada do efeito BSW a buracos negros
de carga arbitrariamente pequena e combina-la com a versao original, e que consequéncias
terd isso na viabilidade da energia extraida. Nesta tese, pretendemos responder a estas

questoes.

Primeiro consideramos solu¢oes magnetizadas de Kerr-Newman (MKN), que descrevem
interacoes de buracos negros carregados em rotagao com um campo magnético externo
num regime de campo forte. Estudamos as geometrias perto de horizontes dos casos ex-
tremos de MKN e descobrimos que existe um mapa de correspondéncia entre estes e as
geometrias perto de horizontes de buracos negros extremos de Kerr-Newmann sem um
campo externo. Isto pode também estar ligado a outros topicos, como a elevada simetria
de horizontes extremos ou o efeito de Meissner de expulsao de campos externos de bura-
cos negros extremos. Além disso, se considerarmos buracos negros extremos como uma
aproximacao de buracos negros astrofisicos em rotagao rapida, a correspondéncia fornece
uma justificagao para usar buracos negros de Kerr-Newman como substitutos de buracos

negros magnetizados em processos que ocorram perto do horizonte.

No restante da tese, examinamos generalizacoes do efeito BSW. Descobrimos que a
versao carregada do efeito é possivel também para particulas em movimento ao longo do
eixo de simetria de buracos negros de electrovacuo em rotacao extremos com carga arbi-
trariamente pequena. Apesar de ndo surgirem limitagoes na energia extraida, encontramos

algumas ressalvas que podem tornar a extragao de energia inexequivel.

Estudamos também a unificagao das duas versoes do efeito BSW, que previamente
apenas foram estudadas isoladamente, para particulas carregadas em movimento no plano
equatorial de buracos negros de electrovacuo em rotagao extremos. Neste caso, também,

constatamos que nao existem limites na energia extraida quando tanto o buraco negro
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como as particulas em escape sao carregados, independentemente da magnitude da carga
do buraco negro. Adicionalmente, demonstramos que as limitacoes de aplicabilidade
encontradas nas colisoes de particulas ao longo do eixo, podem ser contornadas através

das colisoes no plano equatorial num processo adequado.

Palavras-chave: buracos negros, campos electromagnéticos, horizonte, colisdes de particu-

las, extracao de energia

il



v



Abstract

Black holes are understood as the engines powering some of the most energetic and most
violent processes in our Universe. Therefore, it is important to study various ways in
which energy can be extracted from black holes. Penrose process remains a textbook
example of such a possibility; if a particle disintegrates into two fragments near a black
hole, one of the fragments might gain energy at the expense of the other fragment falling
inside and reducing slightly the angular momentum of the black hole. However, practical
viability of the original Penrose process is limited, as the two fragments must have a very

high relative velocity.

Nevertheless, if one considers particle scattering instead of particle decays, the high
relative velocity might naturally arise in high-energy collisions. Collisional Penrose process
thus received a lot of attention after Bafiados, Silk and West (BSW) pointed out the
possibility of test particle collisions with arbitrarily high centre-of-mass energy near the
horizon of maximally rotating Kerr black holes. Curiously enough, this BSW effect turned
out to be ubiquitous among extremal black holes; it is caused by the existence of a distinct
type of particle motion near their horizons. These fine-tuned, so-called critical particles
can only asymptotically approach the horizon radius, and this allows the centre-of-mass

collision energy in their collisions with generic particles to grow without bound.

Although the original variant of the BSW effect requires particles with fine-tuned
angular momentum orbiting around rotating extremal black holes, Zaslavskii found an
analogous effect with fine-tuned charged particles moving radially in a static, maximally
charged black-hole spacetime. Despite having the same kinematic nature, the two variants
differ significantly in terms of energy extraction. Whereas the energy and mass of escaping
particles produced in the original version is subject to unconditional upper bounds, no
such restrictions were found for the charged version. Thus, the two variants of the BSW

effect represent an impossible dilemma; the one which is closer to astrophysically relevant



situations fares badly on energy extraction, and the one which permits significant energy

extraction requires settings that are not realistic.

As famously shown by Wald, astrophysical black holes can maintain a non-zero charge
thanks to charge accretion caused by interaction with external magnetic fields. This
charge will be extremely small, however. Therefore, questions naturally arise, whether
it is possible to generalise the charged version of the BSW effect to black holes with
arbitrarily small charges and combine it with the other variant, and what will be the
resulting prospects for energy extraction. In the present thesis, we would like to give

answers to such questions.

We first consider magnetised Kerr-Newman (MKN) solutions, which describe inter-
action of charged, rotating black holes with external magnetic field in the strong-field
regime. We study the near-horizon geometries of the extremal cases of MKN spacetimes
and we find that there exists a correspondence map between them and the near-horizon
geometries of extremal Kerr-Newman black holes without the external field. This can
be linked to other interesting issues like the high symmetry of extremal horizons or the
Meissner effect of expulsion of external fields from extremal black holes. Moreover, if we
consider extremal black holes as an approximation for fast-spinning astrophysical black
holes, the correspondence also gives us justification to use Kerr-Newman black holes as

surrogates for magnetised black holes for processes happening near the horizon.

In the rest of the thesis, we examine generalisations of the BSW effect. We find
that the charged version is possible also for particles moving along the axis of symmetry
of extremal rotating electrovacuum black holes with arbitrarily small value of charge.
Although no restrictions on the extracted energy appear for this generalisation, we find
numerous caveats that can make the energy extraction unfeasible despite the lack of

unconditional kinematic bounds.

We also study the unification of the two versions of BSW effect, which were previously
studied only separately, for charged particles moving in the equatorial plane of extremal
rotating electrovacuum black holes. In this case, too, it turns out that there are no bounds
on the extracted energy whenever both the black hole and the escaping particles are
charged, regardless of the magnitude of the black-hole charge. Furthermore, we show that
the practical limitations found for particle collisions along the axis can be circumvented

for collisions in the equatorial plane in suitable processes.

vi
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Chapter 1

Introduction

1.1 Frame dragging — a hallmark of relativistic

gravitation

In the Newtonian theory of gravity, the gravitational field can be described by a single
scalar function, which is sourced by the matter density distribution. Therefore, if we
consider two axially symmetric objects, one at rest and the other spinning around its
axis, their Newtonian gravitational field will be precisely the same as long as their matter

distribution is the same.

On the other hand, in metric theories of gravity, in particular in Einstein’s General rel-
ativity, the graviational field, encoded in the metric, is sourced by the energy-momentum
tensor. Because of that, the metric is sensitive both to the direction and to the rate of
spin of a source object. Consequently, test bodies, which follow geodesics of the metric,
will also be influenced by the spin of the source object. This type of effects in relativistic

gravity is commonly called “frame dragging”, or just “dragging” for short.

As early as 1918, the potentially observable consequences of dragging were calculated
by Lense and Thirring using the weak-field approximation. In particular, they studied the
way in which a gyroscope precesses due to frame dragging by a nearby massive spinning

object. (A modern rederivation of the Lense-Thirring effect is given in §40.7 in [I].)

Regarding the study of dragging in the strong-field regime, a breakthrough came with
the discovery of an exact solution of Einsteins’s equations describing a rotating black hole

by Kerr [2]. (This was in 1963, more than 47 years after the solution for a static black hole

1



was found by Schwarzschild.) The Kerr solution turned out to be even more remarkable
thanks to several results by Carter. He has first shown that the geodesic equations for the
Kerr metric are fully integrable [3]. Moreover, Carter realised that the requirements for
integrability of equations of motion for test particles and fields actually provide restrictions
on the metric form that can be used to derive the Kerr solution from scratch. This new
formulation allowed Carter to find a whole generalised class of solutions [4] with several
additional parameters, which include the cosmological constant and also pathological

curiosities like NUT (Newman-Unti-Tamburino) charge and a magnetic monopole charge.

In the present thesis, we shall mostly work with the electrically charged version, i.e.

Kerr-Newman solution [5]. In Carter-like form its metric reads

2 . : 2
g ladt — (r? + a?) dyg] sin® ¥ — A (dt — asin® I dy) 5 d_7’2 Ca?) .
X A
where
A=71*—2Mr +a* + Q? Y =r*+a’cos’? . (1.2)
The corresponding electromagnetic potential reads
A= —% (dt — asin® 9 dy) . (1.3)

The original Kerr black-hole solution with mass M and an angular momentum J = aM

is recovered simply by putting () = 0 in (|1.2)).

A very detailed, thorough, and long-running research into orbits of test particles in-
fluenced by strong frame dragging was enabled by the full integrability of their equations
of motion in the Kerr family of spacetimes (see e.g. [0, [7] and references therein). An
elementary, yet very important result is that the static limit, under which no particles
can remain at rest with respect to a distant observer, and the event horizon, from which
particles cannot return, do not need to coincide. Indeed, for Kerr black hole the static

limit is located at

rs = M + VM2 — a?cos? ¥ , (1.4)



whereas the black hole horizon at
ry=M+VM?—a?, (1.5)

and thus they differ for any a # 0. Moreover, it turns out that the dragging causes objects
crossing the horizon to rotate precisely with the angular velocity of the black hole. As
shown by Anderson and Lemos [], this can have surprising consequences; when a slowly-
rotating black hole is surrounded by a fast-rotating fluid, the fluid will be forced by the
frame dragging to slow down its rotation close to the horizon, and this can lead to reversal

of the viscous torque.

1.2 Charged black holes and external magnetic fields

The first exact solution of the Einstein-Maxwell system of equations, later understood
to describe a static charged black hole, was derived independently by Reissner and
Nordstrém. (Reissner made the discovery particularly fast, less than three months af-
ter Schwarzchild found the uncharged version.) The Reissner-Nordstrom solution also

forms a subcase a = 0 of the Kerr-Nemwan solution (1.1)), (1.3)). Its metric reads

2M  Q? 2 dr? 2 2 | in2 2
g:_<1_7+7‘_2>dt +m+r (d19 + sin ﬁdgp), (1.6)

and it is accompanied by electrostatic field with potential

. Q
A=—*dt. (1.7)

Here @) is the black-hole charge.

For rotating black holes, the charged generalisation by Newman et al. [5] mentioned
above was also found quite fast, within two years of Kerr’s result. In the metric form
(L.1), the influence of the charge @ on the geometry of the Kerr-Newman solution is
carried solely by function A . Let us emphasise that in an analogy with a charged
rotating sphere, the electromagnetic field of the charged rotating black hole acquires

a magnetic part.

Besides not representing as major conceptual shift as the rotation, the black-hole

3



charge has also been questionable with regard to its astrophysical relevance. Indeed,
several mechanisms are known that can rapidly discharge a black hole (see [9] for a short
review and references). What is then the motivation to study charged black holes?

First part of the answer stems from the fact that astrophysical black holes can be
surrounded by external magnetic fields and interact with them. An important analysis
of this phenomenon was carried out by Wald [10] in the test-field approximation. He
noted that close to an arbitrary rotating black hole, all observers will experience an
electric component of the external field even when it is required to asymptotically approach
a homogeneous, purely magnetic field at the spatial infinity. Because of this electric
component, a “magnetised” rotating black hole will selectively accrete particles with one
sign of charge, until it acquires a charge with value Q = 2BJ (where parameter B
characterises the strength of the external magnetic field and J is the angular momentum
of the black hole). Therefore, the black-hole charge can be non-negligible for fast-spinning
black holes interacting with very strong external magnetic fields.

It is natural to ask what happens to this Wald’s result in the strong-field regime, when
back-reaction of the electromagnetic field on the metric is taken into account. Difficulties
arise from the fact that asymptotically homogeneous field is incompatible with an asymp-
totically flat universe, as it would carry an infinite amount of energy. Consequences of this
problem can be seen on the example of a simple solution of the Einstein-Maxwell system,
which was first discovered by Bonnor [11] and later studied by Melvin [12]. Written in

cylindrical coordinates (R = rsind, z = r cos ), metric of this “magnetic universe” reads

1 ? R?
g= 1+—B2R2> —dt* + dR? + d2?) + ————— dy?, 1.8
( 4 ( ) (1+ 1B2R?)? 1-8)
whereas the potential takes the form
1BR?
_ 3
" Y (1-9)

Observing that g,, — 0 for R — oo, whereas g.., ~ R*, we can see that Bonnor-Melvin
magnetic universe has indeed a non-flat, pathological asymptotic behaviour.

In a key step, Ernst reformulated the axially symmetric stationary problem, for both
the vacuum Einstein equations [I3] and the Einstein-Maxwell system [14], using complex-

valued potentials (see also chapter 18 in [I5] for broader discussion). In this framework,
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it was possible to associate symmetries of the field equations in the new formulation with
solution generating techniques, as explained by Kinnersley [16] (cf. also chapter 34 in [15]).
The generation technique previously described by Harrison [17] is a particularly important
example. It turned out that when applied on a “seed” Minkowski solution, the Harrison
transformation produces the Bonnor-Melvin magnetic universe , provided that the
Ernst potentials employed are based on the axial Killing vector 9/a, and a real continuous
parameter is used. By analogy, applying the same type of Harrison transformation on
asymptotically flat black-hole spacetimes is thus a way to derive new solutions describing

interaction of black holes with strong external magnetic fields.

This possibility was first explored by Ernst [18] for Schwarzschild and Reissner-Nord-
strom black holes. Subsequently, Ernst and Wild [19] outlined the application of the
magnetising Harrison transformation on the whole Kerr-Newman family of solutions.
They performed the full integration of the resulting solution in the Kerr case, and found
that in the weak-field approximation it corresponds to the Wald solution with () = 2B/J.
However, it should be noted that in the strong-field case, J is the angular momentum of

the seed solution, not of the final one.

A lot more research was devoted to finding new solutions via the Harrison trans-
formation. Garcia Diaz [20] integrated the magnetised Kerr-Newman case. It was also
discussed that the Harrison transformation with imaginary continuous parameter can be
used to generate solutions describing accelerated black holes in an external electric field
[21, 22]. The most general “magnetised” solutions that were published involve many ad-
ditional parameters including electric and magnetic monopole charges, external magnetic
and electric fields, and also coefficients of a linear combination of Killing vectors (8/a:
and 9/a,) on which the Harrison transformation is based [23], or acceleration of the black
holes and NUT charge [24]. Such solutions however comprise extremely lengthy mathe-
matical expressions, which restricts the possibilities of deeper analysis of their meaning.
We will thus limit ourselves to the magnetised Kerr-Newman black holes (MKN) as out-
lined in [19] (i.e. generated by the Harrison transformation based on 9/a, and using real

continuous parameter).

Various properties of the MKN class of solutions were studied in detail in the litera-
ture. Hiscock [25] prove that Schwarzschild-Melvin solution is the only static case among

magnetised black holes. Although the asymptotic behaviour of the solutions produced by



the magnetising Harrison transformation generally resembles the Bonnor-Melvin magnetic
universe, Hiscock also found that only Schwarzchild-Melvin solution really approaches it.
Indeed, he has shown that for other magnetised black holes the electric field on the axis
does not vanish when we go to the spatial infinity. This differs form the behaviour of the

magnetic universe, which contains no electric field.

More recently, a complementary issue was described by Gibbons, Mujtaba and Pope
[26]. They studied ergoregions in the MKN spacetime and found them to extend to the
spatial infinity, except for the case when the parameters of the seed solution and the

strength of the external magnetic field are related by Q = —BMa.

A very challenging issue is how to define global quantities like mass and angular mo-
mentum for MKN black holes, and how to formulate the first law of black-hole thermody-
namics employing those quantities. Karas and Vokrouhlicky [27] made an early attempt
in this direction using Komar formulae. However, despite a number of interesting results,
their study was only partially successful. Much more complete analysis of the thermody-
namics of MKN black holes was delivered by Gibbons, Pang and Pope [28]. A different
suggestion was presented in a preprint by Booth et al. [29]. They calculated the global
quantities for MKN using two methods, the isolated horizon formalism and a modifica-
tion of Komar formulae that the authors proposed. The two approaches were found to
completely agree with each other, but not with the results of [28]. In particular, whereas
the expression for the angular momentum in [29] turned out to be the same as the one
of [28], the expression for the mass did not. This issue became somewhat controversial,
since the results of Booth et al. regarding the mass of the MKN black hole had to be
excluded from the journal version [30]. However, Astorino et al. [3I] recently confirmed
the disputed results of [29] using yet another method of determining the mass of the MKN

black hole. To explain the source of this tension remains an open issue.

A further frequently studied aspect of the ineteraction of black holes with external
magnetic fields is the expulsion of the external field by extremal black holes, the so-
called black-hole Meissner effect. The name refers to an analogy with Meissner effect
for superconductors, which expel magnetic field when they reach the superconducting
state. Let us note that black-hole Meissner effect also manifests itself by vanishing of the

magnetic flux across a hemisphere of the horizon. It was first noticed in the test-field



regime with the Kerr black hole [32] [33], where the flux is given by

4
Fn = Brrl (1 — a—4) : (1.10)
T+

This expression indeed vanishes in the extremal case, in which ry = M = |a|.

The black hole Meissner effect is actually quite general; it takes place for all axially
symmetric stationary test fields around a rotating black hole [33] and it also arises for
extremal charged (non-rotating) black holes even for test (electromagnetic) fields that are
in general coupled to gravitational perturbations [34]. There are, however, field configu-

rations which penetrate even the horizons of extremal black holes (see e.g. [33] 35]).

Regarding the strong field regime, Karas and Vokrouhlicky [27] correctly identified
the uncharged and non-rotating cases of extremal MKN black holes and found out that
the Meissner effect does occur in these cases. In the uncharged case, this was also noted
in [28]. The black-hole Meissner effect has also recently been studied from very general
perspectives, including its relation to mode entanglement [36] and its analysis in the

framework of weakly isolated horizons [37] and almost isolated horizons [3§].

In recent years, yet another astrophysical motivation to study black-hole charge ap-
peared, when multiple authors realised that charged black holes might be needed to
explain the mechanism behind fast radio bursts. For example, Zhang [39] suggested that
the burst can be produced due to the rapidly changing magnetic dipole moment during a
black-hole merger, in which at least one of the black holes is sufficiently charged. Punsly
and Bini [40] proposed another model, in which the burst results from a prompt discharge
of a metastable Kerr-Newman black hole formed by gravitational collapse of a suitable

neutron star. A numerical study of such a collapse was performed by Nathanail et al.

[41).

Anyway, regardless of all the intricacies, there always remains the simple fact that
elementary particles have incredibly large charge-to-mass ratios. Therefore, even if the
charge-to-mass ratio of the black hole in the centre of our Gallaxy has been constrained
to be smaller than about 107! [42], this is still non-negligible with respect to electrons,

which have charge-to-mass ratio of order 10%*.
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1.3 Penrose process and its generalisations

In the zone between the static limit and the event horizon of the Kerr black
hole, later named ergoregion, all particles are forced to corotate with the black hole.
Furthermore, inside the ergoregion, particles can have negative energies with respect to
the reference system of a distant observer. Penrose [43] realised that the properties of the
ergoregion make it possible to extract rotational energy from the black hole, and proposed
mechanisms to do so. In the most interesting one, the so-called Penrose process, a particle
coming from far away enters the ergoregion and then disintegrates into two fragments.
If one of the fragments has negative energy, the other will have more energy than the
original particle. The black hole will thus lose energy, if the boosted fragment escapes.

This was further elucidated by Christodoulou [44], who introduced the framework of
reversible and irreversible transformations into black-hole physics. In particular, he has
shown that although the mass and angular momentum of the black hole can be reduced
through the Penrose process, there also exists an irreducible mass of the black hole which
can never decrease. Only the rotational mass-energy can be extracted from vacuum black
holes.

Bardeen, Press and Teukolsky looked into Penrose process, among other things, in their
seminal paper [45]. They noted that putting one of the fragments into the negative energy
state would require a boost of about half the velocity of light during the disintegration of
the initial particle. This was corroborated by a more detailed calculation by Wald [46],
who derived an inequality constraining the relative velocity of the fragments.

Christodoulou and Ruffini [47] soon extended the framework of reversible and irre-
versible transformations [44] to the case of charged, rotating black holes. This enabled the
Penrose process to be generalised likewise, as demonstrated on the example of Reissner-
Nordstrom black holes by Denardo and Ruffini [48]. A more significant step in
the electromagnetic generalisation of the Penrose process was taken more than a decade
later by Wagh, Dhurandhar and Dadhich [49]. They used the astrophysically motivated
setup of a black hole interacting with an external magnetic field (in the test-field regime
[10]), and realised that the relative velocity restrictions can be circumvented for charged
particles in this setting. (For a detailed review, see [50)].)

Another way to tackle the Wald inequality is to consider particle collisions instead of

decays [51}, 52]. In such a case, the required high relative velocity of the particles after
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the interaction can result naturally from high relative velocity of the colliding particles.
Therefore, it makes sense to search for possibilities of high-energy collisions. Both of the
early studies identified limiting cases, in which the relative Lorentz factor between the
colliding particles actually diverges. Piran, Shaham and Katz (PSK) [51] found that this
is the case for a collision of an (azimuthally) orbiting particle with an infalling particle, if
the point of collision approaches the horizon and the black hole approaches extremality.
(Note that for the extremal Kerr black hole, various circular orbits exist all the way down
to the horizon radius [45].) Piran and Shaham (PS) [52] further noted that the relative
Lorentz factor also diverges for a collision between a radially outgoing and a radially

incoming particle, if the collision point is taken to the horizon.

1.4 BSW effect and related phenomena

Both the PSK and PS effects mentioned above are not very realistic per se, as it is not
clear, where an orbiting or an outgoing particle near the horizon could possibly originate
from. However, for the PSK effect, this deficiency was later remedied by Banados, Silk
and West (BSW) [53], who discovered a variant of the effect with particles coming from
rest at infinity. The key observation is that in the extremal Kerr spacetime, there exist
fine-tuned, so-called critical particles, which do not fall into the black hole, yet only
asymptotically approach the horizon radius. This type of motion resembles a situation
when a particle asymptotically approaches a circular orbit; hence the correspondence
between the BSW and PSK near-horizon collisions.

Upon its discovery, the BSW effect was connected to an idea of a black hole acting as a
Planck-scale “particle accelerator”, and in this way becoming a probe for certain types of
dark matter. However, such a possibility turned out to be unfeasible. First, astrophysical
black holes cannot get arbitrarily close to extremality through spin-up [54], and this limits
the achievable centre-of-mass energy in particle collisions [55, [56]. Second, even in the case
of an extremal black hole, achieving arbitrarily high cnetre-of-mass collision energy would
require arbitrarily long time [56, [57]. (See also Section 3.1 of [58] for further discussion.)

Despite all the practical limitations, the BSW effect (and its generalisations) continued
to attract attention, representing both an interesting theoretical issue on its own and a

“best-case scenario” of a collisional Penrose process. (The idea of BSW-type processes
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serving as a dark matter probe also continued to be updated and observable signatures

or lack thereof were estimated, cf. for example [59-61].)

Several authors studied in detail alternatives of the BSW effect for subextremal black
holes. For example, Grib and Pavlov [57, [62] considered processes with multiple subse-
quent collisions. They realised that arbitrarily high centre-of-mass energies are possible
even for subextremal black holes, if one considers collisions involving particles confined
by the effective potential to an arbitrarily small range of radii close to the horizon. Such
particles could be produced by a previous collision of particles coming from rest at infinity.

In this way, a multiple-scattering process can overcome the limitations mentioned above.

Various generalisations of the original BSW effect for extremal Kerr black holes were
also discussed in the literature. First, Zaslavskii [63] showed that BSW effect is in prin-
ciple possible for arbitrary rotating black holes, yet in some cases the critical particles
might not be able to approach the horizon radius. This was confirmed on the example
of extremal black Kerr-Newman black holes [64, [65], for which the BSW effect (with un-
charged particles) is possible only when the spin parameter is above a certain threshold

value.

Similarly to the Penrose process, an analogy of the BSW effect was found for charged
particles in the extremal Reissner-Nordstrom spacetime [66]. In this version of the effect,
critical particles need to have a fine-tuned value of charge instead of angular momentum,
and thus they can also move purely radially. Regardless of the differences, Zaslavskii
demonstrated that the ubiquity of the BSW effect stems from its kinematic nature related

to properties of the spacetime in the vicinity of a horizon [67, [68].

Most of the research of the BSW effect and its generalisations concerns particles mov-
ing in the equatorial plane. Nevertheless, Harada and Kimura [69] considered the BSW
effect with non-equatorial particles in the extremal Kerr spacetime and they found out

that it does not work around poles. These results were further generalised in [65], [70].

As mentioned above, high-energy collisions seem to be a natural workaround of the
limitations related to the Wald inequality. However, can they really lead to significant
extraction of energy from a black hole via the collisional Penrose process? The stringent
early assessment of bounds on energy extracted through BSW collisions, presented in [56],
was later identified as too crude in [62]. More detailed analyses were performed using both

numerical simulation [71] and analytical calculations [72] [73]. It turned out that energy
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extraction through BSW effect in rotating black-hole spacetimes is possible, but limited
by unconditional bounds on the energy and mass of the escaping particles. In particular,
Harada, Nemoto and Miyamoto [72] claimed the maximum efficiency of the collisional

Penrose process in the Kerr spacetime to be 146.6%.

However, these bounds had to be revised, when it turned out that BSW effect is not
the actual best-case scenario. As revealed by a numerical study conducted by Schnittman
[74], particles that are not precisely critical can get reflected by the effective potential
very close to the horizon, and then, while still moving in the vicinity of the horizon,
be involved in collisions with other particles. The reversed sign of the radial velocity of
the colliding nearly critical particle is advantageous for the energy extraction. Including
this Schnittman effect, the maximum efficiency of the collisional Penrose process in the
Kerr spacetime is 1392%. Analytical studies of the Schnittman effect [75] [76] however
revealed that this value can be reached only when the particle absorbed by the black hole
in the process is very massive. It was further demonstrated that even the efficiency bound
established by Schnittman can be lifted in principle [77]. However, the process studied in
[77] is in fact a more sophisticated version of the PS effect, and thus it is not as relevant
for practical purposes [78, [79]. Thus, the efficiency bound of 1392% was confirmed for

realistic initial conditions in the Kerr spacetime [78].

Curiously enough, for the charged version of the BSW effect in the extremal Reissner-
Nordstrém spacetime, analytical studies [80} B1] found no unconditional bounds on the

energy or mass of the escaping particles at all.

Studies of the Penrose process, together with various effects of high-energy collisions,
mostly stay within the test particle approximation, neglecting all influence of backreac-
tion. Due to the considerable difficulty of taking the backreaction into account for point
particles, some authors turned to thin gravitating shells, which are easier to describe con-
sistently. In the case of the Reissner-Nordstrom spacetime, it turned out that a BSW-like
collision of charged spherical shells can happen only under a horizon, and thus it does
not lead to extraction of energy [82]. Nevertheless, a follow-up work found that a single
charged-shell collision in the Reissner-Nordstrom case can actually extract nearly all the
energy permitted by the area law, but in a setting which is not related to the BSW-
type effect [83]. Furthermore, results of [82] were extended to rotating three-dimensional

(Banados-Teitelboim-Zanelli) case [84].
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However, in contrast with the results for gravitating shells, analyses that either con-
sidered particle trajectories with inclusion of some self-force contributions [85], or used
model-independent estimates for non-geodesic effects [86], indicate that BSW effect can

be possible even when backreaction is taken into account.
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Chapter 2

Near-horizon description of extremal
magnetised stationary

black holes and Meissner effect

2.1 Outline and summary

As we discussed in the Introduction, inclusion of the black-hole charge is chiefly motivated
by the fact that it arises from interaction of black holes with external magnetic fields. In
the present chapter (accompanied by Appendices[A]and [B]), we would like to underpin this
motivation using the concrete example of magnetised Kerr-Newman (MKN) black holes.
As mentioned above, we use the designation “MKN” for solutions obtained from Kerr-
Newman spacetime through application of the Harrison transformation employing Ernst
potentials based on the axial Killing vector and utilising a real continuous parameter (cf.
Appendix [B).

Our MKN solutions thus form a subclass in the branch MKN (o = 0, 5 = 1) of general
solutions MKN (a, 8) of [23]; here o and (3 are coefficients in the linear combination of
the Killing vectors 8/a¢ and 9/a,. They also coincide with the solutions rederived recently
by Gibbons, Mujtaba and Pope [26] by the use of the SU (2,1) global symmetry which
arises after a Kaluza-Klein reduction of the four-dimensional Einstein-Maxwell theory.

By putting the magnetic charge ¢ = 0 in the branch MKN (o = 0, 8 = 1), one obtains
solutions described by Garcia Diaz in [20], which include the “addition” of both electric

and magnetic fields. Here we restrict ourselves to pure magnetisation. In this way we

13



guarantee that the new solutions preserve the “mirror symmetry”, i.e. are invariant under
reflections ¥ — © — . For the same reason it is necessary to put the magnetic charge

p = 0 in the solutions of [20].

The way to generate a MKN solution by the Harrison transformation of the Kerr-
Newman metric is summarised in Appendix Here it is also demonstrated that the
rigidity theorems for dragging and electromagnetic potentials (and some related proper-

ties) are preserved by the transformation.

The specific aim of this chapter is to analyse some aspects of interaction of black
holes with the external field in the strong-field regime, especially the Meissner effect, by
applying the near-horizon limit to extremal cases of the MKN metric and its accompanying

electromagnetic field. We use the term near-horizon (limiting) “description” in our work.

The issue of describing the near-horizon geometry of extremal black holes has a long
history. Indeed, some indications can already be found in the well-known work by Carter
[4], in which metrics enabling a separable wave equation are derived. The Kerr metric
(1.1) is the best known example, as we mentioned in However, Carter also includes
(among different cases labelled by [A],[B(—)], etc.) metrics which, in fact, represent
near-horizon geometries. The transition between the cases is discussed formally only,

without a physical interpretation.

More recently, near-horizon geometries appeared in the discussion of extremal limits
of black holes in grand canonical ensemble [87,, [88] (cf. also [89]). In general, multiple pro-
cedures involving the near-horizon limit are possible with distinct interpretations related,
for example, to the limiting behaviour of the Hawking temperature (see e.g. [90, [91]). In
our work, we start with extremal MKN black holes with fixed physical parameters and
use an arbitrary limiting parameter following the work by Bardeen and Horowitz [92] on
the Kerr-Newman spacetime. We, however, start from spacetimes which are not included
in Carter’s framework. That the near-horizon limit can be used beyond Kerr-family black

holes has also been shown by Dias and Lemos in the case of accelerated black holes [93].

It is known that limiting metrics describing the near-horizon “throat” regions usually
have AdS-like asymptotics. This property makes the near-horizon limit interesting in
string theory and holographic duality (see [91, 02] and the living review by Compere
[94]). The high symmetry of the near-horizon limiting spacetimes has been analysed by
Kunduri and Lucietti [95, 06], emphasising that the picture is similar even beyond 4D
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general relativity. In Appendix [A] we will give some explicit calculations that relate the
well-known symmetry group SO(1,2) x U(1) generated by Killing vectors to the “Carter-
type” symmetry studied in [4]. The fact that this kind of symmetry emerges in the
near-horizon limit even when it is not present in the original spacetime will be useful to

support our conclusions below.

We found that there are some missing terms in the expressions for electromagnetic
potential in Carter’s fundamental work [4] (in subcases [B (£)]). (This can also be seen
by comparison with formulae for the B} subcases restricted to f = 1 in [97].) Krasiniski
noticed the problem when he was editing Carter’s later work [98] for its republication
[99] in the “Golden Oldie” series in the GRG journal. However, he did not relate the
error to its root in the earlier article [4]. Krasiniski, in his editorial note [I00], interpreted
Carter’s derivation as a de facto near-horizon limit, but he did not find the correct remedy
for the error (whereas Bardeen and Horowitz [92] did not discuss the behavior of the
electromagnetic potential in the limit). In order to clarify these uncertainties, we rederive
the process of the near-horizon limit step by step in Section [2.3] The general scheme was

summarised by Compere [94].

The outline of the present chapter is as follows. In Section we briefly review some
features of black hole solutions in magnetic universes, including the three cases admitting
degenerate horizons, going from simpler stationary Ernst solution [18], i.e. magnetised
Reissner-Nordstrom black hole, to the Ernst-Wild solution [19], i.e. magnetised Kerr
metric, and the general MKN black holes. We also mention possible gauges and the
corresponding regularity of the electromagnetic potential at the axis — which appears to
be unnoticed in the literature so far. In Section [2.3} we review the near-horizon geometries
of extremal cases, which were previously studied in [I0T], [102]. (We were able to rearrange

some of the expressions presented in into simpler and shorter forms using the results
of Section [2.4])

It is known that the near-horizon geometry has four Killing vectors. In Appendix [A]
we use them to construct a Killing tensor which is an element of symmetry related to
the separability of the Hamilton-Jacobi (and the wave) equation. Since all the metrics
admitting such symmetry were already derived by Carter, we conclude that there has
to be some degeneracy and that it has to be possible to express the “new” solutions

for near-horizon geometries of magnetised black holes using some simpler metrics with
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less parameters. We discuss this point in Section going from special cases that are
easy to express to the general extremal case of MKN black holes. We find that the
near-horizon metric of extremal MKN black holes coincides (up to rescaling of Killing
vectors by a constant) with the near-horizon Kerr-Newman metric described using just
two independent effective parameters (M ,a, Q minus the constraint of extremality) instead
of three (B, M, a, () minus the constraint of extremality); the parameter B characterising
the strength of the external magnetic field enters expressions for a and (). We can further
reduce the number of parameters by excluding the physical scale and using dimensionless
parameters. Then we end up with a graph of a plane with two parameters, BM and ykn,
where gy is the “Kerr-Newman mixing angle”: a = M cosykn, ) = M sinygn. The
plane is foliated by curves (classes of equivalence) labeled by just one parameter — the
“effective Kerr-Newman mixing angle” 4xn. We note that this parameter is related to

the invariants like the curvature of the horizon.

We were led by the symmetry arguments given in Appendix [A] to conclude that the
near-horizon description of any extremal MKN black hole is given by the near-horizon
description of a corresponding extremal Kerr-Newman solution. However, this conclusion
is also implied by the results of Lewandowski and Pawlowski [103], who used the theory of
isolated horizons to prove that all the extremal axially symmetric electrovacuum horizons
must be the Kerr-Newman ones (for generalisations of this statement in the framework
of near-horizon description, see the living review by Kunduri and Lucietti [96]). In Sec-
tion we sketch how the approach of [I03] can also be used to define the effective

parameters.

Curiously enough, our expression for the product aM coincides precisely with the
angular momentum of a MKN black hole derived from general principles in [28], when we
restrict it to extremal cases. Our effective mass, however, does not match the one proposed
in [28]. Booth et al. [29] recently inquired into (dis)agreements of various procedures of
defining the mass of MKN black holes. One can see that our parameter M coincides with

“isolated horizon mass” My discussed in [29], when we evaluate it in the extremal case.

In Section [2.4] we also discuss the Meissner effect. The external magnetic field strength
parameter B gets absorbed in the effective Kerr-Newman parameters. Hence, the mag-
netic flux coming through the degenerate horizon can be expressed without including

B. Such flux is caused just by the physical charge on the black hole and its angular
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momentum. The effect of the external magnetic field is just an “implicit” one.

2.2 Charged, rotating black holes in magnetic fields

As mentioned in the Introduction, application of the magnetising Harrison transformation
(cf. Appendix on the Minkowski metric produces the Bonnor-Melvin universe (1.8)),
which is filled by a magnetic field pointing in the z direction . Analogically, the
Harrison transformation can be used to generate what Ernst [18] called “black holes in a

magnetic universe” from asymptotically flat black-hole models.

2.2.1 Stationary Ernst solution

By applying the Harrison transformation to the Reissner-Nordstrém solution (1.6) with

mass M and charge (), one obtains the stationary Ernst metric

2M 2 1 2sin? 4
g:|/1|2 [— (1—74—%)(3”24—1_2]\4—@_2(17“24—7“2(31192 +%(dgp—wdt)2 .

r r2

(2.1)
The complex function A (cf. (B.18])), which carries the overall effect of the addition of

the external magnetic field on the metric, is given by
1
A=1+ ZBz (7"2 sin? ¥ 4+ Q? cos? 19) —1iBQcos v , (2.2)

where B parametrises the strength of the external field.

It is easy to see that if one superimposes a magnetic field pointing in the z direction
onto the radial electric field of the Reisnner-Nordstréom solution , the resulting elec-
tromagnetic field has a nonzero angular momentum. Such an angular momentum is the
reason why the spacetime is not static and the following dragging potential arises:

_2BQ B3Q? B B3Q

- % . B3 i
w T+QT+2T 2r

(r* —2Mr + Q%) sin® ¥ . (2.3)

The actual electromagnetic field generated by the Harrison transformation is, how-
ever, much more involved than the simple combination we mentioned above. One can

get the azimuthal component of the electromagnetic potential by means of the Harrison
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transformation (see (B.3)

AL —

T [2Re A (ReA —1) + (ImA)7] . (2.4)

However, the given gauge is not very convenient because Afol ) has a nonzero value for
¥ = 0. If we shift AS) by a constant to remedy this problem, we obtain

P (2+ 2B2Q?) (Re A)” + (1 — £B'Q") (Im A)?
B LI B

—2ReA| . (2.5)

This unique gauge, which corresponds to A, being smooth on the axis, is important for
the study of the particle motion within the Hamiltonian formalism (cf. [3.2]), since there
the electromagnetic potential becomes a physically relevant quantity. (For other physical

arguments constraining the azimuthal component of the potential, see [94].)

Strength of the radial electric field in the locally non-rotating frame (cf. [45] and

equations (12.29)),(2.30)) is given by

1
F(r)(t) = W{ [(Re /1)2 — (Im /1)2} (2 — Re /1) % +
(2.6)
B Q? 2 2
+ 3 1- ol ImA [(ReA)” — (Im A)” — 4Re A] cosd ¢ .
This quantity turns out to be important for the near-horizon limit.
2.2.2 Ernst-Wild solution and a general MKN black hole
The Ernst-Wild solution with metric
A dr? o
g=APs |- Zar+ & rae?| + —Z_sin?9(dep — wdt)® (2.7)

o7 A S1AP

is generated by the Harrison transformation from the Kerr (uncharged) “seed” metric

with rotation parameter a (cf. [19]). Here functions
Y =7r*+a*cos® ¥, %:(r2+a2)2—Aa2Sin219, A=7r*—2Mr+a* (2.8)
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take the same form as in the Kerr solution. The complex function A reads

A=1+ 132 in? ) iBQM 93— cos® )+ o sin® ¥ (2.9)
P —_— —_— 1 —_—— —_— —_— . .
1 D° 2 o8 b))

The dragging potential

w=—2 (1-B'M?a*) — A £+B—4 — 8Mr cos® ¥ (3 — cos® V) —
r? + a? o 16
2Ma? sin® ¥
— 6Mrsin* 9 + % [r (7’2 —i—aQ) + 2Ma2} + (2.10)
AM?a? cos?

[ (2 a?) (3 cos? 9)” — da®sin V) >] } ,

differs form the one for the Kerr metric only by (complicated) contributions proportional
to B*. Although the components of the field strength tensor become even more involved
than in the stationary Ernst case, the azimuthal component of the potential for the

Ernst-Wild solution has a very simple form in the gauge implied directly by the Harrison

2 Re A
Al = = <1 — !/1|2) : (2.11)

transformation:

After subtracting its value at the axis to obtain a regular expression we have

2 1 Re A
=3 (1 +BiM%a?  |A] ) ' (212)

For the general MKN (magnetised Kerr-Newman) spacetime, the metric form is the
same as for the Ernst-Wild solution (2.7)), only with A replaced by (as in the Kerr-Newman
metric)

A=7>=2Mr+a*+Q* . (2.13)

The function A gets even more involved than in the previous case

1 22 1 2
A=1+-B? A + a7 (1 + cos ?9)Sin219+Q2008219 +
4 X
B
+7Q larsin® ¥ — i (r* 4 @®) cos ] — (2.14)

Ma?sin? 9 — Q%r
)

— %BQa cos v [M (3 — cos® 19) + sin? 19} )
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A full overview of expressions for w and for the electromagnetic potential in a general MKN
spacetime is conveniently presented in [26], in equations (B.8)-(B.9) and (B.15)-(B.18),

respectively.

2.2.3 Global properties of magnetised black holes

First, let us note that one can easily verify that the positions of the Killing horizons in
the coordinate r are left in place by the Harrison transformation. They are still given by
the roots of A, i.e. ry = M + /M2 — Q? — a2. The roots coincide for M? = Q? + a?,
which defines the extremal case; one can make sure that the surface gravity of the Killing
horizon vanishes in this case. These facts were already noted e.g. in [27].

As we explained in the Introduction, the solutions generated by application of the
Harrison transformation have pathological, non-flat asymptotic behaviour. Nevertheless,
the asymptotic zone can be disregarded, if there at least exists a range of radii, for which
the spacetime is approximately flat. As discussed by Bi¢ak and Janis [33], this is the case
for values of r where |A|* = 1, yet they are sufficiently outside the horizon, i.e. values
satisfying

rp L r<s. (2.15)

This is well visualised by the embedding diagrams constructed in [104]. It is also noted
in [33] that inequality can be satisfied only when |BM| < 1, whereas for large
values of dimensionless quantity BM the astrophysical relevance of magnetised black
hole spacetimes is dubious.

Hiscock [25] noticed that MKN spacetimes contain a conical singularity along the axis
of symmetry, which can be removed by modifying the range of the azimuthal coordinate

to ¢ € [0, Ymax). Here @y is obtained as follows:

o . 91919(7“, 19)
Pmax — 27[}92% a\/m . (216)
a9
In case of a general MKN black hole we get
3 1912 3 a1 2 2
Somaxzzﬂ 1+§BQ + 2B MQCL+B ]__6Q + M*“a . (217)

Alternatively, one can define a new azimuthal coordinate ¢ with the standard range [0, 2r)
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by ¢ = 2%)/4... However, we shall follow most of the literature and use ¢ with (2.17)).

2.3 The near-horizon description of extremal config-

urations

Let us now introduce the procedures used to find the near-horizon descriptions of extremal
black holes (cf. also [92, [94]) and apply them to black holes in strong magnetic fields. In
the case of the MKN black holes we impose the extremality condition M? = Q% + a?.

2.3.1 General prescription
2.3.1.1 The metric in the extremal case

The metric of an axisymmetric, stationary, electrovacuum black hole can be written as
follows [105]:
g=—N?*dt* + g,, (dp — wdt)? + gy dr? + ggg d? (2.18)

For an extremal black hole the metric can be cast into the form

g=—(r—ro)> N?dt* + g,, (dp — wdt)* + LQ dr® + ggp dV? , (2.19)

(r—rmo)
where the degenerate horizon is located at r = ro and N and §,, are regular and non-
vanishing at the horizon.

To describe the “near-horizon” region, we introduce new time and spatial coordinates

7 and x by relations
r=rp +pX , t = , (220)

where p is the limiting parameter. For any finite non-zero value of p the new coordinates
cover the entire spacetime up to “standard” spatial infinity. However, in the extremal
black-hole spacetimes, there exists yet another infinity: the proper radial distance between
two points along t = constant diverges if one of the points approaches rq. With parameter
p in transformation converging to zero, the metric goes over to a new metric

which describes the infinite region (“throat”) involving r = ro. The standard spatial
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infinity is “lost” in this limiting procedure.
A more complicated issue arises in describing the dragging in the near-horizon limit.

To do this we first expand w around its value wy at the horizon

i Ow Ow
w:wH—FEm(T_TO):WH—FWTOpX’ (221)
so that
Oow

dy —wdt =dp — (wH + — xdr . (2.22)

or

d
PY _T:dw_w_HdT_a_w
v P D or

L]

Since as a consequence of the rigidity theorem (see Appendix [B|) the value wy is constant,

the transformation from ¢ to an “unwinded angle” i can be integrated
w
=1+ ?HT . (2.23)

With p — 0, we obtain
dgo—wdt:dw—g—w xdr . (2.24)
r

ro
It is thus seen that the p — 0 limit replaces w by the linear-order term of its expansion
at the horizon.
Following this procedure, we arrive at the near-horizon metric given in Appendix [A]

equation (A.3)). In the specific case of the Kerr-Newman metric (1.1)), we get

2 2 2 X 2 dx’ 2

, (2.25)
(Q% + 24a2)*sin? ¥ 2a/Q* + a?x
d —— =d
+Q2+a2(1+COSQ’l9) vt T

(@ + 2077

(cf. [98] and, in particular, [92], where the equation above with small rearrangements is

formula (4.2)).

2.3.1.2 The electromagnetic field

As a consequence of the limiting procedure with p — 0, components of some tensorial
quantities may become singular, which is the case with the electromagnetic potential.

However, the problem can be circumvented as we explain below. Defining the generalised
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electrostatic potential by

¢o=—A —wA,, (2.26)

and expanding the electromagnetic potential in r — ¢y = py using equations (2.20)), (2.23)),

we obtain

0A d 0A
= A, + o) S A, 52 ex dy+ Har) =
©or |, P ro ar |, P
(2.27)
. dr 0A 0A
= (At|r0 + wy A¢|r0) ? + (a—rt . WH ar‘p ro) xdr + AHTO dy =

_ ¢m 0A,; 0A,
N pdT—'—(ar +wH or

> xdr + AHT0 dy .

To To

Since ¢y = constant (see Appendix , the first term, which blows up, can be subtracted

from the final limiting potential by a gauge transformation.

By applying the limiting procedure (including the gauge-fixing) to the electromagnetic
potential of the Kerr-Newman solution (1.3)), we obtainﬂ

Q Q? + a’sin®J .
A= Q2+ a2(1 1 co?d) \ QF ¢ 242 xdr 4+ ay/Q? + a?sin® 9 dvy | . (2.28)

Let us turn back to the general case of axially symmetric, stationary, electrovacuum
black hole with metric (2.18)) and electromagnetic potential (2.27)). Introducing the frame

vectors associated with metric (2.18))

1 1
en =~ 2 —i—wi ) € = i , (2.29)
N \ Ot Oy N
1 0 1 0
8(7") - \/%E ) 6(19) - \/g%% ’

(2.30)

!Bardeen and Horowitz [92] do not give the expression for the electromagnetic potential. Carter’s
potential (see equation (5.64) in the original version in [08]) does not satisfy Maxwell equations as noted
in the “Editorial Note” [I00]. Unfortunately, the potential given in the republication [99] of [98] is also
not correct. The correct form of the potential, though given in an other rearrangement, is contained in
equation (39) in [94].
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we find that the frame component of the radial electric field strength reads
(2.31)

1 (04, 0A
Flyy = 2
OO =N /g ( ar o )

We shall note that for MKN black holes, it is possible to calculate this component straight

from the relations of the Ernst formalism and of the Harrison transformation (cf. equation
(B.26])), without reference to A;. Regarding ([2.27)), the time component of the electro-

magnetic potential after p — 0 can be written as
(2.32)

AT = (N V grrF(T)(t)) X -

0
Now it is important to realise that on a degenerate horizon of any extremal MKN

black hole (see Appendix
(2.33)

= constant .

- 0¢
"=

r=rQ

Q

w
= constant |,

r

w

r=rg

Combining equations ([2.24)), (2.27)), (2.33) and realizing that the expression multiply-

ing y in equation ([2.32) is just a function of 9, we see that in the near-horizon limit we

can express
A=A () x . (2.34)

W = wy ,

(2.35)

Using also ([2.26]), we can write

QZ5:—AT—CL)A¢,

where, observing (2.27), we put A, = A‘P|r0‘ Since we demand the electromagnetic
potential to be smooth, its azimuthal component must vanish at the axis, so

(4-(0) = A-(v)) (2.36)

=

¢ == Arlyg Ay (V) =

We conclude that we can determine the whole potential of the electromagnetic field

in the near-horizon limit solely from the F{,);) component of the electromagnetic field in

the original spacetime by relations (2.32)) and ({2.36)).
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2.3.2 Near-horizon description of extremal black holes in strong

magnetic fields

We shall now apply the above procedure to black holes in strong magnetic fields going

from the simplest stationary Ernst solution to the MKN black holes.

2.3.2.1 Stationary Ernst solution

By taking the near-horizon limit of metric (2.1)), we obtain

g:

1 2 Xz QQ
(1 + ZBZQ2> + B2Q? cos* ¥ (—@ dr? + v dy? + Q? d192> +
(2.37)
Q?sin® ¥

+ 3
(1+1B2Q%)" + B2Q?cos? ¥

B 2
{dw — % (1 + iBQQ2> de} ,

which reduces to the well-known Robinson-Bertotti solution (also obtained by putting

a = 01in (2.25))), if we set B = 0. Using the relations (2.32)) and (2.36)) with (2.6)), we can

express the he components of the electromagnetic potential as follows:

A =X (1+1B°Q*)° — B*Q*cos® ¥ (1 _ 132622) (2.38)
TQ (1+ %B2Q2)2 + B2Q? cos? v 4 ’ '
—BQ? (1 — 1—1634624) sin? ¢

e , (2.39
CIIBQ GO (14 1B2Q2)” + BRQ costy |

Let us note that this solution is contained in a wider class studied in [101] ]

2In [101] generalisations of Reinssner-Nordstrém and Robinson-Bertotti solutions with additional pa-
rameters are derived using Harrison transformation. Our expressions — can be obtained from
equations (4.1)-(4.5) in [101], if we choose a =1, b=h =k =0, « =0, § = 1, and rescale the metric by
M?; from physical parametres in [101], we need to set g = B = 0, whereas e and E are equal to our Q/m
and —BM/2; coordinates T, g, p, and o, respectively, correspond to our 7/m, X/M, cos ¥, and 1, respectively.
At the end of [I01], a near horizon limit of “magnetic Reissner-Nordstrém” solution is shown to imply a
“magnetised Robinson-Bertotti solution”.
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2.3.2.2 Ernst-Wild solution

Application of the near-horizon limiting procedure to metric (2.7)) leads to

2 2
g= [(1 + BQaQ)2 + (1 — BQCLQ)Q cos® 19] (—% dr? + a_2 dy’ + a? d192> +

a X
4a? sin* (2:40)

_l’_
(14 B2a2)* + (1 — B2a?)” cos? ¥

X 4,4 2
[d¢+ﬁ(1—3 a )dﬂ
Note the remarkable simplicity of w after the limit; this is because (2.10) contains only
contributions proportional to B*, and also because the terms multiplied by A in ([2.10))

vanish in the limit. To calculate the electromagnetic potential, we again use the relations

(2.32)) and ([2.36)), together with F{,yy expressed by (B.26]), obtaining

2 (1 + B%a?)?
A =-By|1- , 2.41
X ( (14 B2a2)* + (1 — B2a?)” cos? ¥ (2:41)
1 — B'a* 2Ba? sin® ¥ (2.42)

Y714 Blat (14 B2a2) + (1 — B2a2) cos?d

2.3.2.3 A general MKN black hole

One can note that the marked difference in complexity of expressions between the sta-
tionary Ernst solution and the Ernst-Wild solution is not reflected in their near-horizon
descriptions, which both turn out to be quite simple. Although the overall structure of

the near-horizon metric does not change for a general MKN black hole (cf. also equation

(A.4) in Appendix

(Q* + 2a2)* sin® ¥

(2.43)

2 2
. X o, dx 2
9‘f<ﬁ)(‘md7+7+d‘9)+

the quantities entering it become much more complicated than in the previous cases. In

particular, the dimensionful structural function f(#J) is obtained as

[(0) = {\/ Q? + a? (1 + EBZQ2 + B%ﬂ) + BQa] +
(2.44)

2
+ {a <1 - 23%)2 — BQaz) — BQ+\Q?* + aQ} cos? ¥ |
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whereas the dragging constant @ can be evaluated using equation (B.22)) in the following
form:
2 1
Ww=—————>> [\/QQ +a? (1 + ZBQQ2 + B2a2) +

Q%+ 2a2)2
(2.45)

+ BQa

{a (1 — ;LBQQ2 — BQaQ) — BQvVQ?* + az] .

From relations (B.26) and ({2.32) for the F{,); component we obtain:

A -1 X [Q (1 . 132Q2) + 2Ba\/m} [Q (1 - iBzQQ) +

J(0) @ + 22 4

(2.46)

2
+ 2Bav/Q? + a?

+

2
3
a (1 - ZB2Q2 - BQa2) — BQVQ? + a?| sin?9 |

& (@ @ (1 - 15°Q?) + 2Ba/Q7 + @@ sin? .
Y 2f(0) 14 2B2Q2 + 2B3Qa\/Q2 + @ + B (LQ + Q%a? + a*) (247)

2.4 Near-horizon degeneracy of extremal cases of MKN

solutions

2.4.1 Special cases

Let us start interpreting the results reviewed in the previous section by investigating
important special cases. First, one can see that the near-horizon geometry of the Ernst-
Wild solution ([2.40) becomes static for Ba = 1, as the dragging parameter @ = 0.

Structural function f(vJ) turns to a constant,

=4
Ba=1

F)| gy = [(1 + 32a2)2 + (1 - B2a2)2 cos® 19]

(2.48)

Y
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which results in a much simpler form of the metric. With some reshuffling of constants,

it can be written as

_ X 2 (2a)2 2 2 142 2 .9 dy ?

g=—"—(2d7)" +-—-dx" + (20)"dV" + (2a)"sin"V { - | . (2.49)
(2a) X 2

It is noteworthy that the magnetic field vanishes for Ba = 1, as the electromagnetic

potential (given by (2.38) and (2.39))) reduces to the one of a constant electric field
X
A==(2dr) . 2.50
< (2a7) (2.50)

This special case is thus the Robinson-Bertotti solution with an electric field parameter 2a,
written in terms of rescaled temporal and azimuthal coordinate. (Note that the rescaled

¥/2 € [0, 2n), since the original ¢ € [0, 4rn) according to (2.17]).)

One can also see that for Ba = —1, the outcome is the same as above, only with A,

exchanged by —A,,.

It can be readily shown that the geometry of the horizon (more precisely the embedding
of its crosssection for ¢ = constant or 7 = constant) is the same for both the original
spacetime and its near-horizon limit. Therefore, we see from the near-horizon metric
that the original Ernst-Wild solution with @ = M, Ba = 1 has a spherically symmetric

horizon.

The general near-horizon metric for the MKN solutions has a very simple form
involving just one function f(J) and two constants K and @w. Two still simpler cases
are possible, in which one of the constants is either zero or directly related to the other.
The Robinson-Bertotti solution with @ = 0 (and with f = 1) corresponds to the former
possibility, whereas the latter arises for the near-horizon geometry of an extremal Kerr

solution, in which @ = —1/k? (the minus sign means rotation in the sense of positive 1)

and 2f(9) = 1 + cos® 9. Expressing this case in the form (A.4), we get

2a>

_ 1+cos®¥
B (1 + cos? V)

g 2

2 2 2 2
(-X— dr® + =2 dy? + 247 d192> n sin? (dw + X dT) .
X

2a2
(2.51)

Remarkably, we arrive at the same metric starting from the special case of a stationary

Ernst solution. Regarding (2.38) and (2.39)), one easily sees that the potential vanishes if
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we choose parameters B and () such that BQ) = 2. Function f(9) simplifies to

f()| o=y = =4(1+4 cos®¥) , (2.52)

2
(1 + %132@2) + B%Q? cos? 19]

BQ=2

and metric (2.37)), after rearrangements, becomes

dy? +2(2Q)*dv?| +

Cltcos?d | NP 2(2Q)
g= 2

5 2@)2 (8 dT)2 + 2z

2(2Q)%sin® 9 [dyp Y 2
—%(1—|—C082f§> |:?+_2(2Q_)2 (8(:17‘) .

(2.53)
+

Hence, the near-horizon geometry for the stationary Ernst solution with BQ) = 2 goes over
to the Kerr near-horizon form with rotation parameter 2¢). Notice that the relation
W = —1/k? appears only in appropriately rescaled coordinates; here again ¥/s € [0, 2n)
similarly to ([2.49).

In Section we shall see that even a general MKN class admits special combina-
tions of parameters (), a, B for which either the dragging parameter w or electromagnetic
potential vanish in the near-horizon limit. However, already from the simple examples
above, we conclude that “bare” parameters ),a, B do not describe properly physical
properties of MKN black holes in the near-horizon limit. Since we do not observe any
magnetic field in the near-horizon description in the special cases, we can be led to an idea
that external axially symmetric stationary magnetic fields are expelled from degenerate

horizons.

2.4.2 Effective parameters

It is known that near-horizon geometries exhibit high symmetry related to existence of
four Killing vectors (cf. e.g. [94]). In Appendix [A| we show explicitly that it is possible
to construct a “Carter-type” Killing tensor from these Killing vectors. Hence, the near-
horizon spacetimes have to belong to the class of spacetimes studied by Carter [4, O8],
even in the case when the original spacetime is outside this class. Therefore, it is natural
to assume that the metrics and representing near-horizon limits of extremal
Kerr-Newman and MKN black holes are equivalent in mathematical sense. It should be

possible to describe the near-horizon limit of extremal black holes in magnetic fields char-
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acterised by three parameters (M, a, @), B minus the constraint of extremality) by just
two effective “Kerr-Newman-like” parameters (M , @, Q minus the constraint of extremal-
ity). However, metrics (2.25) and (2.43) cannot be compared directly, since their Killing

vectors are scaled in a different way, as we observed in special cases already.

Now we shall rescale the coordinates in general MKN cases. It is convenient to redefine

Pmax 10 (2.17) by introducing = = 2%/py.., so that ¢ € [0,2%/=). In the extremal case

1
N 1+ 2B2Q? + 2B3Qa\/Q* + a2 + B (£ Q" + Q2a? + a) '

—_
—
—_—

(2.54)

Next, by rearranging the constants in metric (2.43) in analogy with (2.49) and (2.53)) we

obtain

d 2
[(Edw)—EQQX?T . (2.55)

—_—

. K*sin? 9
Z2f(0)

—

=2.,2 2 2
=°x” [dr dy 9
g=/) [— 70 ( ) e +dv

—

where “new” azimuthal coordinate =1 € [0,2n) and, correspondingly, the “new” time

coordinate becomes 7/=. Similarly, for the electromagnetic potential we get

A::ATgM%

—_—

(Zdy) . (2.56)

—
—
—

Since the rescaling leaves function f(9) in (2.44)) unchanged, we can use it to establish
the correspondence between the solutions. For the near-horizon geometry (2.25) of the
Kerr-Newman black hole we have f(9) = [Q* + a® (1 + cos®¥)] = M? + a*cos® 0. If we

express f(1J) for the near-horizon description in the same form (as we did in (2.44))), i.e.

F(0) = M + a2 cos? ¥ | (2.57)

we can obtain the effective parameters M and a as follows:
~ 1
M =+/Q?+ a? (1 + ZB?Q2 + BQaQ) + BQa , (2.58)

a (1 — %BQQQ — B%ﬂ) — BQVQ?+a? . (2.59)

a

In analogy with the extremal Kerr-Newman solution, we define the effective charge by
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~2 ~ 2
Q)" = M — a*, which implies

Q=0 (1 - iBQQQ) +2Bay/Q* + a? . (2.60)

It will be seen that Q is a physical charge.

To demonstrate that the near-horizon descriptions of MKN black holes and of cor-
responding Kerr-Newman black holes are indeed equivalent, we need to prove that the

limiting MKN metric (2.43) with coordinates rescaled according to the formula ({2.55)

equals to metric (2.25) with Q and a replaced by expressions for Q, a (2.60) and (2.59).
Similarly, for the electromagnetic potential we need to compare (2.46)) and (2.47)) with ap-

propriately rescaled coordinates (cf. (2.56))) with the two components of (2.28) with @, a
substituted by @,a. When calculating (2.43)), (2.46) and (2.47) from definition, such a

comparison requires lengthy algebraic manipulations that are better done with assistance

of a symbolic computation software. Nevertheless, once the equivalence is proven, we can
express the near-horizon description of the extremal MKN solution in the simplest form,

where the result is evident.

Regarding the expressions — for the effective parameters, it is of interest
to notice that each of them contains the “bare” parameter multiplied by a “correction”
involving B? and an additional term linear in B. The extra term in the rotation parameter
(2.59) is caused by the angular momentum of the electromagnetic field as can be seen from
putting the bare rotation parameter a = 0. The extra term in charge corresponds
to the “Wald charge” in the weak-field limit (cf. [10]).

The effective parameters simplify considerably if one of the bare parameters () or a
is zero — they involve just one term. This is reflected in the fact that the near-horizon
descriptions of the stationary Ernst solution (2.37]) and of the Ernst-Wild solution ([2.40)
are much simpler than of a general MKN solution. For B = 0, the effective parameters
are equal to the bare parameters. It is also worthwhile to notice that when one solves the
equation M = 0 with respect to B, one finds that it has no real roots, so M cannot be

negative.

Concerning the effective charge, it can be shown that it is the physical charge inte-

grated over the horizon. Indeed, Karas and Vokrouhlicky [27] discuss various integral

31



quantities for a MKN black hole, including its physical charge

T Pmax

1
T
0 0
Using their formula (9) and evaluating the Ernst potentials (cf. Appendix[B]) for a general
MKN black hole we obtain

Qu=0Q (1 — iBQQ2> +2BMa (2.62)

where M > \/Q? + a2 (cf. also [26]). In the extremal case, M = /Q? + a2, and it is seen
explicitly from that Q = Qp.

It is remarkable that when we define the angular momentum of extremal MKN black
holes by J=aM , i.e. in analogy with the standard case without magnetic field, we find
that the result coincides precisely with the thermodynamic angular momentum given by
Gibbons, Pang and Pope [28] in formula (5.11), when it is restricted to the extremal case.
We already know that, in properly rescaled coordinates, the near-horizon limit of any

extremal MKN black hole can be described just by effective parameters (),a. We can

substitute for a using Q, J as follows:

a= Sg\%‘] \/\/éf v4J -0, (2.63)

Since Q is a physical charge of the black hole and J is derived in [28] as a meaningful

angular momentum, we can conclude that the near-horizon limit of any extremal MKN
black hole can be described by thermodynamic charges of the black hole.

However, a puzzle remains: whereas our “near-horizon mass’ M = Q2 + %, the
thermodynamic mass evaluated in [28] by means of Kaluza-Klein reduction is found to be
M/= (with = given by in the extemal case) and, therefore, is a distinct parameter.
The problem of (dis)agreements among different notions of mass in the MKN spacetimes
has been recently discussed by Booth et al. [29]. By a closer inspection of their results,
one can make sure that our M coincides with the “isolated horizon mass” My defined in

[29], when we restrict it to the extremal case?|

3In [29] the authors claim that their My is equal to the Komar mass of the MKN horizon. The Komar
integrals for the MKN black holes were discussed also in [27] long time ago. The results disagree. This is
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2.4.3 Dimensionless parameters

As a consequence of the extremality condition, one of three (bare) parameters M, a, @ is
not independent {1 Instead of choosing two of these as independent parameters, it is more

convenient to introduce the “Kerr-Newman mixing angle” yxn by relations
a = M cosykn , Q =M sin gy - (2.64)

Here ykn can be taken from the interval [—=/2, /2], if we restrict the rotation parameter to
a > 0. Since the mass is just a scale, it is ignorable. As another dimensionless parameter
we consider BM . These two parameters, vk and BM , represent dimensionless quantities

that define the parameter space. We now proceed to analyse its structure.

In Section we considered a special case of the near-horizon description of Ernst-
Wild solution for which the dragging parameter @ = 0. During our proof of the equiv-
alence of the near-horizon descriptions of a general extremal MKN black hole and the
corresponding Kerr-Newman black hole (see the text below ([2.60])) we found & ~ Ma.
From this it is evident that the case with w = 0 within general extremal MKN black holes
can be obtained just by putting a = 0 in . We find two branches of the solution

with respect to B as follows:

B —20Q/Q? + a? + 2 (Q* + 2a?)
B a (3Q?% + 4a?) '

(2.65)

From equation it follows immediately that these two subclasses have the near-
horizon geometry of the Robinson-Bertotti spacetime. Moreover, equations and
indeed imply that A, = 0 and the component A, yields constant electric field. In
our dimensionless parameters the solutions read

_ —2 SiIl’}/KN +2 (1 + COS2 'YKN)

BM
3 cosygN + €os3 YN

(2.66)

Let us remark that in [27] Komar angular momentum for an extremal MKN black hole is
evaluated; using our notation we see that it vanishes for @ = 0. Our result (2.65)) coincides
with (12) in [27]. However, therein the results were derived differently — formula (2.65))

apparently caused by the fact that [29] uses different, more sophisticated forms of the Komar expressions.
4The same holds for the corresponding effective parameters.
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was obtained by requiring the vanishing magnetic flux accross an “upper hemisphere” of

a horizon. We shall return to this Meissner-type effect below.

Let us turn to another special subclass of the MKN solutions. Since both components
of the electromagnetic potential, (2.46)) and (2.47)), for the MKN solutions in the near-
horizon limit are proportional to the parameter Q given in ([2.60]), we can make them

vanish by putting Q = 0. This condition implies

B dar/Q? + aQC:;Q (Q? + 2a?) ‘ (2.67)

(The F sign corresponds to @ = F1/=k2.) In terms of dimensionless parameters we get

_ 4cosyry F 2 (1 + cos? ykN)

sin® KN

BM

(2.68)

Notice that in this case Q = 0 implies the physical charge also vanishes. In fact,
as demonstrated in [27], the physical charge @y = 0 even for a non-extremal MKN black
hole if B = 2Q3 <2M a + \/4M?a? + Q4>. In the extremal case, this implies our result
(12.67)).

Regarding the parametrisation (2.64)), we can view the special subclasses as curves in
the parameter space of yxn and BM given by formulae and respectively.
Moreover, we know that using the effective parameters M ,d,@ (see —) the
near-horizon description of any extremal MKN black hole can be expressed as near-
horizon description of the corresponding extremal Kerr-Newman solution (see the text
below (2.60)). Therefore the entire parameter space can be foliated by curves which
represent equivalent near-horizon geometries. This is illustrated in Figure 2.1 Four of
such curves, representing special subclasses (¢ = 0 and Q = 0) analysed above, are given
by four special values of dimensionless parameter 4xy introduced in analogy with
by

Q = M sin fxx - (2.69)

Substituting for Q and M from (2.60) and (2.58)) and using the previous relation to express

B we obtain

dar\/Q? + a? — 2Qasin Axn F 2 (Q* + 2a?) cos Axn
B = re .
Q* + (Q* + 4a?) \/@? + a® sin
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TKN

Figure 2.1: Near-horizon geometries of extremal MKN black holes illustrated in the di-
mensionless parameter space (ykn, BM). Each curve describes geometries with fixed
parameter jkn, i.e. with fixed ratios @/ar and /i1 (see equation (2.69))).Various regions in
the plane correspond to different signs of parameters a, Q, respectively. The boundaries
between the regions are indicated by thick lines.

Equivalently, in terms of dimensionless vxn and BM,

 4cosykn — sin 29k sin Akn F 2 (1 + cos? yxn) €os Jrn

BM = —
sin® ygn + (1 + 3 cos? ykn) sin Jkn

(2.71)

The F sign is not necessary if we extend the interval for 4xx to (—n, n]. Then the minus
sign in front of the term with cos ykxn gurantees that 4xn = 0 implies a = M.
We can find an alternative form of equation (2.69) using the relation between a and

M, i.e. a = M cosykn. Then we obtain

B_ —2Q+/Q? + a? — 2Qa cos Jkn * 2 (Q* + 2a?) sin kx

, 2.72
a (3Q% +4a?) + (Q* + 4a2) \/Q? + a? cos e o
or

By — 2 stk — sin 27 cos fiey £ 2 (1 + cos® ykn) sin Jxn , (2.73)

3 cos YN + cos? vk + (1 + 3 cos? ykn) cos YN

Karas and Vokrouhlicky [27] found that in the two special cases with special relations

among parameters B, (), a given by expressions ([2.65) and (2.67]) the magnetic flux van-
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ishes corresponding to the black hole Meissner effect discovered in the test-field limit.
In these cases our results employing the near-horizon description support the conclusion
given in [27], since the magnetic field is encoded in the component A, of the electromag-
netic potential, which is proportional to the product Qd. The two cases and
correspond to a = 0 and Q = 0, respectively. Hence A, = 0 and magnetic field necessarily

vanishes.

For a general extremal MKN black hole the magnetic flux through the upper hemi-

sphere of the horizon does not vanish. It can be expressed as follows:

Ayly_z Qd 47QJ
e = = TEM > — =
- Q +\Q +4J

Since the structure of the azimuthal component of the electromagnetic potential in the

(2.74)

near-horizon limit is identical (up to the rescaling) to the one of the Kerr-Newman black
hole, the flux can be expressed using the Kerr-Newman-like effective parameters. As
stated above, these parameters can be related to the thermodynamic charges of the black
hole as derived in [2§]. Therefore, we may conclude that the magnetic flux is intrinsic to
the black hole configuration and there is no flux caused directly by the external magnetic

field.

2.4.4 Remark on invariants and uniqueness theorems

As we have seen, due to the ambiguity of the scaling of the Killing vectors in the MKN
spacetime, we have to choose a particular rescaling in order to see that the near-horizon
limit is given by a corresponding Kerr-Newman solution with effective parameters given
above. However, invariants are unaffected by coordinate transformations of “ignorable”
coordinates and, therefore, they can be in principle used to determine the effective pa-
rameters. For example, consider the invariant Rop = 2/pips, Where pq, po are curvature
radii of the (axially symmetric) degenerate horizon, given by the two-dimensional Ricci

scalar

(2.75)

o 2 999,990, Gop,09 (ggogo,ﬁ)Q
Rop = — - + 5
9oy 4919199(,0(,0 2g<p<p 4 (9%0)

0
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In the near-horizon limit the angular metric functions have no spatial dependence, so

2 2
Rop = 2 999990 Gyup,09 i (gwwﬂ?)Q _ (2.76)
9oo | 49009vy 29y 4(gyy)

It is explicitly seen that altering gy, by a multiplicative factor (due to the linear rescaling
of the coordinate 1)) does not change the result.

For Kerr-Newman solution the invariant turns out to be

2 _ [Q% + a2 (1 4 cos? ¥)]? -
Rop (@ +20%)[Q*+a* (1= 3cos?V)] (2.77)

and hence for a MKN solution the form will be the same with Q, a in place of @, a.

Although these expressions are not uniquely invertible, they show that there exists a
connection between the effective parameters and the curvature invariants.

We used symmetry arguments stated in Appendix [A] to support the idea that the
near-horizon geometry of any extremal MKN black hole can be described using near-
horizon geometry of a corresponding Kerr-Newman solution. We should, however, note
that Lewandowski and Pawlowski [103] conducted a sophisticated discussion of electrovac-
uum extremal horizons including uniqueness theorem from which the mentioned statement
arises as a special case[’| Namely they solved the constraint equations for all axially sym-
metrical extremal isolated horizons equipped with axially symmetrical electromagnetic
field invariant with respect to the null flow (i.e. the field that is also in equilibrium).
Having set the magnetic charge to zero they found out that their family of solutions has
just two parameters, one of which is the area of the horizon and the other encodes the
electric charge (they did not separate out the physical scale as we did in our subcase
with the definition of 4kx). Since there exists a Kerr-Newman extremal horizon for each
pair of values of their parameters, Lewandowski and Pawlowski conclude that there are
no other extremal isolated electrovacuum horizons than the Kerr-Newman ones (see also
discussion of similar results including non-zero cosmological constant in the framework of
near-horizon geometries given in [96]).

The area of the horizon .#}; used in [103] to parametrise their solutions is an integral

invariant. Unlike the example of a differential invariant that we examined above, it can

SIndeed, in the recent preprint, [29] Booth et al., led by the considerations in [I03], give our formulae
(2.58) and (2.59). Note that in [29] the effective parameters are defined by a formula analogous to our
equation (2.57), rather than in the way suggested here in Section W
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be used to give an alternative definition of the effective parameters, as we would like to

sketch here. The area of the horizon af any MKN black hole is

2 2
ry+a

—_—
—
—_—

S = 4rn

(2.78)

Therefore the magnetic field influences it just via factor =, which assures the smoothnes
of the axis. In the extremal case 12 + a? = Q? 4 2a* and Z is given by (2.54). From the
fact that the area of the horizon of an extremal MKN black hole must be characterised
by Kerr-Newman effective parameters, it follows the relation
2 2
+ 2a ) R
Qf =(Q +2a°, (2.79)

—

which is also obtained when we directly compare the MKN near-horizon metric in the
form (2.55)) with the Kerr-Newman near-horizon metric in the form (A.4) with effective
parameters plugged in. If we assume that the effective charge is the physical charge
enclosed in the horizon Q = (Qu, we can use formula as a defining relation for a.
Finally, we can define M = \/ Q2 + a?.

38



Chapter 3

Particle collisions in the equatorial

plane: kinematic restrictions

3.1 Outline

In the Introduction, we have discussed that there exist two variants of the generalised
BSW effect. One of them, let us call it “centrifugal”, requires particles with fine-tuned
values of angular momentum orbiting around arbitrary rotating extremal black holes [53,
63]. The other, electrostatic variant requires particles with fine-tuned values of charge in
maximally charged Reissner-Nordstrom spacetime. These two versions of the generalised
BSW effect have so far been studied only separately. In the present chapter (accompanied
by Appendix [C]), we unify the two variants and examine kinematic restrictions for the
generalised BSW effect including effects of both dragging and electrostatic interaction. We
base our study on the general metric form, which can include black holes with different
types of (matter) fields, sometimes called “dirty” black holes, or black holes in spacetimes
which are not asymptotically flat.

The generalised BSW effect always constitutes a “corner case” of the test-particle
kinematics, and considering the setup with both charge and dragging requires a further
increased rigour. Moreover, the notation and methods vary significantly among different
authors. Thus, to be able to give a unified picture, in Section we thoroughly go
through methods of qualitative study of electrogeodesic motion, building up on classical

works of Wilkins [6] and Bardeen [107]. Some further details are given in Appendix |C.1.1]

In Section [3.3] we review how to take a horizon limit of the centre-of-mass collision
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energy and the way to show that there are particles with distinct type of motion in a
near-horizon zone, so-called critical particles, and that these particles cause the BSW
singularity in the centre-of-mass collision energy. We present formulae for different types
of collisions.

Section [3.4] contains the main results. We prove that the critical particles can approach
the position of the horizon only if it is degenerate and their parameters satisfy certain
restrictions. We discuss how these restrictions depend on the properties of the black
hole and identify two cases corresponding to the original centrifugal and electrostatic
mechanisms of the generalised BSW effect. Two other “mixed” cases are also seen to be
possible.

In Section we illustrate these results with the example of the extremal Kerr-
Newman solutionﬂ where just one of the mixed cases applies. Apart from the general
restrictions on particles at any energy, we study what happens for the critical particles
that are coming from rest at infinity or are bounded. We notice that, for a very small
charge of the black hole, this kind of particle can reach the position of the degenerate
horizon even with enormous values of angular momentum (and specific charge). Such a
“mega-BSW” effect is possible neither in the vacuum case nor in the case with a large

charge of the black hole.

3.2 Electrogeodesic motion in black-hole spacetimes

Let us consider an axially symmetric, stationary spacetime with the metric
g=—N*dt* + Gpp (dp — wdt)2 + gy dr? + go9 d9? | (3.1)

which will serve as a model of an electrovacuum black hole. (The cosmological constant
can also be included. For conditions on matter fields compatible with (3.1)), see e.g. [105]
and references therein.)

We assume the choice of coordinate r such that hypersurface » = r, is the black-hole

horizon, where N? vanishes. If the black-hole horizon is degenerate (which will be denoted

! As discussed in Chapter |2 the near-horizon geometries of extremal magnetised Kerr-Newman black
holes are equivalent to the ones of extremal Kerr-Newman black holes without the external field [106].
Therefore, it is justified to use the extremal Kerr-Newman solution as a surrogate for extremal black
holes in strong magnetic fields with regard to processes near the horizon.
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by 79), the following factorisation of (3.1)) is useful (cf. (2.19)):

gT’T‘

g=— (7‘ — 7’0)2 NZ dt2 + [ (ng — (JJdt)2 + ( )2 drz + Gow dﬂ? ) (32)
T —7T

where N? and §,, are non-vanishing and finite at r = r.

Let us further require that the electromagnetic field accompanying (3.1) has the same

symmetry as the metric, exhibited by the following choice of gauge:
A=Adt+A,dp=—¢dt + A, (dp —wdt) . (3.3)

Here ¢ = —A; —wA, is called the generalised electrostatic potential. Recalling the locally

non-rotating frame (cf. (2.29), (2.30) and [45]) associated with (3.1)),

e = (21,2 ey — 9 (3.4)
) = N \ ot oy ) (o) — Gow o ) :
1 1
o o (3.5)

€y = a_ € = a9
) \/ Grr or @ vV g9 oV

we see that ¢ is proportional to A). Let us also consider an energy of a test particle

locally measured in this frame given by epnrp = u®.

Equations of motion for test particles (with rest mass m and charge ¢ = gm) influenced
solely by the Lorentz force, i.e. of electrogeodesic motion, take the form
Dp~ Du®

= = qF5u” . .
ar a1 (3.6)

They can be derived from the Lagrangian
1 e
Z = émgmupu + gA,u’ . (3.7)

The corresponding canonical momentum is

0L
Hu = aﬂ = Pu + un : (38)

Its projections on 9/at, 9/a,, the two Killing vectors of (3.1]), are conserved during the

electrogeodesic motion. They can be interpreted as (minus) energy F and axial angular
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momentum L.. In our coordinates they read
—Il; = —p,—qA, = E=¢em, I, =p,+qA, =L, =1Im. (3.9)

Dividing by the mass m of the particle, we can get expressions for two contravariant

components of the velocity,
;. e—wl—qop o w - [ —qA,

U=, u’ = — (e —wl — + —. 3.10

= (e —wl —d9) + =L (3.10)

Assuming further that metric (3.1)) is invariant under reflections ¥ — © — ¢, i.e. under

“mirror symmetry” with respect to the equatorial “plane”, we can consider motion con-

fined to this hypersurface (with conserved conditions ¥ = #/2,u” = 0). The remaining

component of the velocity then follows from its normalisation,

1 ~ N2 (Z—QA )2
u" =+ e—wl—Gy)  — N2 |14+ —T"F
N2g,, [( ?) ( G

(3.11)

Hence, we have a full set of the first-order equations of motion for an equatorial electro-

geodesic test particle. (See [108] for references.)

There are some qualitative features of the motion that follow directly from the equa-
tions above. The motion of particles with some parameters may be forbidden in certain
ranges of . The first restriction comes from the conventional requirement (positivity

of the locally measured energy e xrr) for motion “forward” in coordinate time ¢, which

applies for 7 > r; (or N? > 0). From u' in (3.10)) we infer
X =ec—wl—Gdp>0. (3.12)

(Later, we also consider the possibility 2~ — 0 for N — 0.)

Another restriction is due to the square root in (3.11)). If we assume that the metric
determinant for (3.1]), which is given by

VY= N\/ GrrGep oo (313)

is non-degenerate, the expression N2g,, under the square root in (3.11)) is non-vanishing
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and positive. Therefore, the square root will be defined in real numbers if

WE(E—wl—(jgzﬁ)Q—]\ﬂ(quM)ZO. (3.14)
9ee

Zeroes of function W with respect to radius are turning points (because of that, W is
often called effective potential). Stationary and inflection points of W with respect to
r are used to find circular orbits and marginally stable circular orbits [45] [109] (see also
. However, W is not unique; for example, if we multiply it with a positive integer
power of r, the results will be the same. This led to different conventions in literature
[45, 109]. Nevertheless, we can define another effective potential which will be unique and

also have other advantages.

First, for » > r,, we can factorise W as
W=(E-V,)(e-V), (3.15)

wherd?]

(l B quo>2 )

e

Vi_wl+chbiN\/1+ (3.16)

Since V, > V_, the condition W > 0 is fulfilled whenever € > V or ¢ < V_. Considering
[ = 0,¢g = 0 and comparing with 7 we can identify ¢ < V_ as the domain of
unphysical particles moving “backwards in time”. (Conversely, we see that restriction
e = V. is stronger than , so it ensures motion “forward in time”, and manifests

(3-12]) to be preserved during motion.)

Therefore, we can define V =V, and use € > V' as a condition for the motion to be
allowed (in the r > r,, or N? > 0, domain). In this sense, V is the best analogy of a
classical effective potential. It is also called a “minimum energy” [107]. The ranges of
radii where ¢ < V are referred to as “forbidden bands”, whereas the ones with ¢ > V
are called “allowed bands”. Condition € = V implies W = 0 and thus corresponds to a

turning point. For the convenience of the reader, in we derive relations between the
derivatives of W and V.

2Note that we assume gop > 0, i.e. the absence of closed timelike curves.
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3.3 Collision energy and critical particles

Let us consider two colliding (charged) particles in an arbitrary spacetime. The natural
generalisation of the centre-of-mass frame from special relativity is a tetrad, where the
total momentum of the colliding particles at the instant of collision has just the time
component

(ECMa O, 0, 0) = mlu(l) -+ mg’l,l,(g) . (317)

This tetrad component can be interpreted as the centre-of-mass collision energy. To get
rid of the frame, we can take square of the above expression and define an invariant related

to this quantity (cf. [57], for example)
E%M o ma mo

= — Gusli(1yU(y) - 3.18
2mimo 2me + 2mq Gut1)t(2) ( )

Let us now investigate how this invariant behaves for collisions of electrogeodesic particles
in black-hole spacetimes. Using the metric coefficients of (3.1]), the expressions for com-

ponents of particles’ velocities given by first-order equations of equatorial electrogeodesic

motion (3.10) and (3.11)), and the definition (3.12)) of “forwardness” 2", we obtain

Egn L2 (= @dy) (- 04y) 2 ~
lemg 27712 2m1 Yoo N2

1
:Fm 22— N?

(h — @1 Ay)°

op

(l2 — Cj?Aso)2

e

1+ 22— N2 |1+

(3.19)

The F sign before the last term corresponds to particles moving in the same or the
opposite direction in 7.

Now, let us consider the limit N — 0. We need to Taylor expand the square roots vV
coming from the radial components of the particles’ velocities. For each of the colliding
particles, there are two very different cases depending on the value Zy of 2 on the

horizon. For a generic particle (Zy > 0), the expansion looks as follows:

(1 — GA,)*

e

2
N .

1
sz |+ T

(3.20)

If we consider two generic particles moving in the same direction (upper sign in (3.19))),
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this behaviour leads to the cancellation of the terms that are singular in the limit N — 0,

and a finite limit arises [’

E(%M _ mi n mo _ (ll — glA@) (lg — 67214%0) I
2mima|y_g 2ma  2my Gy N0
1 Iy — AL 2B 1 L — @A) 2H
4= 1+(2 G2A) 1H+_ 1+(1 @A) 2H.
2 Yo N0 &2 2 ) N=0 25
(3.21)

The presence of 2y for both particles in the denominators suggests that for the so-called

“critical particles” with 2 = 0 (so far excluded, see (3.12))) the limit may not be finite.

To verify this, let us first expand “forwardness” 2~ of a critical particle around 7,

N -0¢
%__(8rl 87’)

Thus, for a critical particle, 272 is proportional to (r — 7’+)2 (with higher-order correc-

(r—74) ... (3.22)

r=ry,9=7%

tions). However, for a subextremal black hole, we expect N? to be proportional just to
r —ry, so the positive term under the square root in W will go to zero faster than the
negative one. We thus anticipate that the motion of critical particles towards the horizon

is forbidden for subextremal black holes. We return to these kinematic restrictions below.

In case of an extremal black hole (3.2) with N2 = (r — ro)> N2, we get an expansion
for VW of a critical particle very different from ((3.20)),

+... (3.23)

r=ro,0=7%

N
VW = (r —rp) 3wl+q3¢ N’ 1+—(l—qA@)
2uy=0 or or Yeop

Now, if we again consider particles moving in the same direction, but assume that particle

1 is critical, whereas particle 2 is generic (usually referred to as “usual” in literature), we

3The case of the particles going in opposite directions, i.e. plus sign in (3.19), leads to the so-called
Piran-Shaham effect (cf. the Introduction).
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get the following leading-order behaviour in the limit » — ¢ (or N — 0)

E&y\ ZH 1 | dw _0¢
N — — | = —
2m,ms r—ro | N | Or 1+q18r +
(3.24)
2 - 2
- L —qA
(4022 — R |14 L= 0A)
or or o

— Tt
r=ro,0=3%

The expression diverges like (r — ()", so we confirmed that the different behaviour
of VW for critical particles leads to singularity in the centre-of-mass collision energy

invariant.

Since the divergent contribution is proportional to 2y of the usual particle, we see

that for a collision of two critical particles the limit is again finite, namely

2
ECM

2m1m2

_ i mp (b — @A) (I — G2Ay)
N=0 ng 2m1

_|_

r=ro,0=3%

1 | (0w, _ 08\ (0w, _0¢ \/1@2W(1) \/182W<2>
+{N2 [<8rll+Q18r> (67“l2+qzé?7’):F 2 Or? 2 Or?

Gop

r=ro,0=7%
(3.25)
where we observed
2 2 ~ 2
~ [ —gA
av;/ :2{(8—“’”@%) —N2[1+u } (3.26)
Or? |y 234=0 or or Gy v

3.4 Kinematics of critical particles

We have seen that particles with zero forwardness 2~ at the horizon, i.e. critical particles,
constitute a distinct kind of motion with a different behaviour of the radial velocity,
leading to the singularity in the collision energy. The condition 2y = 0 can be formulated

as a requirement for the particle’s energy to have a critical value

Eor = lwy + o = V| (327)

ry 0
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which coincides with the value of effective potential at the radius of the horizon.
Thus if the minimum energy V' grows for » > r, the motion of critical particles towards
r, is forbidden, since their energy will be lower than that allowed for » > r,. On the other
hand, if the effective potential decreases, the motion of critical particles towards r, will
be allowed. Thus, we have to look at the sign of the radial derivative of V' to discriminate
between the cases. For the geodesic (§ = 0) case, the discussion has already been carried

out by Zaslavskii [63], who utilised rather mathematical considerations contained in [110].

3.4.1 Derivative of the effective potential

Taking the derivative of the effective potential (3.16]), we obtain four terms

~ 2 ~ 2
WV _ Doy 00 ON [ (=id) D \/Hw )

or +q8r + or Gy or G

The fourth term is proportional to IV, so we do not consider it in the limit N — 0. The

third term can be modified to the following form:

lima—vz lim —wl—l—q——l—

N—0 Or NS0 | Or or 2N (3.29)

Y=

[ME]

In subextremal cases the radial derivative of N? is nonzero for N — 0, i.e. the third
term blows up in the limit that we wish to take. This term is manifestly positive in the
near-horizon regime, so its domination means that no critical particles can approach r
for subextremal black holes. Zaslavskii’s result [63] is thus generalised to the ¢ # 0 case.

On the other hand, in the extremal case the radial derivative of N? vanishes in the
limit N — 0. Using again the decomposition (3.2), N? = (r — ro)* N2, we get (for r > r)
ON/or = N + (r — o) @N/ar. This enables us to take the 7 — 7 limit of the third term

and to drop the contribution proportional to r» — rq; thus,

vl fow 9 (1 - GA,)*
o = 8rl+qar+N\/1+ G : (3.30)

T=70

— — T
r=ro,0=3

This final expression is indeed finite. However, it depends heavily on the parameters

[,q of the particle as well on the properties of the black-hole model in question. Thus
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(as already noted by Zaslavskii in [63] for the § = 0 case) kinematic restrictions on the
motion of critical particles towards ry cannot be worked out in a model-independent way.
However, one can qualitatively study the dependence of the kinematic restrictions on the
features of a general model and then use these considerations to get quantitative results

for particular models. This is our main aim in what follows.

3.4.2 Remarks on motion towards r,

Before we analyse when the motion of critical particles towards ry is allowed and when it
is not, let us first elucidate some features that this motion has if it is allowed. First, let
us note that, comparing the behaviour of 2 and N? = (r — 7’0)2 N2, we see that
u' — oo with r — 7 even for critical particles. For usual particles the locally measured
energy e nrr also blows up. However, the » — 1o, > rg limit of e nrr for the critical

particles is finite, namely,

Ow ~0¢
ol tdo,
N

) —

+ ... (3.31)

r=ro,9=5%

ELNRF = U

This important distinction seems to have been noticed only lately [ITI] (for the ¢ = 0
case), although note it can be deduced from earlier calculations presented in [68]. There it
is shown that critical particles have, unlike usual ones, a non-divergent redshift factor with
respect to the stationary tetrad in the horizon limit. Therefore, although the BSW-type
effects are often advertised as particle acceleration, they are in fact caused by “slowness”

of the critical particles.

Let us illustrate this in yet another way. We have already noticed that ¢ = V at rq

for critical particles, which implies W = 0. Furthermore, it follows easily from ([3.23)) (or

[C1)) that
ow

o —0. 32
o 0 (3.32)

r=rg,2y=0

Concurrence of these conditions would seem to suggest that there is a circular orbit at ry
for parameters of each critical particle. However, there exist doubts about the properties
of orbits in the r = rq region (cf. [45, 112]). Regardless of these doubts, let us select

an arbitrary radius r,p, = 7y, and see what it implies if we assume that W and its first
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derivative are zero there. Expanding (3.11)) around 7oy, (for r = rom,), we get

d 1 02w
w=r =4 (r—rom) 5y +... (3.33)
dr ON Gy or s
This equation has an asymptotic solution of the form
1 1 02w
T = Tob {1+exp (j: )} +... = — 5 , (3.34)
Trelax Trelax 2N gr‘r 8T
T=Torb

which is valid for early proper times for outgoing particles (plus sign) and for late ones for
incoming particles (minus sign). We can apply the result to critical particles by choosing
the minus sign and 7.1, = rg. The result that critical particles only asymptotically
approach the radius of the degenerate horizon and do not reach it in a finite proper time
has already been derived in a slightly different way in various cases, see e.g. [62], [63].

Above, we have shown that it applies to the § # 0,w # 0 case as well.

Let us yet mention that it follows from (3.23]) (or (C.3)) that

NG
rero, 2 =0 or Or

This interconnection between derivatives of W and V. of different orders appears rather

unusual regarding the general form of (C.3]).

*W
or?

(3.35)

r=rg

3.4.3 The hyperbola

As we have seen above, whether the motion of critical particles towards rq is forbidden or
not depends on whether the radial derivative of V' at r = rq is positive or not. To study
the division between the critical particles that can approach ry and those that cannot, we
thus consider the condition

oV
S| =0 (3.36)

r=rg
as a function of parameters ¢ and [ of the (critical) test particles. Regarding (3.30)), one

sees that it actually corresponds to a branch of a hyperbola in variables ¢ and [. To study
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its properties, we remove the square root in ([3.30) and thus recover the second branch

dw ~902 ~ A \2
2+ q50 [ —qgA
(ar ~2qar) . ( q GD) =1. (337)
N Yep o G
T=ro, V=35
This equation corresponds in fact to
0*W
5 =0. (3.38)
or Zu=0,r=rg

Regarding (3.35)) (cf. also the calculations leading to (3.30))), we find that the second
branch corresponds to similar division for non-physical particles moving backwards in

time.

We already observed that conditions and W = 0 always hold for critical par-
ticles at rg: thus, the simultaneous validity of signifies the usual requirement for
a marginally stable circular orbit, often called innermost stable circular orbit (ISCO).
Then, from (3.35)) we see that the condition also implies the ISCO in this sense
(restricting to particles moving forward in time it is in fact equivalent to the requirement

for ISCO).

The curve described by equation (3.37)) is indeed a hyperbola, except for the case when

the two squared expressions become proportional to each other. This would happen if

0 Ow
(o +5)

Calculating the derivative of the generalised electrostatic potential ([2.26)),

=0. (3.39)

r=ro,0=7%

99 9A, 94, duw

o or “or _EA“D’

(3.40)

and recalling the expression ([2.31]) for the radial electric field strength in the locally non-
rotating frame (3.4)), (3.5]), which reads

1 [0A, 04,
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we can write

[0 ow ~ ow
= NG Fiy) — 5 Ap = ~Nv/Gr Firy) — oAy - 3.42
o grrFinm — 5 A GrrFinm — 5 Ae (3.42)

Since the product N?g,, is finite and non-vanishing (as manifested by passing to N? and

grr in extremal case, cf. (3.2)), the condition (3.39)) reduces to

. =0. (3.43)

r=ro,0=7%

Fiyw]

In this degenerate case equation (3.37)) defines just a pair of straight lines in [§ plane
rather than a hyperbola.

The hyperbola (3.37) has asymptotes

o -
l=—§ \/gwa_f + NA,

- (3.44)
Ve TN

r=ro,0=7%
We can also rewrite (3.37)) as

dw 2 Ow O¢

dw 1 il A
p|le) o L +21q | =2+ =2

N Yoo N oy

The coefficients in this form determine the orientation of the hyperbola with respect to

2
G) A

ASH
[N N

=1. (3.45)

Y
r=ro,0=3

=9

e

axes ¢ and [. We will distinguish several cases and denote them by numbers and letters

(by which they are identified in figures in Section [3.5)).

o (52)' -]

(3.45) is valid for ¢ = 0, which means that both branches exist for both signs of ¢, i.e.

Case la: If
>0, (3.46)

r=ro,0=3%

both cross the [ axis.

Case 1b: If, on the other hand,

oo (52)' -]

(3.45) cannot be satisfied for ¢ = 0, so the branches are separated by the [ axis and each

<0, (3.47)

r=ro,0=73
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of them corresponds to different sign of g. The marginal case 1c¢ occurs when in (3.45)

b (3)' ]

i.e. the coefficient multiplying /?> vanishes. Comparing with (3.44]), we see that this

=0, (3.48)

r=ro,0=7%

corresponds to one of the asymptotes having infinite slope, thus coinciding with the [

axis.

A similar discussion applies to the coefficient of G.

[0 2
[9@@ (E) -N Agzo

both branches of the hyperbola cross the ¢ axis and exist for both signs of [.

Case 2a: If
>0, (3.49)

r=ro,0=7%
Case 2b: The opposite inequality,

[0 2
[9%0 (5) -N Agzo

means that the branches are separated by the ¢ axis and each of them has different sign

of [.

<0, (3.50)

Y
r=ro,0=3

Case 2c: If

2
[99090 (%) - NQA?; =0, (3.51)

one can see again from ([3.44) that this means that (at least) one of the asymptotes has

r=ro,0=73

zero slope, i.e. it coincides with the ¢ axis.

Case 3: If

owdop -2
<9¢¢EW +N Aw)

=0, (3.52)

r=ro,0=2
the coefficient multiplying /§ vanishes. In that case, the hyperbola is symmetrical with
respect to the inversions | — —[ and § — —¢. Since we are interested in just one of the
branches, only one of the symmetries matters.

Let us note that when the electromagnetic field vanishes, the conditions ,
and are satisfied simultaneously — the charge of the particle loses any effect on
kinematics.

Turning back to (3.30)) in general, it is obvious that the radial derivative of the effective
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potential at ro will be positive for [ = 0, § = 0. Therefore, the “admissible region” in the [
plane will be “behind” the hyperbola branch given by with . If the branches
are separated by one of the axes, critical particles must have a specific sign of one of the
parameters to possibly reach ry. Therefore, the difference among the a and b subcases of

1 and 2 is essential.

It is even more important to look at combinations of these subcases. There are two
generic possibilities, when one of the two BSW mechanisms prevails: the combination
1a2b, when only the sign of [ is restricted, corresponds to the “classical” centrifugal
mechanism of BSW effect (first described in [53] and generalised in [63]). On the other
hand, the variant 1b2a with a restriction on the sign of ¢ signifies the dominance of the

electrostatic analogy of the BSW effect (conceived in [66]).

However, in the w # 0,¢ # 0 case, another two (more unusual) combinations can
possibly occur. Scenario 1a2a means that the sign of neither [ nor q is restricted. In this
case, there will be critical particles with both signs of [ and with both signs of ¢ that
can approach ryg. Just one combination of signs of both parameters will be excluded. In
contrast, the possibility 1b2b would mean that signs of both [ and ¢ are restricted, i.e.
that only critical particles with just one combination of signs of [ and ¢ can approach 7.
Curiously enough, for the extremal Kerr-Newman solution (see below), of those two, only
the 1a2a case can occur. However, the 1b2b variant could possibly be realised in more

general black-hole models.

As the c cases represent transitions between different combinations described above,
the corresponding conditions (3.48) and (3.51)) have particular physical significance; it is
of primary interest, if these conditions can be satisfied for some black-hole solution and

for which values of its parameters.

Finally, let us note that the condition for critical particles can be used to define
a system of parallel lines (labeled by different values of €.,) in the 1§ planef_f] Apart from
the orientation of the hyperbola, it is also of interest to examine how the branch defined by
with intersects these critical energy lines and which critical energies belong

to the the admissible region.

4 Alternatively, one can also interpret (3.27) as an equation of a single plane in £l§ space.

33



3.4.4 Parametric solution

There are many possible parametrisations for branch(es) of a hyperbola. We will derive
a particular parametrisation of the hyperbola branch given by (3.36|) with (3.30), which
is simple and which can also be used to describe curves given by analogues of (3.36]) with

higher derivativesﬂ

Namely, let us make the following change of variables (assuming Ay|,_, 9=rjs T 0):

l=\ij, q Ay =A(H-1), (3.53)

— T
r=ro,9=3%

under which (3.36]) with (3.30)) becomes

~ ~2
dw~_ A L) [ )
o L= 1) = + N1+ =0. 54
o M+ A( )5+ +gw 0 (3.54)

r=ro,0=73

Expressing 7 as

A NA \/1+i—2 _x%+mw1+gﬂ—2
Jep _ pe (355)

A5 +824,) ANV Fo ’

r=rg,¥=7% r=rg,0=7%

il
I

and plugging back into (3.53)), we get parametric equations for [, ¢ as functions of A

32¢ - NAL 1t A % e
lZAaT NA, 1+gw B /\ +NA 1+gw (356)

524924, NNGer Faryt 7
7’:7‘0,19:% r:ro,ﬂzg
and
X@+N ]+ A M N 14+
§=— 2 9oe S — S . (3.57)
2484, NG Firyn)
r=ro,0=75 r=rg,0=75

5In order to match the formalism developed in Chapter [5|for energy extraction, the prescription (i3.53)
is slightly modified in the present text as compared to [113]. The variables ), 7 here are related to A, 7
in [I13] by A= =X Ayl 9w, 1= 1
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If Agl._,, g=rpy = 0, (3.36) with (3.30]) is just linear in G, so we can solve for it directly,

dw \ 2
— 59

or

(3.58)

SN
Il

Y
r=ro,0=3

3.4.5 Remarks on class II critical particles

One of the least studied aspects of the BSW-like phenomena is what happens when
relaxation time 7.y in (3.34) is infinite, i.e when the leading order of the expansion of
W in r — ry for a critical particle is the third one instead of the second. Comparing with

(3.35) and ([3.36]), we can make sure that this is the case for particles on the border of the

admissible region.

Let us note that in [69] (cf. Table I therein), Harada and Kimura propose a clas-
sification (for nonequatorial critical particles in the Kerr field) somewhat similar to our

discussion based on 9V/ar| . In particular, class I critical particles correspond to those

ro "
inside our admissible region, class II to those on the border and class III to the ones

outside of it.

For the class II critical particles the expansion of the radial equation of motion (3.11])

1 03w
6N"g,, Or’

This leads to the following approximate solution (which describes outgoing critical parti-

at ro turns to

Njw

= (r — 1) +o. (3.59)

S
Il
5le
.

r=rQ

cles for 7 — —o0 and ingoing ones for 7 — 00):

1 {24N°3,,
T =To —+ ﬁ oW
or3

¥ (3.60)

r=rg

This type of trajectory was previously considered in the equatorial geodesic case in [115]
(be aware of typographic errors in equation (91) therein). Because of their inverse power-
law behaviour, class II critical particles approach ro much more slowly than class I critical

particles with their exponential approach.
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3.4.6 The second derivative

In order for the critical particles to approach r = ry, their parameters ¢,/ must lie in
the admissible region. This region in the ¢l plane is delimited by the hyperbola branch
given by the requirement of zero first derivative of the effective potential V' at ry, which
corresponds to class II critical particles, as noted above. For class II critical particles the
second derivative of V' at r = r( clearly has to be negative in order for them to be able
to approach 1y (compare with ) There are, however, more subtle aspects.
First, for critical particles with parameters located almost at the border of the admissible
region, i.e. parameters corresponding to almost zero first derivative of V' at r = rg, the
second derivative of V' also determines the trend of the effective potential V' and the

admissibility of motion.

Furthermore, one should distinguish between the conditions suitable for “black hole
particle supercollider experiment”, where the motion towards » = ry should be allowed to
start from some radius well above rq (if not from infinity of the spacetime, like in [53]),
and a situation, when the allowed band outside 7y is tiny/®] If we do not make assumptions
about asymptotics of the effective potential V' (or of the spacetime itself), this distinction
also depends on the second derivative of V' at r = ry. There are multiple possibilities
inside the admissible region. If the first derivative of V' at r = ry is negative but very
small, whereas the second one is positive, V' will reach a minimum and start to increase
for some radii not much higher than ry. Thus, the motion of the corresponding critical
particle will be allowed only in a modest range of r. On the other hand, if both the first
and the second derivative of V' at r = ry are negative, they will not be outweighed by
higher Taylor orders until radii of multiples of 7y, so the motion can start well outside
of the black hole. (See the Kerr-Newman example below, cf. Figure [3.1]) The higher
derivatives can make a difference, even at radii very close to rg, only in the (uncommon)

case when both the first and the second derivative of V' at r = rq will be very small.

Focusing here on the second derivative of V' at r = r( for an extremal black hole (3.2)),

let us proceed analogously to what we described for the first derivative, namely, observing

6These other cases may be compatible with the particle starting to plunge after moving on a non-
geodesic trajectory due to viscous losses inside an accretion disc. Such a process was discussed by Harada
and Kimura in a slightly different context [114].
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O*N/or2 = 20N/or + (r — 10) °N/or2. The result is

2 2 2 N N [ —GA,)?
BV |y, 20 (0N N oa ¢1+u+
or — or or or Gy, Or G

(3.61)

N (0 dA 1
+—( o0 _ 96 (1 — GA,) “") :

Gop \ OF or 1+ (=344)"

e r=ro,0=%
Again, we will consider the condition
0%V
r=rQ

as a prescription of a curve in variables ¢ and [. First, one can deduce its asymptotes,

2¢ 1 AN _ N 990p v 9Ap
1= 2" o | (25 - %) Ao+ 2N (3.63)

Pw L (9N _ N 990
Oor? + N or Jop OF

r=rg,9=75

However, since (3.62)) leads to much more complicated curve than a branch of a hyperbola,
the asymptotes do not provide good information. (In fact, for the Kerr-Newman solution
it can be seen that in some cases the curve approaches the asymptotes very slowly and

that it may also cross them.)

Nevertheless, we can use change of variables (3.53)) to obtain a parametric solution in

the form

g1+ 2 208, [(288 - K20} 4, 4o 2] X

I — or? 9o or Gpp Or Gep (3 64)
02w 926 32 2N 704 '
(mfhp + F) I+~ o s
T=ro, -9
and
3% [1 4 A L 9dN N _ 1agw> A
q~ _ >\87“2 1 + G - 2 or + (2 or 9pp Or Gep (3 65)

Pu g4 028 [1 o N 2N j04, '
<87"2 A‘P + 8r2> 1+ Yoo 9o A or r=ro,0=1
Once more, when Ag| _ 9=, = 0 and (3.53) does not work, we can solve (3.62)) directly
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for ¢, obtaining

Pw / 2z ON ON _ N 9900\ 12
_ 87,2[ 1 + Gop +28r + (2 or Jop or > G (3 66)

20 [ B _ 2894,
Or? + Yoo G Or

=Y
Il

r=rg,0=73

The details of the behaviour of the curve (3.62)) are in general not quite simple, since the
curve can have two branches separated by a “third asymptote”. This is manifested by the
fact that denominators of (3.64]) and (3.65)) can go to zero for a finite value of parameter

A. One can verify that for real A the only such value can be

- A 204, + 53
Ao = |sgn 4 o2 ¢ O : (3.67)
87" ~2 (94 2 52w 926 2
T=T0, V=75

Taking the limit A — Ao of the ratio of ([3.64) and (3.65), we find the third asymptote to
rmro B2 Since the values of [ and ¢ given by (13.64) and (3.65]) for
A = 0 lie on this line, we see that the curve (3.62)) necessarily crosses this third asymptote.

be the line [ = ¢ A,|

In order for the branch separation to occur, Ao must be a real number. Therefore, if

it holds that

2 2 2
AN" (0A, 0%w 0%¢
— — | =A — >0 3.68
[gw (87“) (8T2 <’O+87’2) ’ ( )
r:m,ﬂz%
the curve (3.62)) will indeed have two branches, whereas for
~ 2 2 2
AN" [(0A, 0w D¢
— — | ==A — <0 3.69
Llsoso (87“) (87”2 <p+87“2 9oz ’ (3.69)
r=ro, V=35

there will be only one branch. Interestingly, in the marginal case,

W (A (e, | oY’
Gop \ OT or2""  or?

coincides with one of the asymptotes (3.63]).

=0 (3.70)

r=ro,0=7%

one can verify that the line [ = ¢ A,[,_ 4 .,

The formulae (3.64]) and (3.65)) can be decomposed into two contributions

H(2) = heg (V) + g (1) i(2) = Ges(1) + G (1) (3.71)



Here l.; and Gyeo are finite for A — 5\0, whereas lgng and ggng are given by expressions
(3.64) and (3.65)) with their numerators evaluated at Xo. One can show that lreg; Greg alone
form a parametric expression of a branch of a hyperbola with asymptotes (3.63)), whereas

lsing, Gsing Parametrise the line [ = G A,| e Unfortunately, the resulting expressions

r=rg,0=

are not so “practical” in general (see , but they become shorter for the Kerr-Newman
case (cf. (3.90)), (3.91), (3.92)), (3.93)).

Leaving aside the technical details, let us note that it is of interest to study the

intersections of curve (13.64]), (3.65)) with the border (3.56)), (3.57)) of the admissible region.

If there is a part of the border that lies inside the region where the second derivative of
V' at rq is positive, the cases described at the beginning of this section will arise. In the

figures in the next section, these “problematic” parts of the border will be plotted in red.

3.5 Results for the Kerr-Newman solution

For the Kerr-Newman solution (|1.1) with mass M, angular momentum aM (a > 0), and

charge (), the metric in the form (3.1]) reads

_ AY Lo A, a 2 2 X, 2
g=-=ar+ Lsin ﬂ[dgp—;(ZMr—Q)dt} + oAt Td, (3.72)

where
A=7r*—2Mr+a*+Q*, ¥ =r"+a’cos’¥, M:(r2+a2)2—Aa2sin219. (3.73)

In the extremal case, M? = Q*+a?and A= (r — M )2, so A plays the role of expression
(r —ro)” factored out in (3.2) with 7o = M. It is obvious that one of the parameters,
say M, constitutes just a scale; only ratios of the other two parameters with respect to it

imply properties of the solution. Thus, the extremal case is effectively a one-parameter

class (cf. (2.64)).

The electromagnetic potential for the Kerr-Newman solution (1.3)) reads

A= —% (dt — asin®ddyp) , (3.74)
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which implies the generalised electrostatic potential,

Qr . , 2
¢:y( +a?) . (3.75)

Substituting (3.72), (3.74) and (3.75)) into (3.16), we get the effective potential for

equatorial electrogeodesic motion (cf. [107])

1

V:%q

{(QMT — Q%) al +qQr (r*+a*) + r\/A (g + (Ir — GQa)’] } . (3.76)

where 7, stands for .« |19:n/2. It is interesting to note that in the extremal case, for

particles with special values of parameters

l—a, qz—szgw, (3.77)

it holds that V = 1.

3.5.1 The hyperbola

Critical particles with given values of ¢ and [ must have the energy defined by

al WQVQ+at (3.78)

- Q? + 2a? Q? + 2a?

gCI‘

Kinematic restrictions on their motion towards » = M are expressed by the branch of the
hyperbola defined by equation (3.36)) with (3.30)), which for the extremal Kerr-Newman

solution takes the form (when multiplied by common denominator (Q* + 2a2)2)

2
2l t a? — GQ° + /% + a2\/(Q2 +2a2) + (z\/cy a2 — gQa) —0. (3.79)
If we turn to the whole hyperbola in the form (3.37)), we get

(ay@Te+0?) (W@ - i0u)
Q@ +a®) (Q?+222)° (@ t2a2)° L. (3.80)
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In the form (3.45)), it reads

p 0@ L QMQ QM —ah) . Qa(3Q*+a)
(@+202)° 7 (@ +a) (@ +22)° T /Q@+a (Q2+ 202

=1. (3.81)

Equation (3.44]) for the asymptotes of the hyperbola reduces to

Q —Qtay@ra (3.82)

Q?*+a?> 2a++/Q?+a?

l=q

The parametric solution for (3.79)) given in general by (3.56) and (3.57) turns out to
be

Q7+ a\/(Q2 +2a2)% + X (Q2 + a?)

Q7 1 202 , (3.83)
5 V@* +a® 3 2 22 1 32 (02 2>
q_Q(Q2+2a2) 2/\a—|—\/(Q +2a?)" + X (Q*+a?)| . (3.84)
3.5.2 The second derivative
Regarding (3.61]), we find for the value of the second derivative of V' at r = M
oV L o020+ )i 20V@ @ (- )i
872 r=M (Q2 + 2a )
2
_ 2 2 2 | 2
4Q \/Q + 2a?) (l\/Q +a qQa) (3.85)
9 Q* +20Q%a* + §Qa (l\/Q2 +a? — QQa)
+ .
2 4 942)? 2
(@2 i v 20y + (1@~ d0)
One can check that for § = 0,/ = 0 this expression reduces to
2 2 2
8_12/ = —% , (3.86)
87“ r=M (Q2 + 2(12)
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so that the region of °V/a,2[ > 0 will lie “behind” the curve (3.62). The parametric
equations (3.64) and (3.65) for this curve become

| = 1 {a (Q' +2Q%?) +
Xa (Q2 + a?) + 622\/(622 +202)% + (@2 + a?) X

1 ~ - -
W [A (@'~ ) V(@ + 202 +(@ +a) X + (307 +20°) (@ + ) ﬂ } |
(3.87)
1
q=- ~2{624 +2Q%" +
3Qay/Q@F@ + (@2 4200+ (@ %))
b [ (2074 @) V(@ 4 200+ (@ + @) X 4207 (@24 ) X
Q? + 2a?
(3.88)
The value Ay, for which the denominators of ([3.87) and (3.88) vanish, is
R 2 21 9,2
=Y AR (3.80)
\/Qz + a2 \/a4 +a2Q? — Q*
Performing the decomposition (3.71]), we find that finite part of (3.87) is
1 -
Loy = 2142 (O — 40242 — 24%) X
@@ - ge - | T @ @A
(3.90)

+a (2Q + 2Q% + ) \/ (@%+2a%)* + (Q* + a?) f] ,

whereas for (3.88)) the finite part (C.14) goes over to

) —a(4Q1 +3Q%a*) ) + (21 +2Q%% + a") ) (Q? +22)° + (@2 + a) X’
b = VQ* 0 Q@ +2) (@' — QP — o) |

(3.91)
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The contributions (C.16) and (C.15) that blow up for A — o are given b

L = Qal@+a) (@7 + 20%) . (3.92)

@@ -dy (Q* + a?) + Q2\/(Q2 +2a2)* + (Q* + a?) X’
V@t (3.93)

gsing = lsing .
Qa

The curves (3.83)), (3.84) and (3.87)), (3.88) have two intersections. Naturally, one of
them coincides with (3.77). This corresponds to V' = 1, as we stated before; thus, all

the derivatives of V' at all radii will be zero for these values of ¢ and [. One can check

that the point (3.77) corresponds to A = 0 in (3.83), ([3.84) and (3.87), (3.88). The other

intersection lies at

2 2 2 1 2 _ 2
l:iM ’ q:_Q—a ’ (3‘94)
1Ql \/Q2 + a2 Ql @
and corresponds to
_ 2 2 2
o 4@t (3.95)

RV +a®
One can make sure that the second derivative of V' at »r = M is positive on a finite stretch
of the curve , , which lies in between these intersections. This part of the
curve (plotted in red in the corresponding figures) corresponds to class II critical particles
that cannnot approach r = M. For parameters on the rest of the border , ,

the approach of class II critical particles towards r = M is allowed.

3.5.3 Important special cases

Let us now examine kinematic restrictions coming from the equations above for some

specific cases of the extremal Kerr-Newman solution.

3.5.3.1 Extremal Kerr solution

The condition ((3.39)) for the hyperbola branch (3.79) to degenerate into straight line

corresponds to

Q  _
Q2+2a2 -

"Interestingly, all the resulting formulae work well even for the case when real \g does not exist (3.69)).
They are not defined in the marginal case (3.70)).

(3.96)
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for the extremal Kerr-Newman solution. We see that this can be satisfied only by setting
Q = 0, i.e. for the extremal Kerr solution. Regarding (3.81)), the conditions (3.51)) and
(3-52)) (case 2¢3) are also satisfied for () = 0, which we anticipated for a case without an

electromagnetic field.

Equation (3.79) is satisfied for {/m = !/a = 2/v3. Therefore, critical particles can
approach r = M for angular momenta {/m > 2/v3 in this case, which corresponds to
energies ., > 1/v3, as seen from ([3.78)). However, the expression ([3.85)) becomes

0?V l

| (3.97)

so the second derivative of V' at » = M will be positive for all those particles. Thus,
the bounded particles with {/m = 2/v3, i.e. class II critical particles, cannot approach
r = M in the extremal Kerr spacetime. Moreover, for particles with parameters close to

v = 2/y3, their motion will be allowed only for a short range of radii.

Let us yet note that the parameters {/m = 2/v3, ¢ = 1/v/3 mentioned above are those of
the marginally stable circular orbit in the extremal Kerr limit, as given in [45]. Further-
more, the other special circular orbits considered in [45], i.e. the marginally bound orbit
and the photon orbit (with ¢ — 0o,l — 2Me), also correspond to critical particles in the

extremal Kerr limit.

3.5.3.2 “Sixty-degree” black hole

Turning again to (3.81)), we find that condition (3.48) (case 1c) can be satisfied if and only
if 3a> = Q%. This corresponds to ¢/m = 1/2 and 1Ql/m = V3/2, respectively The special
alignment of the hyperbola branch (3.79) and the critical energy lines in the admissible

region in this case can be seen in Figure |3.2

In order to explore the significance of the sign of 32V/ar2|r0, we plotted V for several
particles on the “border” (with 9V/ar[, ) in Figure . With 9°V/a,2| < 0, even the

bounded particle shown (with ¢ = 0.5) has a reasonable allowed band.

81f we express the parameters of the extremal Kerr-Newman black hole by a “mixing angle” defined
by a = M cosykn, Q@ = M sinykn (cf. (2.64)), ¢/m = 1/2 corresponds to its value of sixty degrees, hence
the name for this case.
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Figure 3.1: Effective potential V' for several particles with 9V/8T|T:m = 0 moving around
the extremal Kerr-Newman black hole with ¢/m = 1/2. For 2/3 < ¢ < 2/v3 (in red), the
effect of the positive second derivative of V' at rq is clearly visible.

3.5.3.3 “Golden” black hole

Apart from the degenerate Kerr case, condition (3.51]) (case 2c¢) will be also satisfied if
Q* — Q%® — a* = 0, as follows from (3.81)). This equation has one positive root, which
corresponds to @/a> = (V5+1)/2. This is the “golden ratio” numberﬂ Since the golden
ratio plus one equals the golden ratio squared, we get M/a = (V5+1)/2 and M*/q2 = (V5+1) /2,
And, by definition, one over the golden ratio is the golden ratio minus one, so it holds
that, e.g. ¢/u = (V5-1)/a. The plot of the hyperbola branch in this case can be
seen in Figure

Curiously enough, the condition also corresponds to Q* — Q%a® — a* = 0, as
seen from (3.89). Thus, for ¢/ar > (V5-1)/2 there will be two branches of the curve ([3.87),
. However, it turns out that only one of the branches will intersect the admissible
region. This follows from the fact that one of the intersections with its border, curve
, lies at A = 0 and the position in A (cf. (3.95))) of the other has always the opposite
sign compared to g (see (3.89)), where the branch cut occurs.

9F. H. thanks Miguel Coelho Ferreira for kindly pointing this out.
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Figure 3.2: Case 1c2a: Kinematic restrictions for critical particles in the case of the
extremal Kerr-Newman black hole with ¢/m = 1/2. The hyperbola branch forms a border
between the critical particles that can approach r = M and those that cannot. In the
admissible region the lines of constant critical energy are plotted. We considered ) > 0;
the figure for () < 0 can be obtained by the inversion ¢ — —¢. Note that one of the
asymptotes coincides with the [ axis.
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Figure 3.3: Case la2c: Kinematic restrictions for critical particles in the case of the
extremal Kerr-Newman black hole with a/a = (v5-1)/2 (golden black hole). The hyperbola
branch forms a border between the critical particles that can approach r = M and those
that cannot. In the admissible region the lines of constant critical energy are plotted. We
considered () > 0; the figure for () < 0 can be obtained by the inversion § — —¢. Note
that one of the asymptotes coincides with the ¢ axis.
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We have exhausted all cases when conditions (3.48|) and (3.51)) can be satisfied. Now

let us look at the signs of the coefficients multiplying I and ¢* terms in on the
intervals delimited by these special cases. For ¢/ar > (V5-1)/2 = 0.618, the coefficient of
[? is positive and the coefficient of ¢* is negative (case 1a2b). Thus, the critical particles
need to be corotating in order to approach r = M, but they can have both signs of charge
(or be uncharged). The “centrifugal mechanism” prevails in this interval. On the other
hand, for ¢/ < 1/2 the coefficient of [* is negative and the coefficient of ¢* is positive
(case 1b2a). Therefore, critical particles can be radially moving, counterrotating, or
corotating, but they must have the same sign of charge as the black hole. In particular,
they cannot be uncharged (cf. [65]). Thus, in this interval the “electrostatic mechanism”
prevails. However, for (vV5-1)/a > a/m > 1/2, both coefficients are positive (case 1a2a,
so inequalities and hold simultaneously). In this interval one can choose
between the mechanisms; the critical particles need to either be corotating or have the

same sign of charge as the black hole in order to approach r» = M.

3.5.3.4 Extremal Reissner-Nordstrom solution

Again, in addition to the Kerr case, condition (3.52)) (case 3) can also be satisfied for
a =0, as we see from (3.81]). As this case of the extremal Reissner-Nordstrém black hole
is non-rotating, particle kinematics cannot depend on the change [ — —[. This is reflected

in the symmetry of the hyperbola branch (3.79) with respect to ¢ axis, see Figure .

Since A, = 0 for a = 0, one should use solution ([3.58) for the hyperbola branch (3.79),

which reads

q= %x/QQ + 12, (3.98)

and the solution (3.66)) for (3.62f), which becomes

2[2 + Q2

RN

These curves touch at [ = 0, = sgn(@. Let us note that radial critical particles were

(3.99)

previously studied by Zaslavskii in [66].
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Figure 3.4: Case 1b2a3: Kinematic restrictions for critical particles in the case of the
extremal Reissner-Nordstrom black hole (a = 0). The hyperbola branch forms a border
between the critical particles that can approach r = M and those that cannot. In the
admissible region the lines of constant critical energy are plotted. We considered ) > 0;
the figure for () < 0 can be obtained by the inversion § -+ —¢. Note the symmetry with
respect to the ¢ axis.
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3.5.4 Energy considerations

As mentioned above, it is also of interest to study the intersections of the hyperbola branch
with critical energy lines. Since the Kerr-Newman solution is asymptotically flat,
we focus on energy line with €., = 1, which corresponds to critical particles coming from
rest at infinity. Solving for intersections of for e, = 1 with , we find that one
is at the point , where V' =1 (all radial derivatives vanish for these parameters),

and the other one occurs for

- a% , i— —VC’Q;;”LQ (Q? - 2a?) . (3.100)

Both intersections coincide for a = 0, when they reduce to [ = 0, ¢ = sgn () and lie on the ¢
axis. Apart from this case, both intersections occur for positive [, so critical particles with
£ar < 1 must be always corotating for a # 0. Only the second intersection can lie on the [
axis, which happens for Q? = 2a®. This condition corresponds to ¢/m = 1/v3,1Ql/m = \/2_ )
Thus, we reproduced the result of [64] that uncharged critical particles with e, = 1 cannot
approach r = M for an extremal Kerr-Newman black hole with ¢/m < 1/y3. The hyperbola
branch for this case is plotted in Figure . For () — 0, the expressions
and break down, because for the ) = 0 (Kerr) case there is no dependence of
the particle kinematics on ¢. In that case both and reduce just to (non-
intersecting) lines of constant [.

Another interesting question is to find the “energy vertex” of the hyperbola branch,
i.e. what is the minimal value of the critical energy on curve . One finds that it lies
at the point , with the corresponding critical energy being

Q|

Ear = : (3.101)
/QQ + CL2
This vertex energy will always be smaller than 1, except for the a = 0 (Reissner-

Nordstrém) case, when the vertex coincides with the intersections with the ., = 1 line
((3.77) and (3.100)) and lies on the ¢ axis. The vertex can cross the [ axis, which occurs
if @* = a®. That corresponds to ¢/m = 1Ql/a = 1/v3 (see Figure [3.6).

Let us note that although the expressions break down for () — 0, the corre-
sponding critical energy is regular. However, it does not have the correct limit for

@ — 0, since it goes to zero, whereas the lowest energy required for critical particles in

70



Figure 3.5: Case la2a: Kinematic restrictions for critical particles in the case of the
extremal Kerr-Newman black hole with ¢/m = 1/\3. The hyperbola branch forms a border
between the critical particles that can approach r = M and those that cannot. In the
admissible region the lines of constant critical energy are plotted. We considered ) > 0;
the figure for () < 0 can be obtained by the inversion § — —g. Note that the ¢, = 1
intersects with the border at the [ axis.
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Figure 3.6: Case 1la2b: Kinematic restrictions for critical particles in the case of the
extremal Kerr-Newman black hole with ¢/u = 1/v2. The hyperbola branch forms a border
between the critical particles that can approach r = M and those that cannot. In the
admissible region the lines of constant critical energy are plotted. We considered @) > 0;
the figure for () < 0 can be obtained by the inversion § — —q¢.
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the extremal Kerr solution in order to approach » = M is 1/v3, as noted above. This is an
example of a “discontinuous” behaviour of the kinematic restrictions in the limit () — 0;

it has further manifestations that we discuss below.

3.5.5 The mega-BSW phenomena

If @ is small but nonzero, however tiny it may be, one can still maintain the magnitude
of electrostatic force carried to a particular test particle if it has accordingly high ¢. This
can be related to the divergent behaviour that we noticed in the expressions for positions
of special points (all of them corresponding to ., < 1) , and in the
lq plane. These features still occur regardless of how small the charge @) is, but at higher
and higher values of §. We can see that in all these cases it holds that |I| = |Qq| if we
consider @) very small (|| < M). However, the divergences in the expressions are of
different orders, which has interesting consequences.

Though the position of the intersection in [ approaches a constant for () — 0
and just the position in ¢ diverges, for the other two points even the position in [ diverges
for Q — 0. Thus, for very small (), we can have charged critical particles that have
o < 1, yet posses enormous values of angular momentum, and which still can approach
r = M (hence the mega-BSW effect). Such a thing is not possible in either the |Q| ~ a
or () = 0 regimes.

To examine this effect in more detail, let us assume that there is some value Gpa > 1
that acts as an upper bound for specific charge of the particles, |G| < ¢max. Then we can
find a value Qmin of black hole’s specific charge Q = Q/m such that for )Q‘ > Qmin some
of the special points ((3.77)), (3.94), or (3.100])) will fit in the interval [—@max, Gmax)- The

@ — 0 behaviour will be parametrised by ¢m.x — o0 asymptotics. Furthermore, we can
define [, such that the position of a selected special point (, , or )
will be |[| = M Zmax for ‘Q’ = Qmin. Since Qmin will be small, we can use approximations
and then observe the asymptotics for the three special points, which are summarised in
Table B.11

These asymptotics tell us how small is the value of (), for which we can still fit one
of the special points into the bounded range of values of charge ¢, and how large angular
momentum [ the particles corresponding to this point can have for that value of Q).

This effect can also be relevant for considering BSW-type effects as an edge case
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Table 3.1: The mega-BSW effect illustrated (see text for details).

Point Qmin Imax
BTN | (Guoax) 1

B | (Guw) ? | (Guwd)?
BI00) | 25 (Gma) 5 | 25 (Ginae)?

for possible astrophysical particle collision processes. Let us again stress that there are
calculations, first using Wald’s approximate (test-field) solution [I0] and later an exact
Ernst-Wild solution [25], showing that a black hole can maintain a small, non-zero charge
in the presence of an external magnetic field. Furthermore, considering elementary parti-
cles, an electron gives us Gmax > 10%°. However, the practical viability of the generalised
BSW effect is in any case put in question by the unlikely existence of extremal black holes,
the validity of the test-particle approximation and complications with energy extraction
(cf. the Introduction). A more detailed assessment of such problems in the present setup

(and a partial resolution of some of them) is given in [5.6]

3.6 Summary

We have studied the kinematics of critical particles moving around axially symmetric
stationary extremal black holes, focusing on the case when both rotation and electromag-
netic interaction are present. In the discussion, we used the minimum energy V' (equation
(3.16])), which is an analogy of a classical potential. Whether a critical particle can ap-
proach the position of the degenerate horizon or not depends heavily on properties of the
black hole as well as on the parameters of the particle. If we treat the black hole as fixed,
we can visualise the restrictions in the space of the parameters | and § (specific axial
angular momentum and charge) of the particle.

To do so, we derived expressions for curves 8V/87“|T0 = 0, see , , and
32V/ar2\m =0, cf. , , in this parameter space. The first is just a branch of a
hyperbola, whereas the second is technically complicated and can split into two branches.
These curves divide the parameter space into different regions. Critical particles with
parameters in the 9V/or| =< 0 part (the admissible region) can approach ry. However,
the interval of r for which the motion is allowed may be short, if they fall into the part,

where 9°V/o,2| > 0.
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We then studied the dependence of the restrictions on the properties of the black
hole. The relevant question is how many quadrants of the /¢ plane are intersected by the
hyperbola branch (forming the border of the admissible region). As the admissible region
is “behind” the hyperbola branch, it lies in the same quadrants as its border. In general
cases it passes through two quadrants. In the case that we denoted as 1a2b, critical
particles must have a specific sign of angular momentum in order to approach r = ry, but
can have either sign of charge. Specially, they can be uncharged, but cannot move purely
radially. This means the dominance of the centrifugal type of generalised BSW effect. On
the other hand, in case 1b2a the particles must have a specific sign of charge to approach
r = rp, but they can have either sign of angular momentum. This corresponds to the

electrostatic type of generalised BSW effect.

Furthermore, we found that two mixed cases are also possible. In case la2a, the
hyperbola branch passes through three quadrants, so that the signs of the charge and
angular momentum of the critical particles are not restricted in order to approach r = ry.
Just one combination of the signs is forbidden. In contrast, in case 1b2b, the signs of both
charge and angular momentum of the critical particle approaching r = r( are restricted.
We denoted the special limiting cases between a and b as ¢ (see also Table . Another
special situation is case 3, when the border (and therefore the whole admissible region)
has the symmetry with respect to one of the inversions | — —[ or ¢ — —¢. The hyperbola
branch may also degenerate into a straight line. We noted that this naturally happens

for a vacuum black hole, together with conditions 2c¢3.

We applied and illustrated the general discussion summarised above on the one-
parameter class of extremal Kerr-Newman solutions. From the mixed cases, only 1a2a is
realised in this class. Apart from general kinematic restrictions (embodied in the position
of the hyperbola branch enclosing the whole admissible region), we also investigated a
subset of critical particles with energies corresponding to coming from rest at infinity or
lower, ., < 1, i.e. marginally bound and bound particles. We found that for ¢/m > 1/v3
these particles can have either sign of charge, but must be corotating to approach r = M,
whereas for ¢/ < 1/v/3 they must be both corotating and have the same sign of the
charge as the black hole in order to approach r = M. The restrictions for particles with
€ < 1 are thus more stringent. The main results for restrictions on the parameters of

critical particles in order to approach r = M for extremal Kerr-Newman black holes are
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summarised in Table [3.2]M]

As a last point, we discussed unusual behaviour in the () — 0 limit, when one can
maintain the magnitude of electrostatic force by considering very large |G|. We found
that for very small @), critical particles with ., < 1 can have enormous values not only
of specific charge, but also of angular momentum, and still be able to approach r = M.
This is not possible for the cases Q = 0 or () ~ a. We discussed that this mega-BSW
effect could have some significance in astrophysics because black holes can maintain a

small charge due to interaction with external fields (see Section [1.2| and [10}, 25]).

For convenience, apart from the ratios o/m,|Ql/m, we used also the Kerr-Newman mixing angle
(Q = M sinykn,a = M cosykn, cf. (2.64)) to parametrise the class.
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Chapter 4

Particle collisions along the axis of
symmetry: kinematic restrictions

and energy extraction

4.1 Outline and summary

An effect of electrostatic origin analogous to the BSW effect is possible for radially moving
charged particles in the extremal Reissner-Nordstrom spacetime [66], as we have discussed
in the Introduction. For this effect it turned out that, in the test particle approximation,
there is no bound on the mass and the energy of an escaping particle produced in the
collision [80]. This is in sharp contrast to the original “centrifugal” BSW effect, where
unconditional bounds exist [72] (cf. also [71], [73]).

There are two natural ways of generalisation of this effect to more realistic black
holes with a smaller charge than in the extremal Reissner-Nordstrom case. First, one can
include effects of angular momentum of the particles and of the dragging from the rotation
of the black hole and study overlapping and transition between the electrostatic and the
centrifugal BSW-type effect. Concerning only the approach phase of the process, we have
analysed this way of generalisation in detail in Chapter [3] On the other hand, one can
keep the restriction to “purely radial” motion, which is possible in any axially symmetric
spacetime for particles moving along the axis of symmetry. In the present chapter, we
study this case and show that the interesting results for the extremal Reissner-Nordstrom

black hole can be replicated even in models closer to astrophysical situations.
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The chapter is organised as follows. In Section [4.2] we review the basic features of
electrogeodesic motion along the axis of symmetry of a general stationary axially symmet-
ric black-hole spacetime, including the local definition of the critical particles. We review
why they cannot approach the horizon for subextremal black holes and how they cause
the divergent behaviour of the centre-of-mass energy in the limit of the collision point
approaching the horizon radius. In we recall that the trajectory of a critical particle
is approximated by an exponential relaxation towards the horizon radius. Because of this,
any collision event involving a critical particle must always happen at a radius greater
than the horizon radius. Therefore it makes sense to consider also particles that behave
approximately as critical at a given collision radius (so-called nearly critical particles). We
also recall that doubly fine-tuned critical particles with infinite relaxation time exhibit an
inverse power-law behaviour and thus approach the horizon radius much more slowly, as

we have previously shown in

In Section we study restrictions on the values of energy and charge of critical
particles in order for them to be able to approach the radius of the degenerate horizon. Our
discussion is based, similarly to Chapter |3 on derivatives of a certain effective potential.
In Appendix we show how this approach can be rigorously related to the expansion
coefficients of the radial equation of motion (including the relaxation time). In we
give particular results for the extremal Kerr-Newman spacetime, which show that for
small values of the black hole charge the critical particles must be highly relativistic in

order to be able to approach the horizon radius.

In Section we deal with the energy extraction. First, we briefly review how to
rearrange the conservation laws to prove that, for a 2 — 2 process, a collision of a critical
particle with an incoming “usual” (i.e. not fine-tuned) particle necessarily leads to the
production of a nearly critical particle and an incoming usual particle. Then we study
whether the produced nearly critical particle can escape and extract energy. We find that
there are two threshold values, one for mass and one for energy. If the nearly critical
particle is produced below/above the mass threshold, it is initially outgoing/incoming.
Below the energy threshold the particle must be produced with such a value of charge
that the corresponding critical energy will be lower than the actual energy, whereas above
the threshold the critical energy corresponding to the charge is above the actual energy.

These results qualitatively agree with the special case [80]. Here we focus on comparing
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the BSW-type process (collision with an incoming critical particle) and the Schnittman
process (collision with an outgoing, reflected critical particle). For instance, a particle
that is initially incoming with energy above the critical energy will fall into a black hole.
Therefore, a particle that is produced with mass above the threshold must have the energy
also above the respective threshold in order to avoid this. In we show that this may
not be generally possible by considering a toy model of interactions of microscopic particles
(cf. the “neutral mass” problem). However, this problem occurs only for the BSW-type
kinematics. Thus, the Schnittman variant again fares better. The problem is actually
related to other two caveats for microscopic particles spotted earlier [80, 8I]. As the
energy of (nearly) critical particles is proportional to their charge, the (nearly) critical
microscopic particles need to be highly relativistic (i.e. the “energy feeding” problem),
and also the produced particle must have a higher charge than the initial one, which limits
the efficiency. Finally, we show that the energy feeding problem for microscopic particles
may be reduced by six orders of magnitude if we go from the maximal value of the black
hole charge for the Reissner-Nordstrom solution to some minimal value required for the
processes to be possible. Despite this, the critical microscopic particles would still have
to be highly relativistic, which is in sharp contrast to the behaviour for a small black hole

charge (“mega-BSW effect”) seen for the equatorial electrogeodesic case in m

4.2 Motion and collisions of test particles along the

axis
Let us again start from a general axially symmetric stationary metric (2.18) in the form
g=—N?dt* + g, (dp — wdt)® + g,, dr® + ggg d* . (4.1)

The metric components g,,, grr, g9v and functions N,w are independent of ¢ and ¢; the
metric is suitable to describe an equilibrium state of a black hole. We consider also an

electromagnetic field with potential in the form

A=Adt+ A,dy (4.2)
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with A;, A, independent of ¢ and . We assume that the outer black-hole horizon (where
N = 0) corresponds to r = r;. For extremal black holes, we denote the position of their

degenerate horizon by r = ry.

4.2.1 Equations of motion and effective potential

Let us consider the motion of charged test particles along the axis of symmetry. The
(semi)axis forms a two-dimensional submanifold. We can use two integrals of motion
therein, which are related to the Killing vector 8/a: and to the normalisation of the
momentum. The axial motion is thus fully integrable. The first-order equations of motion

for a particle with rest mass m and charge ¢ read

E+qA, , 1 2
pt = T s p =0 Nzgrr |:<E + th) — m2N2i| . (43)

Here F has the interpretation of the energy of the particle and ¢ = +1 distinguishes the
outward /inward radial motion.

The motion can be forbidden in some intervals of r due to the presence of the square
root in the expression for p"; we require (p’”)2 > 0. Let us assume that the product N?2g,,
(which is equal to the volume element at the axis) is finite and non-vanishing at the axis,
even for N — 0. For photons, we put m = ¢ = 0, and their kinematics is thus described
by only one parameter F. Their motion is allowed for any E # 0. In order to have p' > 0,
we restrict to &2 > 0.

On the other hand, the kinematics of massive particles is characterised by two param-

eters ¢ = E/m and ¢ = 9/m (specific energy and specific charge). Denoting
W = (e 4 GA)* — N? | (4.4)

the condition for the motion to be allowed can be stated as W > 0. Furthermore,
since N? > 0 outside of the black hole, we can (analogously to (3.15)) prescribe the
decomposition of W,

W=(E-V,)(e-V), (4.5)

in terms of V. that read

Vi=—GA, + N . (4.6)
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In order for W to be non-negative, it must hold either ¢ > V, or ¢ < V_. However, only
the first variant is consistent with p* > 0. Thus, we define V = V, and consider only
e > V as the condition for the motion to be allowed. ¢ = V' is the condition for a turning

point.

4.2.2 Critical particles and collision energy

Conditions (p”)2 > 0 and p' > 0 noted above have further implications. Particles with
E + gA' > 0 (A denotes A; at r;) can fall into the black hole. For photons, this is
the sole option as they have £ > 0, ¢ = 0. Thus, unlike in the equatorial case (see
e.g. [72],[74]), photons along the axis are not so interesting. Turning to massive, charged
particles, there is also a possibility for € + gA! < 0, which corresponds to particles that
cannot get close to the black hole, so it is also uninteresting for a generalised BSW effect.
However, we can consider massive, charged particles with ¢ + GAT = 0. These are on
the verge between the previous cases, and hence they are usually called critical particles/T]
(To complement, particles that are not critical are called usual in the literature.) Critical
particles appear to have a turning point at the horizon radius, as seen e.g. through the
fact that their specific energy, ¢, is equal to the value of the effective potential at the
horizon (cf. also (3.27))

e = —q Ay, = V| (4.7)

r=r4 r=r4 °

Nevertheless, their trajectories actually do not reach a turning point, which we discuss in
the next section. Why are the critical particles interesting for collision processes close to

the horizon?

The formula for centre-of-mass collision energy reads (see e.g. [57] for more details)

By = m? + i — 2gspyptly w9

1Some authors (see e.g. [53]) define the critical particles in a different way, such that they are on
the brink of being able to reach the black hole from infinity. In the present thesis, we follow the local
definiton (cf. [63]), which is more general. Both notions become compatible for extremal, asymptotically
flat black hole spacetimes.

83



Plugging in the equations of axial motion (4.3)), we get

(B + 1) (Ey + @2 Ar)
N2 B

EZy = mi +m3+2
(4.9)

2
— J1Cf2ﬁ (B + Q1At)2 - m%NQ\/(EQ + Q2At) —m3N? .

In order to consider the N — 0 limit (i.e. the collision point arbitrarily close to the horizon
radius) in the case of a collision involving a critical particle, we examine the expansion of

W around 7, with £ + GA! = 0:

(r—ry)’+... (4.10)

T=r4

(r—ry)+

(12 % 2 182( )
or 2 Or?

The first radial derivative of N2 at the horizon is proportional to surface gravity of the

T=ry4

horizon and is non-negative. Let us first consider a generic, subextremal black hole (with
non-zero surface gravity). We see from that for some r sufficiently close to r,,
expression W will become negative due to the linear term and, therefore, critical particles
cannot approach r, for subextremal black holes (note that W appears under the square
root in , cf. . In order to consider collisions with (precisely) critical particles
arbitrarily close to the horizon radius, we thus have to turn to extremal black holes (see
e.g. [62, 63, 113] for more detailed analysis). Then we can use N2 = (r — ry)*> N2, where
N? can be (at least formally) defined as

10" (N e
- Z 87"" (r—r)" % . (4.11)

Evaluating (4.9) for a collision of a critical particle 1 and a usual particle 2, we find that

the leading order behavior in the r — ry limit is

9 Es+ A, | 0A, 0A,\ > P
E2 .~ 2 == —m2N . 4.12
CM r—ro NQ q1 87’ q: ql 87” ml ( )

r=rg,9=0

The = sign corresponds to o109 = +1. However, for the usual particle one should consider
only o9 = —1 (cf. [79] for detailed reasoning). With this restriction, the F sign means just
= F1. The scenario with incoming particle 1 (upper sign, oy = —1) was first described

by Banados, Silk and West for the extremal Kerr case in [53] and was generalised to
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charged particles in [66]. The collision process with an outgoing critical particle (o7 = +1)
was introduced by Schnittman [74] in a numerical study focused again on uncharged
particles in the extremal Kerr spacetime. (Analytical treatment of the Schnittman process

was considered e.g. in [75, [76].)

4.2.3 Motion towards ry, nearly critical particles and class II

critical particles

We have seen that for critical particles the centre-of-mass collision energy with an usual
particle diverges in the limit » — ry. However, the energy attainable in such a thought
experiment is always finite, although unbounded, because critical particles are not able
to reach ry in a finite proper time. To demonstrate this, let us expand the equation of

radial motion (4.3)) near the radius of the degenerate horizon,

rood 1 0w
P8 o (r ) —— +.. (4.13)
m dr ON G, or e
We denoted (cf. (2.19))
_ _ N°g,
G = —5— . (4.14)

Then the approximate solution valid for late proper times is an exponential “relaxation”

towards rg

Tiro[l—i-exp(— ~ ):|+ (4.15)

Trelax
I 1 W
Trelax 2N2§M 87“2

Note that this result has the same form that follows from (3.34) for charged critical

(4.16)

r=rQ

particles moving in the equatorial plane. The agreement is due to the fact that in both
cases we can write
j_: s % | (4.17)
(Here W is given by in the equatorial case and by in the axial case.)
Since no critical particle can ever reach r¢, the collision with another particle can only

happen at some radius r¢ > 9. Because of this, the difference between usual and critical
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particles gets blurred. Indeed, a usual particle with energy very close to the critical energy

will effectively behave as a critical particle at some radius r¢ close to ry provided that
rc
~l—==1]. 4.18
(fe-1) (4.18)

Nearly critical particles with € < ¢, cannot fall into the black hole, and they have a

Such particles are called nearly critical.

turning point at some radius smaller than r¢. Thus, it makes sense to consider also the
outgoing nearly critical particles. Furthermore, if the turning point is much closer to r

than the desired collision point r¢ or, more precisely, if

0< <1—i) < (T—C—1> , (4.19)
Eer To

such outgoing nearly critical particles effectively behave as precisely critical at r¢. This
is the motivation behind including outgoing critical particles in the Schnittman process.

Let us recall that the relaxation time Tigax I can turn out to be infinite, and
then the leading order of the expansion of W in r — ry for a critical particle is the third
one instead of the second. The critical particles with this property are called the “class
I1” critical particles by Harada and Kimura [69] (“class I” standing for the generic critical
particles with finite Tieax). Since the equation takes the same form (in terms of
appropriate W) for both equatorial and axial motion, the general results for class IT critical

particles presented in are relevant also for the present discussion.

4.3 Kinematic restrictions

4.3.1 General formulae for critical particles

Critical particles can, in principle, approach the horizon radius only for extremal black
holes. Whether their motion towards rg is really allowed will depend on their values of
charge ¢ as well as on the properties of a particular extremal black hole spacetime.

One way to figure out the conditions for the approach to be allowed is to look at the
expansions of the radial equation of motion. For class I critical particles the relaxation
time Tyelax i must be a real number, and for class II critical particles the square
root on the right-hand side of must also be real.
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The other way is to consider the € > V condition, similarly as we did in [3.4.1| and
3.4.3] Let us recall that the energy e, of a critical particle is equal to the value of V' at
To . Therefore, if the effective potential V' grows for r > ry, we will get e, < V/, and
the motion of the critical particle towards r( is forbidden. Thus, to see whether a critical
particle can approach ry, we need to check whether the first radial derivative of V' at r
is negative. Furthermore, we should also look at the second derivative of V' at r¢, since it

will determine the trend of V, if the first one is zero (cf. [3.4.6)).

However, both approaches are equivalent. For critical particles with p* > 0, it can be

shown (see Appendix [C.1.2)) that

O*W
or?

= —sgho- . (4.20)

sgn

r=rg r=rg

An analogous statement (cf. (C.10))) can be made for class II critical particles, and for
our present setup, it actually holds that

A2
o (V)
r=rg,9=0 or

Let us proceed with the analysis based on V. For an extremal black hole, it is possible

BPW
ors

(4.21)

r=ro,9=0

to write down an arbitrary (n-th) order derivative of V' with respect to r as follows:

oV oA,  O"IN "N

= —q - . 4.22
orm 4 orm o orn—1 +(r=7o) orm ( )

At rg, this simplifies to
v oA, "IN
= | —¢ 4.2

orm | ( 4 orm o orn—1 ) (4.23)

r=ro r=rg,9=0

It is possible to solve for the value of ¢, for which this expression becomes zero, and
evaluate also the corresponding energy of the critical particle using (4.7)). In particular,

for n =1, we get

_ N
an = 3z,
or

: (4.24)

r=rg,9=0

and R
NA,;
=T A
or

(4.25)

r=rg,9=0
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If we denote

: (4.26)

N4,

r=rg,9=0
and assume « > 0 (this corresponds to a plausible choice of gauge constant for A;), we
can state that class I critical particles are allowed to approach ry, whenever ae > 1. For

class II critical particles, it holds ae = 1. Plugging (4.24]) into (4.23) with n = 2, we

obtain A B
i 24 9R
_87“2 = (—N 04, + 25> (4.27)
r=To or r=rg,9=0

Class II critical particles are allowed to approach 7y if this expression is, for a given

spacetime, negative.

Let us note that for a particle of any kind moving at a radius r¢ close to rg, the

expansion of V' to linear order can be expressed as
V =¢eo + Ny (1 —aee)(rc—10) + ... (4.28)

Here £.,(q) is given by (4.7)); if e (¢) > 1, the linear coefficient is negative. However, for
particles that behave as nearly critical around r¢, their actual energy ¢ is by definition
(4.18) close to the critical one. Therefore, we can use ae > 1 also as a condition for the

existence of escape trajectories of nearly critical particles (unless ae is very close to 1),

which is discussed in [4.4.2]

4.3.2 Results for the Kerr-Newman solution

Let us again consider the Kerr-Newman solution (|1.1) with mass M, angular momentum

aM (convention a > 0), and charge @), with the metric in the form (4.1)), i.e.

LAY, A, a 9 2 X, 9
g_—%dt+Esm19[dgo—ﬂ(2Mr—Q)dt} +Sartra,  (429)
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where

A=r*=2Mr+a*+Q*,
Y =7r*+a*cos’? (4.30)
o = (P +d%)° - Ad®sin 0 .

In the extremal case M? = (Q®4-a?, so A has a double root at 7y = M. The electromagnetic

potential is
Qr

A:
b))

(dt — asin® 9 dy) . (4.31)

The effective potential for axial electrogeodesic motion (as given in (4.7) in [116]) reads

GQr A
Vet e (4.32)

Let us note that for a = 0, Q> = M? and § = sgn Q we get V = 1.

Particles moving along the axis of an extremal Kerr-Newman black hole are critical if

their specific energy and charge are related by

_QvQ+at (4.33)

6Cr -
Q? + 2a?

In general, the first radial derivative of V' at the degenerate horizon is

ov Q3 1
- =—q + . 4.34
ol @2 V@ 3
It becomes zero for particles with the specific charge given by
3
- (@ 4207
qin = T s (435)
and if these particles are critical, their specific energy is
1 2 1 02) (02 L 242
EHE_:\/(Q +a)(Q+ a). (436)
a Q?

Class I critical particles are allowed to approach r = M, whenever ac > 1. For class II

critical particles ae = 1. Let us note that a < 1 for any () and a. Therefore the condition
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ac > 1 implies € > 1 (i.e. £ > m). No bound critical particles can approach r = M
along the axis of the extremal Kerr-Newman spacetimeE] Furthermore, we can see that
a ~ Q% Thus, for Q very small, only highly relativistic critical particles (¢ > 1) can
approach r = M along the axis[’

The second derivative of V at r = M 1is

82_V _ s QP —2a° 2P+
2| ., 20QV @ +a (Q? + 2a2)° Q2+ 2a2)% : (4.37)

Inserting (4.35)), or evaluating (4.27)), we get

eVl Adyta (4.38)
ol Q2@+ 242 |

This quantity is negative for a # 0, and it blows up for (Q — 0. Thus, class II critical
particles are allowed to approach r = M along the axis, except for the cases of the extremal
Kerr solution (where there are no critical particles moving along the axis whatsoever) and

of the extremal Reissner-Nordstrom solution (where V' becomes constant for ae = 1).

4.4 Energy extraction

4.4.1 Application of conservation laws

Let us now explore, in a simple setup, the possibility of energy extraction from black holes
either by a BSW-type process occurring between particles moving along the axis, or by
its Schnittman variant. We shall consider a scenario in which a (nearly) critical particle
1 collides with an incoming usual particle 2 close to the horizon radius 7, they interact,

and two new particles, 3 and 4, are produced. We impose the conservation of charge,

Q1 +q2=Gq3+qa, (4.39)

2This differs from the equatorial case; see , in particular (3.101).
3Similarly, looking at the boundary value for charge gi; (4.35]), we see that only critical particles with

|G| > 1 can approach r = M. And due to Q3 dependence in (4.35)), for |Q| < M, only critical particles
with |¢| > & > 1 can approach r = M.
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and the conservation of (both components of) momentum at the point of collision. The

time component gives us the conservation of energy
E1 —|— EQ = E3 + E4 . (440)

In order to make the best use of the conservation of radial momentum, we shall note
that for usual particles near the horizon, the following combination of the momentum

components cancels up to the first order in r — ry:
N2pt — oN /g ~ (r — 1), (4.41)
whereas with the opposite sign
N?p' + oN\/grp" =2 (E + qA]") + ... (4.42)

contributes to the zeroth order. In contrast, for the critical particles, or particles that
behave as nearly critical around a desired collision radius r¢, both expressions are of the

first order in rq — 1o,

N?*p' £ N\/gmp" ~ (rc —10) . (4.43)

To account consistently (at each order) for the effect of a particle labeled ¢, which is not

precisely critical, yet nearly critical, we define a formal expansion:
Ecr — Ez = C(ivl) (’I"C — ’T‘Q) + C(i,Z) (TC — T0)2 + e (444)

Now, let us sum the conservation laws for the time and radial components of the

momenta as follows:
N? (p{yy + Play) + NV (1) + Play) = N? (Dls) + Play) + Nv/Grr (D) + Day) - (4.45)

Considering expansion of this formula in r¢ — r¢ and using (4.41)),(4.42)) and (4.43), we

reach a conclusion (analogously to [72, 80]) that collision between a (nearly) critical
particle 1 and an incoming (03 = —1) usual particle 2 at a radius r¢ close to ry must

necessarily lead to the production of an incoming| usual particle, to be denoted 4, and a

4See also [79] for a more detailed discussion on why it is impossible to produce outgoing usual particles

91



nearly critical particle, which we will label as 3.

Then, the leading (first) order of (#.45), divided by Ny, implies

/ ~ ~ \2
OéEl + 04 CEQE% — m% = OéEg - Cg + Ug\/(OzEg — Cg) — m% . (446)

Here again 0; = —1 corresponds to the BSW-type process, whereas o0, = +1 to the

Schnittman variant (and o3 = +1 to outgoing/incoming particle 3). Above we introduced

Cis

Cy= —
3 N

: (4.47)

and, for simplification, we chose the particle 1 precisely critical (F; = E;, and hence
Cy = 0), which means that we are using the approximation (4.19) for the Schnittman
process.

All the information about the spacetime coming into (4.46)) is carried by the parameter

« (defined in (4.26)). Furthermore, if we denote the whole left-hand side of (4.46) as a

Al = aF) +o\/a?E? —m? | (4.48)

this parameter will express all the dependence on the properties of particle 1. Since we

new parameterﬂ

assumed p’ > 0 and particle 1 cannot be massless, we can make sure that A; > 0.
Because we absorbed the difference between the BSW-type process and the Schnittman

variant into the definition of the parameter A;, the discussion of kinematic regimes in the

next section is the same for both. However, if we consider a particular model process, a

significant distinction may appear, as we discuss in [4.4.3]

4.4.2 Kinematic regimes

Equation (4.46)) enables us to determine whether and under which circumstances particle
3 can escape and extract energy from a black hole. Particle 4 necessarily falls into the
black hole, which is the essence of a Penrose process. Let us note that particle 3 can

actually be produced in four different kinematic regimes, depending on the combination

near the horizon.

5In order to keep the same letter for this quantity (introduced in [72] for the vacuum case, and followed
e.g. by [73, [80]), we use a different font to distinguish it from the components of the electromagnetic
potential.
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of the sign of C5 and the sign variable 5. Following the classification in [80], we will refer
to the regimes with C5 > 0 as “+7, C3 < 0 as “—”, 03 = +1 as “OUT” and 03 = —1 as
C(IN”.

We analyse the different kinematic regimes from several points of view. First, we
should understand which combinations are compatible with particle 3 escaping from the
vicinity of the black hole (see Figure for illustration). For simplicity, let us assume a
situation when effective potential V' for particle 3 is well approximated by a linear function

around r¢ (i.e. that aes is not very close to 1).

By definition, C3 > 0 implies €3 < e¢r, and hence 5 < V (forbidden motion) at the
horizon. Therefore, a particle produced with C; > 0 cannot fall into the black hole,
and even if it is initially incoming, it must reach a turning point and turn to outgoing.
Moreover, since it must hold that e3 > V at the radius r¢ where the particle is produced,
for such a particle the effective potential V' must be decreasing at ry (i.e. agz > 1). Thus,
we see that in kinematic regimes OUT+ and IN+ the local escape condition is satisfied

automatically.

On the other hand, particle 3 with C; < 0 will have €5 > V both at the horizon and
at the point where it is produced (and also in between these points due to the assumption
of V' being well approximated by a linear function). Thus, if a particle 3 with Csy <0
is not produced as outgoing, it will fall into the black hole. Furthermore, if the effective
potential V' is growing at ry, i.e. acg < 1, particle 3 will have a turning point at some
radius greater than r¢ and it will not be able to escape even if it is produced as outgoing.
Therefore, in the IN— regime the escape is impossible and for OUT— it depends on the
trend of the effective potential V. (These findings are summarised in Table |4.1])

Second, we should determine to what ranges of parameters of particle 3 do the different
kinematic regimes correspond. Then we can infer, whether the impossibility of escape in
the IN— regime leads to some bounds on parameters of the escaping particles, and more
specifically, whether it does limit the efficiency of the collisional Penrose process, which

is defined as
Es

== 4.49
El _|_E|2 ( )

n
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Table 4.1: The four kinematic regimes for production of particle 3.

o3 =+1 o3 =—1
OUT+ IN-+
Cs>0| my<A, Ey>p ms > A, B3 > p
Guaranteed to escape Guaranteed to escape
OouT- IN—
C5 <0 mg < A1, B3 < p mg > Ai, B3 < p
Escapes if a3 > m3 | Falls inside the black hole

Solving (4.46)) to express Cs and o3, we get

~ 1 m3
m2
o3 = sgn (A1 - A—3) =sgn(A; —ms) . (4.51)
1

From the second equation we see that the value of parameter A; forms a threshold for
mg. If the interaction produces particle 3 with a mass above the threshold, the particle

must be incoming, if its mass is below the threshold, it must be outgoing.

Turning to parameter C5 note that the solution (@.50)) satisfies the inequality

03 < OéEg — ms . (452)

Therefore, if C5 > 0, we must have aes > 1, as we anticipated because particles with

£ < g¢ can be produced only if effective potential V' is decreasing at 9. (In general,

one can see from (4.28)), (4.44) and (4.47) that (4.52)) is actually the linear order of the

expansion in r¢ — ry of the condition € > V)

Let us denote the value of E3 for which 6’3 =0 as u:

1 m3

This quantity again represents a threshold. If particle 3 is produced with F3 > u, it must
have such a value of charge that FE..(q3) > F3; if E5 < p, it must hold that F..(¢3) < Ej.

(Here E(q3) = msea(qs); cf. (4.7).)
A summary of the results about the four kinematic regimes is given in Table [4.1] Let

us note that these results resemble those for the special case of the Reissner-Nordstrom
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solution studied in [80]. In particular, there is still no unconditional upper bound on
the energy or mass of particle 3, in contrast with the geodesic (equatorial) case [72 [73].
(Such a possibility is often called the super-Penrose process.) However, the impossibility of
escape in the IN— regime means that whenever particle 3 is produced with the mass above
the threshold Ay, its energy also must be above the threshold p (which therefore acts as a
lower bound on FEj in this case). Conversely, whenever particle 3 is produced with F3 < p,
it must also have mg < Aj;, otherwise it falls into the black hole. These requirements may
not be compatible with the properties of a particular type of interaction that is responsible
for producing particle 3. This is the third aspect of the kinematic regimes that needs to
be examined. In we consider a toy model, where this limitation gets highlighted
(the “neutral mass” problem).

Before carrying out this discussion, let us further note one interesting property of the

OUT— regime. Condition m3 < A; (OUT) implies
ap < A (4.54)

due to (4.53)). From definition (4.48)), we can derive an upper bound on A;. For the
BSW-type process (07 = —1), we get A; < aFE;, whereas for the Schnittman variant
(01 = 1), it is Ay < 2aE;. Combining with (4.54]), we get p < FE; for the BSW-type

“_»

effect and p < 2F; for the Schnittman one. Using also the condition F5 < pu, we get
E; < Ey and F3 < 2E), respectively. Therefore, we see that E3 can never exceed E; in
the OUT — regime for the BSW-type process (preventing net energy extraction), whereas

for the Schnittman variant E3 > F is possible in this regime.

4.4.3 Discussion of caveats
4.4.3.1 Energy feeding problem

High efficiency 7 of the collisional Penrose process means by definition that we can
gain much more energy than we invest. However, despite a high value of n the process
may be “inefficient” if the invested energy itself needs to be high in order for the process
to occur. We call this the “energy feeding” problem. There are two different sources of
this problem for particles moving along the axis. One of them was already mentioned in

the discussion below equation (4.36]): for the extremal Kerr-Newman spacetime with a
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small value of charge (|Q| < M), only highly relativistic critical particles can approach
r = M along the axis. This does not depend on the nature of the particles.

In contrast, the second source of the energy feeding problem comes into play only
if we consider specifically processes involving microscopic particles that exhibit charge
quantisation. For all those particles (known in nature) their specific charge |§| > 1.
However, the specific energy of (nearly) critical particles is proportional to their specific
charge (approximately) through relation (4.7)), or, in particular, by relation for Kerr-
Newman black holes. Therefore, such microscopic particles need to be highly relativistic
(¢ > 1,1i.e. E > m) in order to be (nearly) critical. Since the elementary charge is just
one order of magnitude short of the Planck mass, they would actually have to be extremely
relativistic. This issue was previously noted in [81], and it led the authors to introduce
macroscopic objects acting as critical particles, which would make ¢ ~ 1 possible (note

e > 1 due to (4.36))).

4.4.3.2 Neutral mass problem

Although energy extraction by processes involving critical microscopic particles is already
unfeasible due to the severe energy feeding problem, there are even further restrictions
due to particle physics. Since the energy of a (nearly) critical particle is proportional to
its charge, we need |g3| > |¢1| in order to have E5 > F;. For microscopic particles, this
means that we need to turn to interactions involving atomic nuclei. (Let us note that
such processes would actually not benefit from high Ecy due to a relatively low binding
energy of nuclei, but here we focus on kinematic aspects.) One of the further problems
was noted previously in [80]; stable nuclei have values of charge in a range that spans
just two orders of magnitude. Thus, F3 cannot exceed F; by more than a factor of 102
However, the problems become much deeper, if we focus specifically on the BSW-type
mechanism. The mass of stable nuclei generally increases faster than their charge due to
an increasing share of neutrons (hence “neutral mass”). Thus, for our model process with

q3 > q1 > 0 and mg > my, it will also be more common than the opposite to havelﬂ

2

m m
BT T (4.55)

q1 my mi

Inequality (4.55) could be the “rule of thumb” even for macroscopic particles, as it is harder to hold
together larger amounts of charge.
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Now we should check whether this inequality is consistent with particle 3 escaping. The
problem again stems from the fact that critical microscopic particles are to be immensely

relativistic. (At this point we exclude the possibility @ < M, i. e. a < 1, which is
revisited in [4.4.3.3])

Namely, for F; > m; and 01 = —1 parameter A; (4.48) will be very small; it can be

approximated as
2

m
A= — .. 4.56
! 2OJE1 * ( )
Given this, parameter p (4.53)) gets large, and it is approximated as
m3

1

Since certainly A; < m; and we assumed m; < mg, it will hold that m3 > A;. Thus, our
nuclear reaction will occur in the IN regime. Condition F5 > p, which is required for the

escape of particle 3 in this regime (cf. Table [4.1)), due to (4.57) means

E 2
=0 (4.58)

2

As both energies are (approximately) proportional to the respective charges by the same

factor, this translates to the relation

2
L (4.59)
@1 My

However, this is the inequality opposite to . Therefore, we conclude that in our
“common nuclear process”, particle 3 will be produced in the IN— regime (F3 < u) and it
will fall into the black hole. Condition can be satisfied, e.g. with specific reactions
with g3 > ¢1 > 0, m3 < my, which are in principle also possible. Nevertheless, we see that

there is a strong limitation on the BSW-type processes with microscopic particles.

However, if we turn to the Schnittman-type kinematics, the neutral mass problem is

circumvented. In particular, for F; > m; and o0; = +1, parameter A; is large, namely
A~ 2aF) + ... (4.60)

Hence we infer m3 < A; and particle 3 to be produced in the OUT regime. Parameter p
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will be large again, but this time dominated by the other term than before, i.e.
p~FE + .. (4.61)

Since we assumed ¢3 > ¢; > 0, and hence F3 > FEi, particle 3 will be produced in the

OUT+ regime and will indeed escape.

4.4.3.3 Specific charge cutoff

The problems arising from the fact that critical microscopic particles have to be immensely
relativistic can be reduced for the extremal Kerr-Newman solution if we consider () very
small (|| < M). However, we cannot decrease the required energy arbitrarily, because
we run into the other source of the energy feeding problem, which is the proportionality
a ~ @?. Specific charges for all nuclei are roughly the same (of the same order), say Guuel-
Because of the critical condition , all critical nuclei will also have values of specific
energy of the same order. Thus, there will be a distinct transition.

Let us first consider a general value of §. Using we can define a value Qo of
the specific charge of the black hole Q = Q/m, such that for Qsgn§ < Quin all the critical
particles with the given value of § would be forbidden to approach » = M. Using
or we can also evaluate a corresponding specific energy e,,;,. We obtain

) 2 GE \/7
min — ) Emin — ——= 1 + 3, 462
Q NG I (4.62)

1+q]

[N

However, for critical nuclei with g, > 1, we can use approximate expressions

wlo

\/5 (Cjnucl)

~

Quin = == min 5

(4.63)

Since o is around 5-10'7, we get Qumin of order 107 and e, around 5-10'!. Therefore,
for extremal Kerr-Newman black holes with Q = Quin, the energy feeding problem for
microscopic particles is reduced by six orders of magnitude as compared with the extremal
Reissner-Nordstrom case (where €., = Gnue). Nevertheless, e, > 1 in any case. Thus, we
can never have non-relativistic critical microscopic particles approaching » = M along the
axis of an extremal Kerr-Newman black hole. This is very different from the “mega-BSW”

effect described in Section for equatorial charged critical particles.
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Chapter 5

Particle collisions in the equatorial

plane: energy extraction

5.1 Outline and summary

In Chapter 3|, we generalised the BSW effect for charged particles moving in the equatiorial
plane of an extremal rotating electrovacuum black hole. Now we shall examine the pos-
sibilities of energy extraction through this kind of process, including also the Schnittman
variant.

In the following, we use the leading-order approximation of momentum conservation
law (unlike in Chapter [3) where we studied derivatives of the effective potential of both
first and second order). This allows us to use a simplified, robust formalism, which is
introduced in Section In Section [5.3], we revisit the kinematic restrictions on motion
of critical particles studied in Chapter 3, and we calculate precise bounds on the values of
angular momentum and charge in the admissible region in the parameter space of critical
particles.

We proceed to the energy extraction in Section [5.4, We review the different kinematic
regimes, in which nearly critical particle 3 can be produced. Section [5.4.2] contains the
main results. We identify the regions in parameter space of nearly critical particles cor-
responding to the different kinematic regimes and we determine bounds on parameters of
particle 3 in those regimes, which allow it to escape. It turns out that there is no upper
bound on the energy of escaping particle 3 in general. In addition, we show that several

new possibilities open due to the larger dimensionality of the parameter space. In[5.4.3]
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we discuss how to recover the special limiting cases, in particular how the bounds on

extracted energy appear for geodesic (uncharged) particles and for vacuum spacetimes.

We illustrate these results on the example of extremal Kerr-Newman black holes in
Section 5.5 and in Section we discuss limitations of the results. Although the energy
feeding problem for microscopic partciles is also an issue, similarly to the axial case [120],
we show that in equatorial case there are multiple ways to mitigate it, most of which do

still allow significant energy extraction (cf. Table .

5.2 Motion and collisions of charged test particles
We shall consider a general stationary, axially symmetric spacetime with metric
g=—N?dt*+ g,, (dp — wdt)? 4 g, dr? + ggy dv? (5.1)

as a model of an isolated black hole (cf. (2.18)). Here N? is the lapse function and w is
the dragging potential.

Let us further assume that our spacetime contains a Maxwell field that obeys the same
symmetry as the metric , which is manifested by the following choice of gauge for its

potential:

A=Adt+Aydp = —¢dt + A, (dp — wdt) . (5.2)

The component ¢ is called the generalised electrostatic potential.

5.2.1 General equations of equatorial motion

Let us now consider motion of electrogeodesic test particles (i.e. particles influenced solely
by Lorentz force) with rest mass m and charge ¢ = gm in the spacetime . Because of
the two symmetries that we assumed, there exist two quantities that are conserved during
the electrogeodesic motion, as we explained in Section [3.2] They can be interpreted as

energy F and axial angular momentum 7L,:

E=—p, —qA;, L, =p,+q4, . (5.3)
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We also assume that the metric and the electromagnetic field are symmetric with
respect to reflections ¥ — 1 — ¢/. Then we can consider motion confined to the invariant
hypersurface ¢ = ©/2, called equatorial “plane”. (For equatorial particles, L, is the the
total angular momentum, hence we can drop the subscript; L = L,.)

If we define two auxiliary functions A and Z,

(L — qA(p)Q

Yoo

X=FE—-wL-—q¢, Z=,X2=N2|m?+

, (5.4)

we can write the contravariant components of the particle’s momentum in a compact form

X wX L—qA . oZ
pt:m, p¢:N2+ £ D :N . (5.5)
e v Yrr

The parameter 0 = +1 determines the direction of the radial motion. In order for the
motion to be allowed, the quantity Z has to be real.
Outside of the black hole, where N2 > 0, the condition Z2 > 0 can be equivalentlyﬂ

stated as

Eq >N\/m2+(L_—qA‘”)2. (5.6)

Yoo

It can be seen that there are two disjoint realms of allowed motion, one with X > 0 and
the other with X < 0. (They “touch” for N — 0, where X — 0 becomes possible.)
However, to preserve causality, we need to enforce p' > 0, and thus we restrict to the

X > 0 variant. Then the requirement for the motion to be allowed becomes

L —qA,)?
X>N\/m2+(g—q”>. (5.7)
oo
The equality
L —qA,)?
X = N\/m2 + <g—q“") (5.8)
0

is the condition for a turning point.
The number of relevant parameters can be reduced depending on whether the particle
in question is massive or massless. Kinematics of massive particles is determined by three

parameters: specific energy ¢ = E/m, specific angular momentum [ = L/m and specific

1We assumed g,, > 0, and also that the product N,/g,, > 0 is finite and non-vanishing even for
N — 0.
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charge ¢ = 9/m. On the other hand, for photons we put m = 0 and ¢ = 0, and thus their
kinematics is characterised by just one parameter b = L/, called the impact parameter.
Based on this distinction, additional features of the motion like the existence of (circu-
lar) orbits can be deduced. Effective potentials are frequently employed, both for massive
particles (cf. Section and references therein) and for photons (see e.g. [I17-I19] for

various uses).

5.2.2 Near-horizon expansions and (nearly) critical particles

We wish to study collisions of particles near the black hole horizon, where N — 0. Let
us denote the values of various quantities on the (outer) black hole horizon by subscript
or superscript H; e.g. wy is the value of w on the black hole horizon. (As we consider
solely equatorial motion, all quantities in the following are understood to be evaluated at
¥ = /2, which will not be marked explicitly for brevity. For example, by Ag we mean the
value of A, on the horizon at ¥ = 7/2.)

Focusing on the vicinity of the horizon allows us to use expansions and approximations.
We are interested in extremal black holes, which we emphasise by labeling the radius
of their degenerate horizon as ry. Let us invoke symbols @, ¢ for first-order expansion
coefficients of the dragging potential and of the generalised electrostatic potential (cf.

@2-33))

Ow

)
or r—ro

- 99
é= 5 (5.9)

0=

r=rg

For extremal black holes, we can also decompose the lapse function as N% = (r — 7’0)2 N 2,

which leads, in particular, to
-2 1 0?N?
Ny =-
H™ 9 or2

(5.10)

r=rg
Finally, let us introduce a new set of “constants of motion” Xy, x, A useful to describe the

kinematics of particles close to r9. They are defined (in terms of F, L, q) as followsﬂ

Xy =F —wgl —qoy , r=—-0L—qo, )\Epg:L—qu. (5.11)

2In the present text, parameter \ is defined in a slightly different way than in [113]. The formulae
given here can be recast into the convention used in [I13] by putting A — fm)\Ag. Let us also note that

in Chapter [3| we used A, which is related to X in the present chapter by A = mA.
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Two of the new parameters are expansion coefficients of the forwardness function X
X=Xu+azxz(r—ro)+... (5.12)
Parameters F, L, q can be expressed in terms of the new ones through inverse relations

<WH§g - ‘DﬁbH) A+ x A} I PN — zAY WA+

FE =Xy + ~ = - 5.13
" b+ oAl (5.13)

J

~ ~ ’ q - ~
¢ +wAl ¢ +wAl

All of them contain the same expression in the denominator, hence, it is clear that a

problem occurs when it vanishes, i.e.

o+ DAL =0. (5.14)
Indeed, in such a case x and A become proportional to each other (x = —®\), and thus

the variables Xy, z, A no longer span the whole parameter space. When this degeneracy
happens, we can use Xy, \,q as our alternative set of parameters. Then the inverse

relations to express E, L become
E = Xy + wgh — gA! L=X\+qA} . (5.15)

Let us also note that the condition is equivalent to equation (3.43)), as we have
shown in B.4.3]

The behaviour of particles close to the horizon radius ro depends significantly on the
value of Ay. For particles with Ay < 0, the condition is necessarily violated near

the horizon, and thus they can not get arbitrarily close to ry.

5.2.2.1 Usual (subcritical) particles

On the other hand, particles with Xy > 0 are bound to fall into the black hole if they
move inwards and get near the horizon. In our discussion, we will refer to those particles
as usual. Let us emphasise that we will not consider outgoing usual particles in the
vicinity of rg, since it has been shown that such particles can not be produced in (generic)

near-horizon collisions (cf. [79])F]

3Considering an astrophysical setup, we exclude the “white hole” region, from which outgoing usual
particles could naturally emerge.
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For usual particles moving close to 7y, the function Z can be expanded in terms of N?

(and, consequently, of X') as follows:

(5.16)

N2 (L —qA,)?
ZX — CRNI Sl 7
5 [m +

op

5.2.2.2 Critical particles

We can also consider particles with Ay = 0, which are called critical. They are fine-tuned
to be on the verge between not being able to reach the horizon and falling into the black
holeﬁ By definition , condition Xy = 0 can be understood also as a constraint for
parameters F, L, q:

E —wyL — qpu =0. (5.17)

The expansion of Z around r( looks rather different for critical particles

) - A2

Z:\/xZ_Nf{ (m2_|_T> (r—ro)+ ... (5.18)
Yo

Let us emphasise that with Xy = 0 the causality condition p! > 0 necessarily implies

x> 0.

It can be shown that critical particles cannot approach the horizon unless the black
hole is extremal (see e.g. [63, [113] for discussion). Harada and Kimura [69] distinguished
several subtypes of critical particles, out of which we consider chiefly so-called class I
critical particles. The approximate trajectory of incoming class I critical particles near r
has the form r = ry [1 + exp(~7/neax)]|, Where 7 is the proper time and Tye.x is a positive

constant (cf. in particular (3.34), and also|4.2.3|and (4.16))). Since critical particles

of any type can never reach ry, any collisional process involving them will thus happen
at some radius r¢ > rg. Therefore, it makes sense to consider particles that behave

approximately as critical at a given radius.

4Let us again note that in the present thesis we use the local notion of critical particles. For asymp-
totically flat spacetimes, it is also possible to define the critical particles globally, such that they are on
the edge of being able to approach the horizon from infinity (cf. [53]).
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5.2.2.3 Nearly critical particles

A particle will behave approximately as critical at a radius r¢, if the zeroth order in the
expansion of X" is of comparable magnitude as the first one. To quantify this, let us define

a formal expansion (note the conventional minus sign)
XH = —C(l) (TC - To) - C(g) (TC - 7‘0)2 + ... (5.19)

The higher-order coefficients are needed for consistency of expansion of momentum con-
servation law. However, here we are interested only in the first order, and so we put
C = Cp.

For nearly critical particles, the expansion evaluated at rc can be recast as
follows:

X=(@x—-C)(r¢—ro)+... (5.20)

Analogously, the expansion of Z reads for them

Zi\ﬂx—Cf—Né(m”+%;)Wc—m%h” (5.21)

PP

Nearly critical particles with C' > 0 cannot fall into the black hole and they must
have a turning point at some radius smaller than r¢. Therefore, it makes sense to study
collisional processes near the horizon involving also outgoing nearly critical particles.
Furthermore, for particles with

z>C>0, (5.22)

we can neglect C' and treat them as precisely critical around r¢. Thus, we can consider

outgoing critical particles, too.

5.2.2.4 Class II (nearly) critical particles

There exist values of parameters of (nearly) critical particles, for which the leading order
coefficient in the expansion (5.18) (or (5.21)) vanishes. The new leading order then

becomes

Nlw

Z ~ (re —ro) (5.23)

or higher. Such (nearly) critical particles are called class II.
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Kinematics of class II critical particles (cf. [3.4.5| and |3.4.6)) represents an interesting

theoretical issue, which, however, involves technical complications (see Appendix [C.2)).
Moreover, since class II critical particles require fine-tuning of not just one, but two
parameters, they are much less important for practical considerations. Thus, to simplify

the matter, we will mostly omit details regarding class II critical particles in the following.

5.2.3 BSW effect and its Schnittman variant

We have seen that in the near-horizon region of an extremal black hole, two distinct types
of motion do coexist. Whereas usual particles with Ay > 0 cross ¢ and fall into the black
hole, critical particles with Xy = 0 can only approach ry asymptotically. This leads to
divergent relative velocity between the two types of motion.

Hence, for near-horizon collisions between critical and usual particles, the collision

energy scalar (cf. Section [3.3]for a derivation)

will be dominated by the scalar-product term. In particular, if we label the critical particle

as 1 and the usual one as 2, the leading order contribution is

XH 2 . A2
©p

Ny
A process with incoming critical particle (o3 = —1) is called BSW-type after Banados, Silk

and West [53], whereas the one with reflected (nearly) critical particle (o7 = +1) is called
Schnittman-type [74]. (Note that the usual particle is always incoming, i.e. oo = —1. We
used the approximation (5.22)) for the Schnittman process.)

5.3 Approach phase

Critical particles are the key ingredient of certain high-energy collisional processes in
extremal black hole spacetimes. Nevertheless, parameters of critical particles that can act
in such processes are restricted, since the requirement (5.7) must be fulfilled all the way

from the point of inception to the point of collision.
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5.3.1 Admissible region in the parameter space

Let us disregard the concern about where the critical particle originated and focus instead
on the point of collision at radius r¢. Since we want r¢ very close to rg, the minimum
requirement is that there must be some neighborhood of ry, where condition (5.7) is

satisfied. Using linear approximation in r — rg, we get

- A2
\ 9op

Conversely, for parameters satisfying the inequality opposite to ((5.26]), condition (5.7)) will

be violated in some neighborhood of ry. The equality

- A2
x = Nuy |m? + =, (5.27)
Yep

corresponds to the breakdown of the linear approximation of (5.7). Comparing with
(5.18), we see that (5.27) also implies the critical particles to be class II. Higher-order

expansion terms are needed to decide, whether motion of class II critical particles is

allowed close to rqy (cf. and [3.4.6)).

Now, let us consider physical interpretation of the “admissible region” of parameters,
which is defined by (5.26). In particular, we would like to distinguish different variants
of the collisional processes corresponding to the previously known limiting cases. For
extremal vacuum black holes, only critical particles corotating with the black hole can
participate in the high-energy collisions, whereas for the non-rotating extremal black
holes, the critical particles need to have the same sign of charge as the black hole. In
order to identify counterparts of these limiting variants, which we will call “centrifugal
mechanism” and “electrostatic mechanism”, we need to assess how to define the direction
in which a (charged) particle orbits.

The momentum component p,, determines the direction of motion in ¢ with respect to
a locally non-rotating observer (cf. [45]). For uncharged particles, p, = L is constant, and

thus the distinction is universal and unambiguousﬂ Nevertheless, for charged particles p,

®Note that p? is not proportional to p, in general, and thus the direction of orbiting with respect to
a locally non-rotating observer is not straightforwardly related to properties of particle’s trajectory. A
prominent example is the ergoregion, where it holds sgn p? = sgnw. Hence trajectories with constant ¢
are not possible in the ergoregion, although sign of p,, is unrestricted therein.
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depends on 7 through the gA, term. Therefore, we essentially need to compare values of
p, at some reference radius. A straightforward choice would be to use A = pg. However,
it is clear from that one can find points with any value of A in the admissible region
(whereas values of z in the admissible region are bounded from below by = > Nym).
Apart from the degenerate case , no kinematic restriction on A is thus possible.
Hence, basing the definition of the centrifugal mechanism on A would lead to a trivial
result.

What is the justification to use L instead? We shall consider a region of our spacetime,
where the influence of the dragging and of the magnetic field is insignificant, for example
a far zone of an asymptotically flat spacetime. More precisely, let us consider a region
where w, A, are negligible, and thus p, = p¥g,, = L. Then it readily follows that in such
a region particles with L = 0 move along trajectories of (approximately) constant ¢ and,
conversely, particles with different signs of L orbit in different directions therein. Hence,
we can say that L uniquely distinguishes the direction of motion in ¢ of a particle before
it came under the influence of the dragging and of the magnetic field near the black hole.

We conclude that we need to view the admissible region through parameters L,q
for physical interpretation. Similarly to let us focus on the equation of
the “border” of the admissible region. Substituting for x, A in from definition
does not generally lead to a single-valued functional dependence between ¢, L. We
circumvent this issue by plugging the condition into relations , which yields

parametric expressions for the borderﬂ

GA + Nygy/m? + 3 52
d 5.28

- ¢+ oAl
I\ N AH o2 0 A2
L B Qb)\ NHA¢; m* + gg{ﬁ (5 29)
B ¢+ @Al '
(wH& — C:ngH) A —+ NHA%{ m2 -+ %
E = — v (5.30)
¢+ wAy

In |3.4.3| we identified different variants, like the centrifugal and electrostatic mechanism,
by studying restrictions on signs of parameters L, q in the admissible region. Here we

revisit these results and complement and deepen them by determining the precise bounds

6Since we are dealing with critical particles, the three expressions are not independent.
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on L,q (and E).

5.3.1.1 Bounds on parameters

Bounds on values of ¢, L and E in the admissible region will appear as extrema of ex-

pressions (5.28)-(5.30) with respect to A\. Starting with (5.28), we find that a stationary

point can occur at the following value of A:

A=-—m ~29Ww (5.31)
Ny — gl @

Due to the square root in the denominator, we need to distinguish three possibilities.
Case 1a: If (5.31)) is imaginary, (5.28) will take all real values, and hence there is no

bound on g.

Case 1b: If (5.31)) is real, it will correspond to an extremum of ((5.28) with value

m [ ~2 ~
©

and to the following values of the other parameters on the border:

L=———r H; ek (5.33)
¢ + (JJA(,D NH o gg@aJQ

-2
NuAj' = o, <WH¢ - W¢H>

E=-" . i (5.34)

(b + (.UAQO NH _ ggwaﬂ
Looking at |A\| — oo behaviour of ([5.28)), one can deduce when

¢+wAl <0, (5.35)

then (5.32) will be a lower bound, whereas if the opposite inequality is satisfied,
will be an upper bound.

Case 1c: If the expression under the square root in is zero (and is thus
an invalid expression), the values of charge in the admissible region will be bounded by

gr = 0. However, ¢ = 0 can not be attained for any finite value of other parameters on

the border.
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Turning to (5.29)), we find that a value of A for a candidate stationary point is

gl sgn Al
\/ Ny, (A1)? 2

Again, there are three possible cases.

(5.36)

Case 2a: If (5.36]) is imaginary, there is no bound on L in the admissible region.

Case 2b: If (5.36)) is real, it will correspond to an extremum of (5.29) with value

msgn AT

~2

and to the following values of the other parameters:

msgn Al NQAH + gw@gg

i—— (5.38)
oAl
¢+ \/N Amy? _ gn g?
AB N ABAR 1 g8 3 (016 — G
_ meen A, T id < ) . (5.39)

o -
Al N (-
From the |A| — oo behaviour of (5.29), we can infer that (5.37)) is a lower bound, if

~—i”H <0. (5.40)
¢+ wAj

When the opposite inequality is satisfied, (5.37) is an upper bound.

Case 2c: If (5.36]) is undefined, values of L in the admissible region will be bounded
by L;, = 0, and this vale can not be reached for a finite value of other parameters on the

border.

Combining the possibilities together, we can conclude that cases 1a2b and 1a2c cor-
respond to the centrifugal mechanism, whereas variants 1b2a and 1c2a correspond to
the electrostatic mechanism. Case 1a2a signifies the coexistence of both. (Note that the
combination of signs of L, g leading to < 0 is excluded in any case.) The other possible

combinations, i.e. 1b2b and 1c2c, do not correspond to any simpler limiting cases.

Let us now finish the discussion of bounds on parameters by looking at a possible

112



stationary point of (5.30). The corresponding value of \,

\ Jo (WHQ; — @¢H> sgn Afl

N A7 — g8, (o6~ 20n)”

: (5.41)

can be adjusted using the available gauge freedom, unlike in the previous cases. Therefore,
we can choose A to be real. Furthermore, it turns out that we can also choose the

corresponding stationary point of (5.30) to be a minimum. Its value is

’_msgnA%{\/d 02 on T 2
Epnin = —gg oA Ny (A7) — g8, (qub w¢H> ; (5.42)

whereas the values of the other parameters on the border implied by (/5.41)) are

Vi — 9 (wno - Gon)
q:_msgnA? NyAp = gppw (wnd — Won | (5.43)

PHEAL IR A7 — g, (n — )

V2 AHAH | H 7 i
AH NgdyAg +g ¢<WH¢—W¢H>
;o msgnd t o T Jpp ' (5.44)

— T -
vre ”\/N?{(A?)z—gf}q, <WH¢—JJ¢H)2

5.3.1.2 Gauge conditions

What are the requirements in order to have a lower bound on £ in the admissible region
and is it aways possible to make them satisfied simultaneously? First, we have to impose

the condition

Ny (AM)? — gi (quB - @¢H>2 >0 (5.45)

to make ([5.41)) real. By checking the |A\| — oo behaviour of (5.30]), we can see that we

must also require
A
— >0 (5.46)
¢+ 0AY
in order for (5.42) to be a lower bound. Next, one can observe that combinations Al =
—pg — wHAg and ngz; — oy are linearly independent (except for the degenerate case
when ([5.14]) holds, which has to be treated separately anyway). Therefore, there is always
a way to choose values of ¢y and wy that make any of the conditions (5.45)) and (5.46)

satisfied (or violated).
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5.3.1.3 Additional remarks

Above, we have identified points on the border of the admissible region where a minimal
or maximal value of one of the parameters ¢, L, F is reached. Values of all the parameters
at such points are proportional to the particle’s mass. This illustrates the fact that only
a reduced set of parameters is needed to describe particles’ kinematics. In particular, for
massive critical particles, two parameters are sufficient. These can be either = #/m and

)= Mm, or any two of ¢,1,¢.

In this sense, we can understand the admissible region (5.26)) as an area in a two-
dimensional parameter space. Its border (5.27)) can be viewed as a curve therein, namely

a branch of a hyperbola with axes # = 0 and A = 0, and with its vertex on A = 0.

Considering the parameters normalized to unit rest mass excludes critical photons.
However, this is not a big issue, since they have trivial kinematics. Indeed, all critical
photons share the same single value of impact parameter b, = 1/wy. Therefore, parameter
space of critical photons is effectively zero-dimensional, and their kinematics depends only

on the properties of the spacetime itself.

When are the critical photons able to approach ry? The expansion (5.18)) reads for

them

(5.47)

Here the expression under the square root is proportional to the one in (5.31)) with a
negative factor. Therefore, critical photons can be involved in the high-energy collision

processes close to o only in the case la.

Finally, let us clarify the link between bounds on ¢, L, E' and restrictions on signs of
those parameters. Starting with ¢, we can observe that condition also determines
the sign of . Thus, if is a lower bound, its value is positive, whereas if it is
an upper bound, its value is negative. Therefore, whenever values of ¢ in the admissible
region are bounded by , they must also have all the same sign. The identical relation
holds between and (5.37). Last, the gauge condition (5.46)), which we use to enforce
a lower bound on energy, also implies that this bound has a positive value.

Hence, dividing by m and rearranging the sign factors, we can express the (possible)
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bounds on values of ¢, [, ¢ in the admissible region as follows:

~ 1 .
7
g (64 248) AT] > [N} (41)’ — g3 (5.49)
b+ AN
1 V2 (AHY? _ W T o)
w
)

5.3.2 Degenerate case

Let us now explore the (previously excluded) case when the degeneracy condition ([5.14)
is satisfied. As we noted in this means that variables x and A become proportional,
namely x = —wA. Because of this, (5.27) with (5.14)) degenerates into an algebraic

equation (for one variable), which has a single solution

msgn w

A=— (5.51)

@ 1
)

N 98¢

One can see that the expressions under the square roots in the denominators of
and are related by a negative factor. Therefore, is defined in real numbers
in case 1a. On the other hand, in cases 1b and 1c, there is no real solution of with
, and thus the collisional processes studied here are impossible for critical particles
with any value of )\m (Note that Asgn@ > 0 certainly violates with )

Let us consider physical interpretation of . Using , it can be expressed as

msgnw

L=—-——= +qAy] (5.52)
o _ mc:i{sgniu —qA? . (5.53)
dg

The charge of the particle plays a role of a free variable; there can never be a bound on

"We are unaware of a black-hole spacetime where this would occur in the equatorial plane. However,
similar thing happens around the poles of the Kerr solution, as demonstrated by [69].
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the values of ¢ in the admissible region in the degenerate case. However, if Ag =0, (5.52)
will correspond to single value of L, which will constitute a bound on L. For (/5.14) with

Al =0, it holds —sgn(wL) = sgnz > 0, and therefore we can infer

1
—lsgn > ———— . (5.54)

@2 1
N® g,

(Note that (5.14]) with Ag = ( implies ¢ = 0, and hence case 2¢, although the bound has
a non-zero value.)

We want a lower bound on E in the admissible region, and therefore we impose gauge

conditions Af' = 0 and wysgnw < 0. Then it holds

oo el (5.55)

@2 1
N® 90

5.4 Energy extraction

Now we shall discuss properties of particles than can be produced in the high-energy
collisional processes described in and, in particular, how much energy can such

particles extract from a black hole.

5.4.1 Conservation laws and kinematic regimes

Let us consider a simple setup in which a (nearly) critical particle 1 and an incoming usual
particle 2 collide close to the horizon radius r(, and their interaction leads to production

of just two new particles, 3 and 4. We assume the conservation of charge

G+ q2=q3tqs (5.56)

and also the conservation of (all components of) momentum at the point of collision.

From the azimuthal component, we infer the conservation of angular momentum

Li+Ly=1Ls+Ly. (5.57)
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The conservation law for the time component of momentum can be used to derive the
conservation of energy

B\ + By =Es+ E (5.58)

or combined together with the conservation law for the radial component. This is advan-
tageous, because summing the components with appropriate coefficients gives us combi-

nations of functions X and Z

N F NG p =X FoZ . (5.59)
Since we assumed that particle 2 is incoming (oo = —1), the summation of the conserva-

tion laws leads to following two equations:
Xlzl:UlZl—l-XQ:l:Zz:X3$0323+X4:|:O'4Z4 . (560)

For usual particles, X and Z differ by a term proportional to N2, so their combinations

with different signs have different leading orders in expansion around 7
X—Z~(r—rmg), X+ Z=24,. (5.61)

On the other hand, in the case of (nearly) critical particles, the leading order of expansion

in rc — ro for both combinations is the first one
XFZ~(rec—rp) . (5.62)

Now let us look at (5.60) with the upper sign. We assumed particle 2 to be usual, and

thus the leading order is the zeroth one
2, = Xyt — 0323 + X — 0,2} (5.63)

This equation can be satisfied only when one of the final particles, say 4, is usual and
incoming, i.e. Xj' > 0, 04 = —1. Turning to the lower sign of (5.60)), we see that usual
incoming particles 2 and 4 will make no contribution to zeroth and first order. On the
other hand, critical particle 1 will contribute to the first order and this contribution will

dominate the left-hand side. Therefore, the expansion of right-hand side must also be
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dominated by a first-order contribution, which means that particle 3 has to be (nearly)

critical. The leading order of (5.60) with the lower sign thus becomes

~ A2 - A2
I +O’1\/CL’% - N?{ (m%+ Tl) = T3 — C3-|—0'3\/(5L‘3 —03)2 - NIQLI (m§—|— TS) (564)

vp P

Here C5 = C(3,1) parametrises deviation of particle 3 from criticality according to (5.19).
We put €} = 0 for simplicity. One can denote the whole left-hand side of (5.64)) as a new

parameter

s By 22
NuAL = 21 + oy \/aﬁ ~ N7 <m§ + Tl) , (5.65)

PP
which will carry all the information about particle 1. Since x; > 0, we can make sure that
A; > 0. The difference between BSW-type processes (07 = —1) and Schnittman-type
processes (o7 = +1) is absorbed into the definition of A;, and thus the results expressed

using A; hereafter will be the same for both.

For a Penrose process, one of the particles must fall inside the black hole; and we
can make sure that particle 4 is bound to do so. On the other hand, particle 3 can be
produced in four distinct kinematic regimes, based on the combination of sign of C3 and
the sign variable o3. In accordance with [80], let us denote the regimes with C3 > 0 as

“47, C3 < 0as “~7, o3 = +1 as “OUT” and o3 = —1 as “IN”.

There are important differences among the four kinematic regimes in several regards.
First, we should determine which ones allow particle 3 to escape from the vicinity of
the black hole. For simplicity, let us assume a situation when condition is well
approximated by linear expansion terms. In such a case, there can be at most one turning

point near ry. The radius r1 of this turning point is defined by the condition

~ 22
z3 (re —10) — C3 (rc — 1) = NH\ |m3 + ng (rr —1o) , (5.66)
PP

which can be rearranged as follows

~ 2
l’g-Og-Nlem%‘i‘;;Ti
re —rr = (r¢ —19) - —" . (5.67)
3 — Npy/m3 + ﬁ

(Note that (5.67) may imply rr < ro, and hence no turning point in the region of our
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interest.) The motion of particle 3 must be allowed at r¢, where it is produced, hence

- 22
xg—cg—NHq/m§+gT3>o. (5.68)
P

Therefore, the numerator of the fraction in (5.67)) is positive and since r¢ > ry by defini-
tion, recalling , we can conclude that rr < r¢ for particles produced with parameters
in the admissible region, whereas rt > r¢ for the ones outside of it. However, if ro > r¢,
particle 3 produced at r¢ can never escape. Therefore, in order for particle 3 to escape,

it must be be produced with parameters in the admissible region.

Particles with C'5 > 0 can not fall into the black hole by definition, and thus they
must have a turning point at a radius ro < rr < r¢. Therefore, in regimes OUT+ and
IN+, particle 3 can be produced only with parameters in the admissible region, and it is

automatically guaranteed to escape.

On the other hand, particles with C'5 < 0 can cross the horizon; their motion is allowed
both at ry and at rc. Hence, there must be an even number of turning points between
ro and r¢. However, we assumed the existence of at most one turning point, and thus
there can be none. Incoming particle 3 produced with C'5 < 0 therefore has to fall into
the black hole; i.e. escape in the IN— regime is impossible. Last, in the OUT— regime,
particle 3 can either escape or be reflected and fall into the black hole, based on whether
its parameters lie in the admissible region or not.

The way in which parameters C3 and o3 determine escape possibilities of particle 3 is
actually independent of the particular system in question. (This can be seen e.g. through
comparison with Section where we considered particles moving along the symmetry
axis.) However, despite being so universal and so important for escape of particle 3,
parameters C3 and o3 are quite irrelevant for all other purposes. Indeed, if particle 3
escapes, o3 must eventually flip to +1, whereas (3 encodes only a small deviation from
fine-tuning of parameters of particle 3.

Hence, we shall now solve for C5 and o3, in order to view the different kinematic
regimes in terms of the other parameters, i.e. 3, A3, m3 and A;. First, we can observe

from ([5.64)) that
03 = Sgn <NHA1 — X3+ C3> . (569)

Expressing C5 form ((5.64) and then substituting it back into (5.69)), we obtain the solutions
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as follows:

Ny 1 A2
=3 — — |A — 243 .
03 I3 5 |: 1 + A1 <m3+ gs0):| s (5 70)
)\2
03 = sgn [Af — (m% + TB’)} : (5.71)
)

Since we are interested only in the sign of ('3, and o3 is a sign variable per se, only ratios
among the four parameters on the right-hand sides matter to us. Therefore, we have a
considerable freedom in choosing the relevant (three) variables. Nevertheless, we have
seen above that we also need to consider the admissible region, for which the relevant
parameters are T, A Thus, it is natural to understand and as depending on

T3, 5\3 and on the ratio between A; and ms.

The third “parameter”, i.e. ratio between A; and mgs, clearly stands out; it tracks
a comparison between properties of two particles, and it is irrelevant for the admissible
region of particle 3. Therefore, we find it natural to visualise the different kinematic
regimes as regions in the same two-dimensional parameter space as the admissible region,
with the ratio between A; and mg serving as an “external parameter”. (However, since
we are interested in physical interpretation, namely in energy extraction, we will keep
A; and mg3 separate in the equations and we will not explicitly pass to the parameters

normalized to unit rest mass.)

If we treat the ratio between A; and mg3 as an external parameter, there are just two
main possibilities.
“Heavy regime”: If mg > A;, the right-hand side of (5.71]) is negative for any A3, and

hence the IN region covers the whole parameter space.

“Light regime”: On the other hand, if m3 < Ay, the parameter space is divided into
IN and OUT regions.

5.4.2 Structure of the parameter space

Now we should understand how are the regions of parameters corresponding to different
kinematic regimes distributed across our parameter space. Let us start with the distinction

between “4” and “—” regimes, which is always present. From the solution (5.70]), we see
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that C3 > 0 implies ~
N 1 A2
r3 > {Al + = <m§ + T‘”’)} . (5.72)

2 Ay i
Conversely, the inequality opposite to (5.72]) entails C5 < 0. The equality

Ny 1/, A
SR 3 :
T3 5 { 1+ A, <m3 + i (5.73)

defines the border between the regions, and it corresponds to C'; = 0, i.e. to particle
3 being produced as precisely critical. In 92*3,5\3 parameter space, (.73 represents a

parabola with axis As = 0.

For physical interpretation, let us substitute ([5.73)) into (5.13) to obtain parametric

expressions for the border as follows:

3= ————d3+ — |A + — [m2+ =2 5.74

’ ¢+wAg{ ST AU gl (5.74)
1 - NgAal 1 A2

Ly=———< X3 — S”[A +—(m2+—3)} 5.75

’ ¢+@Ag{ N TN 1)
1 . NHAH{ 1 ( A2

Ey=—" < (wnd— Oou ) As + LA 4+ — (m2+ 22 5.76

3 ¢+@Ag {( H¢ QZ)H) 3 9 1 Al 3 gg@ ( )

Recalling the gauge condition ([5.46)), we can make sure that (5.76)) leads to E3 — oo for

|A3] — oo. Therefore, we see that values of E3 in neither “+” nor “

—"” region are bounded
from above. This was not possible in the previously known special cases. Since the escape
of particle 3 is guaranteed in the “+” regime, we can also conclude that there is no upper
bound on the energy extracted from the black hole. (Such a possibility is often called the

super-Penrose process.) Furthermore, as the “4” region exists for any value of ms, we

see that there is no bound on the mass of escaping particles as well.

Now let us turn to the distinction between IN and OUT regimes. From (5.71]) we can

see that parameters in the IN region must satisfy the condition
A > /98, (AT —m3) | (5.77)

whereas the opposite inequality holds for parameters in the OUT region. The two values
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of A3 that separate the regions, i.e.

Az = :l:\/ 9&; (A% o m%) > (578)

correspond to a situation when our leading-order approximation ([5.64)) breaks down, since
we cannot consistently assign a value to 3. This indicates that particle 3 with those values
of A3 will be produced as class II nearly critical, and a different expansion would be needed

to determine its initial direction of motion.

Let us note that particle 3 can be produced in the IN+ regime (i.e. with z3, A3
satisfying both (5.72) and (5.77))) for any value of the ratio between mg and A;. This is

another thing that was not possible in the previously studied special cases.

5.4.2.1 Osculation points

Having derived borders that divide the 3, A3 parameter space according to various cri-
teria, we shall now consider the “corners” where the borders meet. We can get insight
into this issue from the physical interpretation of the borders; is a set of parame-
ters for which precisely critical particles are of class II, corresponds to particle 3
being produced as precisely critical and corresponds to particle 3 being produced
as class I (nearly) critical. If any two of those eventualities happen together, the third
one follows automatically. Therefore, all three borders must meet in the same points of
the parameter space. Indeed, substituting into both and leads to
x5 = NyA;. Conversely, in the “heavy regime” ms > A;, in which is absent, the
remaining borders and cannot meet at any point.ﬂ

We have also seen that particle 3 can be produced with C3 > 0 only when its other
parameters satisfy the condition . Therefore, the “+” region must lie inside the
admissible region in the parameter space and their borders can only osculate. (One can
make sure that this is indeed the case by comparing the limiting behaviour of and
for |A\3] — oo and their values at A3 = 0, i.e. in between (5.78)).)

8Note that in the mz = A; case, (5.27) and (5.73)) touch at A3 = 0.

122



By plugging (5.78)) into (5.74)-(5.76|) (or into (5.28))-(5.30])), we obtain

1 T -
i V
1 roo- -
L= [*0 g1 (A2 —m3) — NHA;‘AJ , (5.80)
©®
1 [ b~ H 2 2 \ H
ol

5.4.2.2 Bounds on parameters (general considerations)

We have seen that there is no upper bound on energy Fs5 in the regions of parameter
space, which correspond to particle 3 being able to escape. Let us now search for other

bounds on parameters of particle 3 in these regions.

There are multiple possibilities, depending on the ratio between A; and ms. As a first
step, let us consider a hypothetical interaction, for which this ratio can take any value.
More precisely, we shall consider an idealised scenario, in which it is possible to produce
particle 3 with any value of m3 in processes with the same fixed value of A1E| Now let
us look at the union of all the “+” regions corresponding to all the possible values of ms.
Since the osculation points can occur at any value of A3, we see that this union will
fill the whole admissible region in 73, A3 space. Therefore, the (possible) bounds —
on ¢,l,e in the admissible region will also serve as bounds on ¢s, I3, €3 of particles
produced by our hypothetical interaction.

Second, let us consider a more realistic scenario, in which only some values of the ratio
between ms and A; are possible. In such a case, we can search for bounds on parameters in
the “4” region for given values of m3 and A;. Since parametric expressions —
are mere quadratic functions of A3, they will always reach an extremum, and therefore

there will always be bounds on values of ¢3, L3, F’3 in the “4” region.

Starting with g3, we find that for

H ~
g = et A (5.82)
Ny

9Keeping A; fixed is motivated by existence of upper bounds on A; in terms of E1; cf. (5.96), (5.92).
Moreover, one can also find a lower bound on A; in a similar manner for oy = +1.
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expression ([5.74]) reaches an extremum with value

1 . 2 H02A
@ =——— |Ny (A1 + %) el M (5.83)
2 (6+a8) Ar) Nu
Turning to L3, we can infer that for
0
Ny = T2 g (5.84)
NuAY

expression ([5.75)) reaches an extremum with value

1

5 2 H 52A
7 PR S Y (A1 + %) ik (5.85)
2 (¢ n @Ag) | Ny Al

For Ej3, the situation is again different due to dependence on gauge. Looking at the
|A3] — oo behaviour of (5.76]), we can make sure that the condition ([5.46)) implies that

(5.76]) will reach a minimum. It occurs for

H
9o A1 ~
A3 = —=F— (wyop — 0du ) (5.86)
v ( )
and its value is
min 1 < H m3 g&Al — 2
B = ——— | Nud, (A + ol B v <wH¢ — wq§H> : (5.87)
2 (¢ + (IJAE) 1 NuA4;

5.4.2.3 Additional remarks on OUT— region

The discussion above can be extended by analysing bounds on parameters in further,
special regions in the parameter space. OUT— is particularly interesting in this regard,
since there is an upper bound on the values of energy Fs in this region. As we noted in
[4.4.2] this can be used to illustrate the difference between the BSW-type and Schnittman-
type collisional process. Let us extend this argument to our more complicated case of

equatorial charged particles.

Expression (5.76)) can not have a maximum due to ([5.46)), and thus the upper bound

on Fj3 in the OUT— region must be its value for one of the osculation points. Picking the
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higher of the values ([5.81]), we can write the bound as follows:

Ny ALA
gl (A2 —m3) + M . (5.88)
©

leﬁg — WPn

By < _
¢ +wAl

We shall maximise the bound with respect to all possible parameters in order to derive

an unconditional bound in terms of F;. First, we consider ms < A;, which also allows us

Second, we shall express A; using E; and maximise it with respect to other parameters

to factorize out A;

Wi — Do

¢+ wAH -+ WAl

Ny Al
gl + L) A . (5.89)

of particle 1. The easiest way is to rewrite x; in terms of £y and Ay,

¢+ @Al
Af

wrd — O
Af

-\ (5.90)

1’1:E1

(Note that gauge condition ((5.46|) implies that the coefficient multiplying F; is positive.)
Looking at the leading order of A; (5.65) with (5.90]) in the |A;| — oo limit (for fixed E),

~ ~ 2

— G -G 1

PR L RPN [ anil R (5.91)
NHAt NHAt 9o

one can see that it is not real due to ([5.45)). Therefore, for a given F;, parameter A; will
lie in the in real numbers only for a finite interval of values of A\; and 941/ax, will blow up
with opposite signs at the opposite ends of that interval. Thus, there will always be an
extremum with respect to A;. In particular, for Schnittman-type process (01 = +1), there
will be a maximum. We can also see that we need to put m; = 0 to maximise A; with
01 = +1. Then we can find the maximum with respect to A\; and derive the unconditional
bound on A,
Nir (& +@A%) Al

NIQJ (A? — 9o, (CUHGZ~5 - d}ng)

Combining with ([5.89)), we conclude that the unconditional upper bound on energy E3 of

A < 2E, - (5.92)
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a particle produced in OUT— regime in the Schnittman-type process is
N | A

Es <2k, — — )
Nu [Af] = /985, quzS—a;ng‘

(5.93)

On the other hand, for the BSW-type process, we shall start with the following in-
equality:
NuAy(Ey, A,my) < 2(By ) (5.94)

In order to maximise z(FE1, A1), we need to look at values of \; that satisfy
NuA(Ei, A,ma) = 2(By M) (5.95)

i.e. the ends of the interval mentioned above, and on their dependence on m;. The

resulting unconditional bound on A; with o1 = —1 is

’é+wAg
1 - ~ .
Nu [Af] = /gL, |wad — a;qu‘

In combination with (5.89)), it gives us the unconditional upper bound on energy FE3 of a

A< FE

(5.96)

particle produced in OUT— regime in the BSW-type process as follows:

Ny |AtH‘ + /90, Wi — @¢H‘
E; < Ey — — .
Nut |AR| = /gt |wud — @]

(5.97)

Let us note that for w = 0, the above results reduce to the ones we derived in[4.4.2] i.e.
E3 < FE; for BSW-type process and F3 < 2F; for Schnittman-type process. The bound
for Schnittman-type process is higher than for BSW-type process even in the general case,
due to . On the other hand, also due to ([5.45]), we can see that E3 > FEj is generally
not prevented for the BSW-type process, unlike in the w = 0 case. However, the biggest
difference is that in the general case the gauge-dependent factors do not cancel, and thus

the bounds need to be interpreted more carefully.
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5.4.3 Special cases and the degenerate case

We have seen that the collisional processes analysed above have some features that were
absent in the previously studied special cases. Thus, now we shall discuss how the special

cases follow from the general results.

5.4.3.1 (Quasi)radial limit

First, let us investigate how to recover the results for radially moving particles [80].
The key feature we want to reproduce is the existence of a threshold value p, such that
E3 > p corresponds to “+” regime and F3 < p to “—” regime. Similarly as in [5.3.1]
we can choose to consider either particles that move radially with respect to a locally
non-rotating observer very close to the horizon (A3 = 0), or particles that would move
radially in a region devoid of the influence of dragging and of magnetic field (Ls = 0).
However, both choices lead to a trivial transition, unlike in Considering particles

with fixed value of A3, the condition C3 > 0 can be restated as follows

1 ~ . NHA? 1 2 A3
Es > m {<WH¢ — wqu) A3+ 7 |:A1 + A_1 (m3 + QT . (598)

e

Therefore, by setting A3 = 0, we get the threshold value anticipated above

Ny AR 2
p=———mt (A1 + @) . (5.99)
2 (6+ @A) A

Moreover, A3 = 0 lies in the OUT region whenever it exists. Thus we can also see
that for A3 = 0 the “heavy regime” mg > A; coincides with the IN regime and the “light
regime” m3 < A; with the OUT regime. This also replicates the results of [80].

5.4.3.2 Geodesic limit

Next we shall discuss the transition to geodesic particles (¢3 = 0). In this case, it should
be possible to produce particles with high values of E3 or mgs only in the IN— regime

(which prevents their escape).
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Let us start by rewriting C3 in terms of F5 and g3

. N 1 Es + g3 A’
Cy = —— @By + g5 (wnd — 2on)| = S | A+ o [ m3+ Bt add) )| (5100
wH 2 Ay GppWit
The resulting expression admits a factorisation,
Ny
C3=——+——(F—-R)(EFE—R_ 5.101
= g (PR (E-R). (5.101)
where R, stand for
HA 20N N 2
Re = —gaAl! = P22 | o F | | 02 — “B M <¢+ ~A3> (4 08
H WAl e Af
(5.102)
Since R, > R_, the “+” regime corresponds to R_ < E3 < R, for a fixed value of ¢3.
We can also express (5.71) using F3 and g3

Es + gz A’
og—sgn[Af— <m§+—( s + o) )

5.103
P (5.103)
The result again admits a factorisation,
03 = — sgn[(E3 — 5+) (Eg — 5_)] (5104)
where S, are

Sy = _Q3A11€_I =+ |w| gﬁp (AT —m3) .

(5.105)
As S, > S | the OUT regime corresponds to S_ < F3 < S, for a fixed value of ¢s.
Now, let us put g3 = 0 and denote the resulting values of Ry as R

H

A i 2
RE = Jeem | & ] | @2 — S (1 + m—;”) . (5.106)
Nu pp Al

Since S_ becomes negative for g5 = 0 and E3 > 0, we need to consider only S%, which
reads

St = |wnl /9, (AT —m3) .

(5.107)
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If a geodesic particle 3 has sufficiently high energy, such that it satisfies both F5 > R} and
E5 > 5%, it will be produced in the IN— regime and fall into the black hole. Conversely,
we can see that RS and S% all become imaginary for mg > A;, and thus IN— is the only
possible regime in that case. Hence, we reproduced the results of [72, [73] that the mass

and energy of escaping geodesic particles is boundedEG]

5.4.3.3 The degenerate case

Let us now return to the degenerate case (5.14), which was so far excluded from our

discussion of energy extraction. We shall use the same parametrisation as in the geodesic

case. If we apply (5.14) to Ry (5.102), they go over to R{, which read

A Ny 2
Ri _ _qSAtH B gcpip 1 Wil F |wnl | O — TH (1 4 m_;) . (5.108)
NH ggpgp Al

We have determined in that we need to impose gauge condition A!! = 0 in the
degenerate case. However, with this condition it holds R{ = R%. Furthermore, putting
AR = 0 has the same effect on S. as putting ¢z = 0. Thus we see that upon the
gauge condition A! = 0, the degenerate case completely coincides with the geodesic case.
Therefore, the degenerate case corresponds to a situation when the spacetime behaves

locally as vacuum close to ry. However, it can be shown that the spacetime does not need

to be globally vacuum in order for (5.14) to be satisfied.

5.5 Results for Kerr-Newman solution

Let us now return to the Kerr-Nemwan solution ((1.1) with mass M, angular momentum
aM, and charge ) (allowing also negative values of a this time). In the form (5.1)), the

metric is given by

LAY A, a 9 2 X, 9
9= dt + 5 sin ﬁ[dgp—d(QMr—Q)dt] —i—Adr + X dv, (5.109)

19Note that in [72} [73] symbols Ay were used for R and Ao for S%.
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where

A=r*—2Mr+ad*+Q*, Y =r’4+d%cos®y, o= (7’2—|—a2)2—AGQSin219-

(5.110)
The electromagnetic potential (cf. (1.3) is
A= —% (dt — asin® 9 dy) . (5.111)

Let us also recall the relation between the energy F., of critical particles and their angular

momentum and charge (cf. (5.17)), (3.78))
I /02 & 2
JOR CAVAY (5.112)

Q? + 2a?

5.5.1 Admissible region in the parameter space

Critical particles can approach r = M, whenever their parameters lie inside the admissible
region in the parameter space. In the case of the extremal Kerr-Newman solution, the
expressions — for the border of the admissible region go over to (see also ((3.83)),
(3-34))

1= % [‘2‘“ @2+ (@) 0| (5.113)
2\ 2 2)2 )2 2 2) \2
L_Q +a(Q? +20) m? + (Q + ) | _—
Q2_|_2a2
—a)\—i-\/(Q2+2a2)2m2+(Q2+a2))\2
E = 07 + 22 . (5.115)

5.5.1.1 Bounds on parameters

As we discussed in [5.3.1.1], bounds on values of ¢, L and F in the admissible region are

given by extrema of expressions ((5.113))-(5.115)) as functions of A. If lal/pr < 1/2, then
(5.113)) reaches an extremum, which has a value ((5.32)

@ = m—“QQQ_SG2 , (5.116)
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and which corresponds to the following values of the other parameters on the border:

,__ ma 3Q% + a? 7 m Q?* — a?
o 2 2 2 _ 9.2’ - 2 2 2_ 992
V@2 +a2\/Q?—3a V@2 + a2 \/Q? — 3a

(5.117)

For lal/ar > (\/5—1)/2, there exists an extremum of ([5.114)), which has a value ([5.37))

\/a4 + Q%a? — Q*
NEEr

and which corresponds to the following values of the other parameters on the border:

Ly, =msgna (5.118)

_ 3Q* +a? g m|al 2Q% + a?

4= ma \/a4 T Q% — QF ’ - \/QZ T a2 \/a4 T Q% — QF ‘ (5.119)

In the standard gauge vanishing at spatial infinity, the dragging potential of ((5.109))

and the electromagnetic potential ((5.111]) satisfy the conditions (5.45)), (5.46]). Therefore,
(5.115) always has a minimum (cf. (5.42)), (3.101)), (3.94))

B = QL (5.120)

/Qz + a2’
which corresponds to the following values of the other parameters on the border:

m Q% —a? _ma2Q2+a2

Tl e IR

Let us note that E > m for the the values of energy (5.117)), (5.119)), whereas F, < m.

The degenerate case (5.14)) corresponds to the extremal Kerr solution, which we studied

(5.121)

in[3.5.3.1] Summary of the bounds on parameters in the admissible region for the extremal

Kerr-Newman solutions is given in Table [5.1}

5.5.2 Structure of the parameter space with regard to energy

extraction

As we examined in the parameter space of nearly critical particles can be divided
into various regions corresponding to different kinematic regimes, in which particle 3

can be produced in our collisional process. In extremal Kerr-Newman spacetime, the
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Table 5.1: Bounds on parameters [, ¢ and ., of critical particles that can approach » = M in an extremal Kerr-Newman spacetime. The

general case can be inferred from equations ([5.48)-(5.50), whereas the vacuum extremal Kerr case from ([5.54), (5.55) (see also [3.5.3.1).

The placement of non-strict inequalities is based on the information about class II critical particles obtained in[3.5.2] (The present table
expands the conclusions about restrictions on signs of [, ¢ in Table Ev

Kerr-Newman black-hole parameters Restrictions
| k| ﬁ @ General case Bounds on [ Bounds on ¢ Bounds on ¢
0° 1 0 Vacuum lsgna > ﬁ £ > ,\Fw

0° < |ykn| < 51.8° | 1> el 5 V5o < Bl o /5L 1a2b [sgna > |<AWMM|NHMQ

|vkn| = 51.8° /ool /ool la2c Isgna >0

51.8° < || < 60° | Y31 > lal 5 1) Jveol 0L v la2a e
60° 1 K 1c2a Gsgn@Q >0 Ve

60° < |ykn| < 90° WV$VO ,\%A@AH 1b2a mmm:mww%
90° 0 1 1b2a3 Ggsgn@ > 1
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expressions ([5.74))-(5.76)) for the border separating the “+” and “—” regions become

V@ T 2a\s 1 1/, (@+d)N
B="0 {_Q2+2a2+§{A1+A_1(m3+m)H7 (0122
B Q* )3 a 1 s, (Q*+a*) A3
bs=e e ta [Al A ("”3 + m)] ’ (5126)
Ew—ﬁw {Alu—l (m3+%)] | (012

The two values of A3 that separate IN and OUT regions ([5.78)) are

2 2
As = if}%, a2 —m2 . (5.125)
+a

The structure of the parameter space is visualised for A; < mj in Figure [5.1] and for
A; > mg in Figure[5.2) where it is also shown how special limiting cases discussed in[5.4.3

correspond to different sections of the parameter space.

5.5.2.1 Osculation points

The expressions ((5.79)-(5.81]) for the osculation points, where curves (3.84))-(5.115)) and
(15.122)-([5.124]) touch, turn out to be

1
g3 = 0 VQ? + a?A; F 2a4/ A2 — mg] : (5.126)

ngaAliQ2—vA%_m:2’)
/Q2+a2 ’

2 _ 2

2 1 2 ’

(5.127)

Es=A T a%z‘;_?’ (5.128)
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IN+

4 x = Npy/m? + M, (527)h\—— |
« asymptotes (3.82) —~——--
3 o”\\ critical energy lines i
= . < Cs3 =0 (5:73
9 \\vg condition ([5.78]

Figure 5.1: Parameter space of (nearly) critical particles for extremal Kerr-Newman black
hole with ¢/ = 1/2. The part shaded in grey is outside the admissible region, critical
particles with those parameters can not approach r = M, and nearly critical particles
produced with those parameters in the vicinity of » = M cannot escape. The regions
corresponding to different kinematic regimes of production of particle 3 are plotted for a
process with A; = 2.5m3. Region IN—, which corresponds to particle 3 falling into the
black hole is shaded in orange.
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&= Nuy/m? + ¥/g, (5:2]) ——

asymptotes (|3.82) ><-——--
critical energy lines
C3=0 —
G3=0 ——
A3 =0

0 ) 10 15 20
q

Figure 5.2: Parameter space of (nearly) critical particles for extremal Kerr-Newman black
hole with ¢/s = Vv35/6. The part shaded in grey is outside the admissible region, critical
particles with those parameters can not approach r = M, and nearly critical particles
produced with those parameters in the vicinity of » = M cannot escape. The regions
corresponding to different kinematic regimes of production of particle 3 are plotted for
a process with 3A; = 2mg3. Region IN—, which corresponds to particle 3 falling into the
black hole is shaded in orange.
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5.5.2.2 Bounds on parameters

As we noted in [5.4.2.2] values of g3, L3 and E3 in the “4” region are always bounded.

The expressions (5.83)), (5.85)), (5.87)) for bounds on these parameters go over to

b= [@2 A V@S ] , (5.129)

2Q | \/Q? +
p 1 [a'+ Q% - Q* 3
Ly— [ s At A—J , (5.130)
) 1 2 2
ppn =L {Q;i A+ TZ_f] (5.131)

5.6 Discussion of caveats

We have concluded that there are no upper bounds on the energy or the mass of particles
that can escape from the vicinity of the horizon after being produced in the collisional
processes studied above. Now we shall discuss limitations of these results, from both
theoretical and practical standpoint.

First, we should be aware of the simplifying assumptions involved. In particular,
caution is needed regarding the parts of the parameter space where our leading-order
approximation breaks down. These comprise the border of the admissible region ,
the two lines of constant A3 separating the IN and OUT regions (5.78), and the corre-
sponding osculation points. (For the approach phase, we studied the higher-order effects,

which may arise, in [3.4.6/ and [3.5.2]) Furthermore, we should also note that for charged

particles, the electromagnetic self-force (cf. [12I]) will become significant in addition to
the gravitational backreaction.

Second, as we have seen in on the example of particle collisions along the axis
of symmetry, problems may arise even when all the simplifying assumptions are satisfied.
Let us now check, whether the issues identified in [4.4.3] are present in the case of charged
particle collisions in the equatorial plane.

We have noted above that it always holds F.;, < m for the lowest energy
required for the critical particles in the extremal Kerr-Newman spacetime in order to
approach r = M. Therefore, unlike in the case of collisions along the axis, there is no

general need for the critical particles involved in collisions in the vicinity of »r = M to be
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relativistic.

On the other hand, for all microscopic particles (known in nature), it holds |g| > m.
Therefore, the critical condition (5.112)) will generally imply £ > m for such particles,
and we see that the second type of “energy feeding problem” identified in arises also

in the equatorial case. In the following, we shall discuss ways how to remedy this issue.

5.6.1 Restrictions on processes with (marginally) bound micro-

scopic particles

First of all, we can avoid the energy feeding problem by considering the initial critical
particle 1 to be either an uncharged massive particle or a photon. We can see from Table
that this is possible for charge-to-mass ratio of the black hole smaller than \/2/_3 in
the case of the massive uncharged particle, or (recalling smaller than v3/2 for the
photon.

If we want particle 1 to be charged, we can look for ways to “compensate” the effect
of |¢| > m in (5.112)). It can be canceled either additively by considering particles with
|L| > mM, or multiplicatively by restricting to black holes with |Q| < M. However, we
have discussed in that critical particles with |L| > mM and E. ~ m can approach
r = M only for Kerr-Newman black holes with |Q)| < M. Therefore, we need to assume
this for both ways of compensation of the energy feeding problem.

As noted above, the points with the lowest or highest values of ¢ and L in the admissible
region always have E > m (cf. (5.117)), (5.119))). Hence, the expressions and
for values of ¢ and L on the border of the admissible region are monotonic

along the part of the border corresponding to E.. < m. The range of values of ¢ and L in
the part of the admissible region with F.. < m is thus delimited by the points on (}5.27)
with £, = m, i.e. and (3.77)).

For simplicity, let us consider only particles that all have the same magnitude of their
charge-to-mass ratio ¢ (for example electrons and positrons), i.e. |G| = Gmax- Let us also
assume (uax > 1. We always want sgnqs = sgn (), so that the electrostatic repulsion
by the black-hole charge helps eject particle 3. Then we are left with two possibilities,
either sgnq; = —sgn@ or sgng; = sgn(). One can check that corresponds to
sgnq; = —sgn @ for |Q| < M, whereas implies sgn ¢; = sgn (). For either of these

variants, there exists a value Quax Of the charge-to-mass ratio Q= Q/m of the black hole,
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such that for

Q‘ < Qumax the particle 1 with given sign of ¢; can approach r = M, whilst
having E.. < m. These values are given in Table 3.1, We can also conclude form the
values of L.y in Table that the sgnq; = —sgn () variant implies the cancellation of
energy feeding problem by |L| > mM, whereas L ~ mM for the sgn ¢, = sgn () variant.

Now we shall examine, whether the cancellation of the energy feeding problem for
black holes with || < M hinders the energy extraction. The highest energy of an
escaping particle 3 with a fixed value of charge is given by R, , which for extremal

Kerr-Newman solution turns to

/02 & o2 2

R, = 4 + 2A1 5 2a2+|a|\/3a2—Q2+2qgQ @ ta —(Q2+a2)£23

V@ +a Q@ +a Ar Al
(5.132)

Let us determine the values of A; for the points ([3.100]) and ([3.77) of the parameter space

of particle 1 in |Q| < M approximation. For (3.100) we obtain

2
A~ ﬂ; : (5.133)
Q
whereas for (3.77)) we find

By inserting these values into (5.132)) and using the corresponding expressions for Ormax,

we can estimate the highest achievable extracted energy for the sgng; = — sgn () variant

{mg%—ml (2+,/3+2%’)} , (5.135)

whereas for the sgn ¢; = sgn () variant we get

as

win

R+ ~ 2% (dmax)

2
R, = ms +m <2+\/3+2@—m—§) . (5.136)
If we put m; = mg, (5.135)) simplifies to
Ry 25 (Gna) (34 V5) ma (5.137)

and (5.135) to
R, =5ms . (5.138)
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Table 5.2: The four ways to remedy the energy feeding problem (see text for details).

max

Particle 1 Qmax €3
mi=0,q=0 3 2 G
< 1,6 =0 2 e
51 < L@ =~ 580 Q | 28 (Gina) * | 28 (Guar)® (34 V5)
e1 <L = Guaxs80Q | (Ginax) 5
Therefore, we can conclude that with ¢; # 0, only the sgng; = —sgn() variant

of cancellation of the energy feeding problem allows for significant energy extraction.

Summary of results for all the remedies to the energy feeding problem that we discussed

is given in Table
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Chapter 6

Conclusions

In the present thesis, we have studied energetics of extremal rotating electrovacuum black
holes with regard to energy extraction through charged generalisations of the BSW effect
(cf. Section [1.4] for reference).

Since the inclusion of black-hole charge is primarily motivated by interaction of black
holes with external magnetic fields (see Section [1.2)), we first focused on this issue. In
Chapter[2] we considered magnetised Kerr-Newman (MKN) solutions and studied the near-
horizon geometries of their extremal cases. We have found in Section [2.4]that there exists
a correspondence map between the MKN near-horizon geometries and the near-horizon
geometries of extremal Kerr-Newman black holes without the external field. This fact can
be linked to other interesting issues like the Meissner effect of expulsion of external fields
from extremal black holes, as we have discussed in If we consider extremal black
holes as an approximation for fast-spinning astrophysical black holes, the correspondence
also gives us justification to use Kerr-Nemwan black holes as surrogates for magnetised

black holes with regard to processes happening near the horizon.

In the rest of the thesis, we analysed the generalised BSW effect. In Chapter [3 we
considered collisions of charged particles moving in the equatorial plane of extremal ro-
tating electrovacuum black holes. In this way we unified the two versions (centrifugal and
electrostatic) of the generalised BSW effect that have been so far studied only separately.
In [3.4.3 we have studied the restrictions that the angular momentum and the charge of
the critical particles must satisfy in order for the generalised BSW effect to be possible,
and how these restrictions depend on the properties of the black hole. In particular, we

have identified in the ranges of parameters of the extremal Kerr-Newman solution,
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in which different variants of the generalised BSW effect are possible (cf. Table and
also Table [5.1)).

In we studied the physically most relevant case of very small value of black-hole
charge (i.e. the @ — 0 limit). We have found that only in this case the critical parti-
cles approaching the horizon radius can simultaneously have non-relativistic energies and
enormous-charge-to mass ratios. This is very useful with regard to microscopic particles.

We call this phenomenon “mega-BSW effect”.

In Chapter 4, we turned to collisions of charged particles moving along the axis of
symmetry of extremal rotating electrovacuum black holes. In this simpler setup, we
proceeded to analyse the possibilies of energy extraction, also including the Schnittman-
type process. We have found in that the results for the maximally charged black
hole can be replicated for black holes with arbitrarily small value of charge, i.e. that no
restrictions on the extracted energy appear. However, in we identified numerous
caveats that can make the energy extraction unfeasible despite the lack of unconditional
kinematic bounds. Such problems stem mostly from properties of microscopic particles,

in particular the enormous magnitudes of their charge-to-mass ratios.

In Chapter [5 we have extended the discussion of energy extraction also to the more
complicated case of charged particles moving in the equatorial plane. We analysed the
parameter space of nearly critical particles in and identified its regions that corre-
spond to different kinematic regimes of production of particle 3. It turned out that due to
increased dimensionality of the parameter space with respect to previously studied cases,
several new possibilities open. We have also discussed in how to recover the simpler
limiting cases as different sections of the enlarged parameter space. Nevertheless, the
most important result is that that there are no bounds on the extracted energy whenever
both the black hole and the escaping particle 3 are charged, regardless of the magnitude
of the black-hole charge.

Furthermore, we have shown in that the limitations for microscopic particles,
revealed on the example of collisions along the axis of symmetry, can be circumvented for
collisions in the equatorial plane by suitable processes. One possibility is to consider a
setup, in which the colliding particles are electrically neutral, and only the final particles
produced in the collision are charged. Another variant is a process, in which the initial

critical particle 1 has the opposite sign of charge than the black hole, whereas the final

142



particle 3 has the same sign of charge as the black hole. This other option can be realised
with microscopic particles only for very small values of the black-hole charge, since it

relies on the “mega-BSW effect” (cf. Table and also Table [3.1)).
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Appendix A

Killing vectors and tensors in the

near-horizon spacetimes

If one applies the general recipe for the near-horizon limit (cf. [2.3.1)) to the metric (2.19)),

the result is

Grrlry (0)

g=—xX"N?| (0)dr*+ gyl (V) (dy — Dxdr)’+ v

L]

dx’ + gool,, () dv? . (A.1)

Here the metric “functions” come from the original spacetime. In the models we analyse

it is easy to see that

o 4
o =K (A.2)

ro

does not depend on ). Hence the metric (A.1]) can be written as follows:

2 KQ ~
9= 1) (=2 + T2 ) ] (0) (@0 dr) 4 gl )40 (A3

where we choose the structural function f(1J) non-negative. Comparing with (2.43]), we

find for the near-horizon geometries of the MKN class

2 2 2 o2
X , K 9 9 19 K*sin“ 9 . 2
=f(W)|—-==d —d K*“dv ——— (dy —wxd . A4
gf()(KQT+X2X+ )+ fw)(@/) wxdr) (A.4)

The near-horizon geometry (A.1)) is stationary and axially symmetric just like the
original metric (2.19), and so it has the Killing vectors §;) = 2/ar and &) = 9/ay.

Additionally, regarding the Killing equation for (A.l), one finds the Killing vector of
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“anti-de Sitter type” (cf. [92])

o o

=T— — X— A.
5(2) TBT X@x’ (A.5)

and another Killing vector of anti-de Sitter type,

K* 72\ 0 o K* o
E(g) = (2_X2+3> — —TXe tw— (A.6)
which involves constant K (A.2]). Therefore, the general near-horizon geometry (A.3))
exhibits all the Killing vectors found in the near-horizon limit of the Kerr black hole
[92] 94]. We give the expressions (A.5]),(A.6) explicitly here to use them to construct

Killing tensors.

The increased symmetry resembling the Kerr case poses naturally the question, whether
the “Carter-type” constant of motion|yielding the complete separability of geodesic equa-
tions exists in the near-horizon spacetimes. Let us prove this by constructing the Killing
tensor which is related to the separation constant . .

We start from the well-known fact that a symmetrised tensor product of two Killing
vectors produces a Killing tensor. By adding such products of the available Killing vectors,

we find a Killing tensor with time-independent components

Gy = Eméi) T €3¢0 — §2)8@) (A.7)
8 9 Kt/8)\° O\ _K‘/8 8 0 8
af _ 2 N
C(O) o1 OB XQ (87’) X (8)() +W—X (_BT_6¢ + —aw _67'> . (AS)

Covariant components of this Killing tensor can be simplified by adding the tensor product

of the axial Killing vector with itself:

Go) = 667 + 6760 — D + @ KIGIED | (A.9)
¢Wdztda? = f2(0) (2dr — L (A.10)
KA - X X2 X . .

Assuming the decomposition f(9) = foy+ f1)(¥) with fo) = constant, and recalling that

!Note that the linear constants of motion related to Killing vectors fé) and fé) do not comply with
the stationarity of the equations of motion. This is due to the fact that components of fé) and fé‘?))
depend on 7.
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the metric is also a Killing tensor, we arrive at the final Killing tensor

() = e + el — PP + PKUEIEN + fio) K g (A.11)

which satisfies

C(Qﬁ)uauﬂ A (A.12)

Last, let us recall that there exists a Killing tensor (¢ in the Kerr-Newman spacetime,
which is related to the Carter constant (cf. [98, 109]). One can make sure that the Killing

tensor (\2) defined above arises as a near-horizon limit of (€ (see [122-124]).

LK
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Appendix B

Harrison transformation

Here we briefly review the essential knowledge regarding the use of the Harrison transfor-
mation to generate the MKN solution. Starting from an overview of the Ernst formalism
(according to the general formulation given in Chapters 18 and 34 in [15]), we focus on
the particular case of Ernst potentials based on 9/a,. Then we discuss how these poten-
tials can be utilised in the magnetising Harrison transformation (cf. [I7H19]), and how
the “magnetised” solution is “reconstructed” from the transformed potentials. We finish
by demonstrating that w and ¢ in the MKN spacetime satisfy certain properties (in-
cluding the rigidity theorems) thanks to preservation of these properties by the Harrison

transformation (see also [102]).

B.1 Ernst formalism

Assuming &' is a Killing vector, we can define a corresponding twist vector w” as follows:
w® = 8a6w€ﬂ€w§ . (Bl)

Combining the electromagnetic field strength tensor and its Hodge dual, one can construct

a complex-valued self-dual field strength tensor

1
Fs(yi = F,ul/ + §€,ul/po'Fpa . (BQ)
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Then the complex Ernst potential for the electromagnetic field @ and the complex Ernst

gravitational potential & are defined by the following differential equations:

S (B.3)

—(6<7) , +iw, — 200 , . (B.4)
If we observe that
200, = (|9) , + 9P, — b, = (|Bf)  +2i [Re@ (Im®) , — (Red) , Tmd| , (B.5)
we can separate the real and imaginary parts of &, obtaining

Re& = —£,& — ||, (B.6)

(&), =wa+i (PP, —PoP) . (B.7)

The set of orbits of the Killing vector £” can be understood as a quotient manifold. We

can define a conformally rescaled metric v on this manifold by relation

= ‘62‘ (g;w - 626,1151/) . (B8)

Quantities @, &, v represent a solution of Einstein-Maxwell system in the Ernst framework.

Let us now apply this formalism to metric (2.18) and its Killing vector 8/a,. Calcu-
lating the twist vector (B.1)) for 9/a,, we see that it contains derivatives of the dragging

potential

w d:z:":—(gW)2 g 8_wd gqg,ga dv | . (B.9)
g V=g "0 or

If we separate the real and imaginary parts of @ (B.3)), we can see that the real part is
given just by
Red = A, , (B.10)

whereas the imaginary part satisfies differential equations

O0lmo® Vg 0A; 0A, O0lma® Vg 0A; 0A,
or  N2gyy (819 tw 819) ’ 09  N2g,. \ or o or - (B
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Regarding the Ernst gravitational potential, turns to
Re& = —g,, — | . (B.12)

whereas (B.7) can be rewritten as

Olmé& Grr (9pp)” Ow dIm®d ORed
= — — =2 P — Imo B.1
or N A G R (B.13)
OImE  gog (gpp)” 0w Olm® ORe®
= — =2 (] — Imo | . B.14
v J—g or Re® =55 o0 (B-14)
Last, the metric (B.8)) on the quotient manifold becomes
Y = Gpp (—N?dt* + g, dr? + ggo dV?) . (B.15)

When used with the Kerr-Newman solution (1.1)), (1.3)), the relations (B.12)-(B.14)

for the Ernst gravitational potential lead to (cf. [1§])

2Ma +i(2Mr — Q?) cos? a — ir cosv
a

r -+ iacos

é":—(r2+a2— )sinzﬁ—(élMaQ—HQZcosﬁ)

r+iacosd

(B.16)

Employing (B.10) and (B.11]) with (1.3), the Ernst potential for the electromagnetic field

in the Kerr-Newman spacetime is obtained as

a — ir cosd

P =Q (B.17)

r+iacos?

B.2 Generating “magnetised” solutions

In order to perform the Harrison transformation, we first define a complex function A

involving the potentials &, @ of the “seed” solution
Lo
Azl—i—B@—ZBa@. (B.18)

Here B is the real continuous parameter. The transformation consists in the transition

from &, ® to the new potentials &, ¢’ (representing a new solution). It has the following
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form:

/_g !/ 2
&= & = . (B.19)

The new solution needs to be “reconstructed” from its Ernst potentials. First, one can
use relation (B.12)) for “primed” quantities to determine the effect of the transformation
(B.19)) on the norm of the Killing vector 9/a,

_Rec5"+ |95|2 _ Yo
Al AP

Jopp = — <Re & + ]@'[2> = (B.20)

The metric v on the quotient manifold remains unchanged by the transformation. Nev-

ertheless, when we invert the relation (B.15]) for the new solution, the change from g, to

9., leads to the following form of the whole transformed metric:
g = AP (SN g dr? o ) + P8 (dp - (B2Y)

The new dragging potential w’ (again a real quantity) is specified by two real partial

differential equations

ow'’ s 0w 24/—g OlmA OReA
= A" — 4+ ——— A — Im A B.22
or =15 " Gpoto (Re B o ) ’ (B.22)
ow’ s 0w 2v/—g OlmA  OReA
— A _ A — ImA) = B.2
9 | 90 GppGrr (Re or or ) (B.23)
N,/
_pap e g MO 0ImAd ORed Y (B.24)
oY N or or

which can be derived from relations (B.13]) and (B.14)) for “primed” quantities.

The differential equations (B.11]) determining the imaginary part of @ can be rewritten

using the components of the electromagnetic field strength tensor in the locally non-

rotating frame (2.29)), (2.30)) as follows:

OIm¢@ 0Im®
5 = Vel P g5 = VeI Ein - (B.25)

(These relations together with (B.10]) hold both for the original and transformed, “primed”

quantities. Note that under the Harrison transformation the products gy, g, and gy, gos
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do not change, as seen from (B.21)).) If we substitute for ¢’ from (B.19)), equation (B.25)

then implies

1 0 1 1
Floyg = — —ImARe®+ —BImARe& +
WO Geeo0 00 || AP ( 2

(B.26)

+ReAIm® — %BReAImf)

B.3 Remark on rigidity theorems

Now let us show that the dragging potential and the generalised electrostatic potential
in the MKN spacetime satisfy rigidity theorems, and also the relations (2.33)), as a conse-

quence of preservation of these properties by the Harrison transformation. From equation

(B.24) it follows directly

ow ow'
9 | ng ! 0 | ni—g v (B.27)

so the validity of the the rigidity theorem for w in the MKN spacetime is implied by its
validity for the Kerr-Newman solution.

Regarding the generalised electrostatic potential ¢’, we shall first take the derivative

with respect to 9 of the relation ([2.26)),

o oAl 0AL o
20~ a9 Yo oge (B.28)

Now we can observe that the first two terms are proportional to the tetrad component

Flo)) and use (B.25)) to obtain

/ N / /
00" _ Nv/goy 0¥ 0 (B.29)
o v 9opGrr or oy ¥

where @' is given by (B.19).

Therefore
ow' o'
0 | g 9V | ni—g

=0; (B.30)

i.e. the validity of the rigidity theorem for ¢ in the MKN spacetime is dictated by the

validity of the one for w.
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We shall further calculate the radial derivative of the equation ([B.24))

82(.0' ) 8 W
oroY (|A| ) + 14 oroy
0 2 91919 O0lmA O0ReA
— — (N?) —— A —ImA —
or (V%) NG\ 9o (R or Ny > (B.31)
—NZQ[ 2 g7979 (R A@ImA_ImAﬁReA)} '
Or [ N\/Grr \| 9y or or

Note that the product N,/g,, must be finite and non-zero for \/—g non-degenerate. Re-
stricting (B.31)) to N = 0 with regard to (B.27)), we arrive at

2
- (14 5755
N'—0 ardv ) | y_o

0 9 2 vy 0lm A OReA
{E(N)N\/grr Yoo (R . or fm A or )]

9w’
orod

(B.32)

N=0

The radial derivative of N? is proportional to surface gravity s, which vanishes for the

degenerate horizon, so we can state

0w

0w’
orod =0

—
N=0.5—0 orod

~0. (B.33)

N'=0,5¢=0

Thus, we reach another desired conclusion: The radial derivative of w is constant over
the horizon of the extremal MKN black hole, since the same is true for the extremal

Kerr-Newman solution.

Similarly, we can calculate the radial derivative of equation (B.28)) to get

0%¢’ —Q(Nz) 1 gﬁalm@’_i_]\ﬂg 1 gﬂalm@’ B
oroy  or NG\ 9pp  Or NG\ Gpp Or

(B.34)
', OwO0A,
S ore9T? 99 or
If we evaluate this equation at NV = 0 and consider (B.27]), we obtain
2 1/ 1 I le 2,/
i = (8 (N?) 9w O1m ) = (_a ~ A;) (B.35)
Orov | yi_g N\/Grr \| 9pp Or N—o orov N'—0
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For the extremal case, this leads to

0*w' 0 — ¢/
orov N/=0,52=0 N orov N'=0,3=0

~0. (B.36)

Therefore, the radial derivative of ¢ does not depend on ¥ on the degenerate horizon of

an extremal MKN black hole.
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Appendix C

Auxiliary calculations

C.1 Derivatives of effective potentials

C.1.1 Conditions for circular orbits

The turning point, which is also a stationary point of an effective potential, corresponds
to a circular orbit. The effective potential in question may be either W [45, 109] or
V [107] (see equations (3.14) to (3.16)). Let us examine the correspondence between

the conditions, which holds for » > r, (or N? > 0, more precisely). Taking the radial

derivative of ([3.15), we see

oW vy av.

= o (5—V,)—(€—V+)a—r_ : (C.1)

Indeed, all radial turning points indicated by W, which are also radial stationary points

of W, are radial stationary points of either V. or V_ as well,

oW v, av.

Thus, under restriction to the motion forward in time (3.12)), W and V' = V. are inter-

changeable for finding orbits.

The circular orbit, which is also an inflection point of an effective potential, is marginally

stable. To see that W and V' are interchangeable in this regard as well (cf. [45], 107, [109]),
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let us take another radial derivative of (3.15]),

O*W 0?V, oV, oV 0*V._
= — —V_ 22— — (e — — .
or? or? (e=Vo)+ or Or (e=V4) or? ’ (C3)
which leads to the desired conclusion
ow *W oV, 0*V,
W_O&W_O& 92 —O<’:><E—V+ W_O& 92 —O)OI'
oV 02V (©4)

However, the most important result is an insight on how these results break down for
r — r4, where V, — V_ and derivatives of V. generally may not be finite (so W may
seem favourable). Nonetheless, for critical particles in extremal black hole spacetimes,
a different form of correspondence emerges, and since (the radial derivative of) V' still

embodies information about motion forward in time, it becomes preferable.

C.1.2 Relations for critical particles

Taking the third radial derivative of (3.15]), we get

PW PV,
ars — ors (e-Vo)+3

0V, OV | OV, OV PV

or? Or or 0Or? —(e= V) ord (C5)

If we evaluate this relation for critical particles (¢ = e.,;) at the radius of the degenerate
horizon (where V, = V_ = ), it simplifies to

PW
or3

_3 0?V, OV_ N oV, 0*V_
or? Or or Or?

(C.6)

r=ro,e=¢cr r=ro

The relation (4.5) among W and V. for the axial motion is the same as the one for the
equatorial motion, i.e. (3.15)). Hence, equations (3.35)) and (C.6) have implications valid
for both the equatorial and the axial motion, some of which can be further simplified in

the axial case.
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C.1.2.1 General case

Because V; > V_ outside the horizon, though V., = V_ on the horizon, it must hold that

o
or

r=rg

ov.

o= (C.7)

r=rg

Using this with (3.35)), we arrive at the following two logical statements:

ov_
. > 0) & (W . < O) , (CS)
. < O) or (%—‘; . > O) : (C.9)

It is easy to check that the two variants in the second statement correspond to the critical

O*W
or?

<0<:><%
or

=70, €=E€cr

*wW
or?

oV
>0 = <—+
T=r0,€=Ecr ar

particle having p' > 0 or p' < 0, respectively[l] Thus, with restriction to p* > 0, equation

(4.20) follows.
Using (C.7)) also with (C.6)), we get a statement analogous to (4.20)) for class II critical

particles:
oV, PW
. = 0) & (sgn e

or

0*V,
sgn — 5 )

E=€Ea &

r—ro n Or?

r=rQ

C.1.2.2 Axial case

For motion along the axis (C.10) can be further refined. From definition (4.6|), we can

calculate
ov_ 0A ~
: __ (cj—t+N> (C.11)
or r=rg,9=0 or r=rg,0=0
Using the value of ¢ for class II critical particles (4.24)), we get
ov_ ~
Z = = 2N (C.12)
or r=ro,9=0 r=ro,9=0

and if we plug the result into (C.6]), we arrive at (4.21)).

Note that p; > 0 corresponds to ¢ > V, and p; < 0 to ¢ < V_, and for critical particles their energy
€ = Vil,, = V-|,,- Thus 9V+/or| =< 0 corresponds to critical particles with p, > 0 and 9V-/or|, >0
to those with p; < 0.
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C.2 The decomposition (3.71

Now let us present the general form of the contributions to (3.64]) and (3.65) according

to the decomposition (3.71). Introducing the abbreviations

0w 0%
e T g2 Y or e or
pe

W:

the finite and the singular part of (3.65)) can be written as

(VW;—“; +2,/V%%> A+ (WW+2N§7§3§¢> Vit
aN? <9Aw>2 _ w2

o or

Qreg =

r=rg,0=7%

and

- - - 2
V2w OAy a2 N Ogop | 8NZ 9N (0A,
2WN or2 or v 9op Or o OT or

- 2 = _
aN? (04" | (o 14 X 2N 304,
Gep or G G or 9
T=T0,v=

Y

2

QSing = - |i

Then, the expressions for contributions to (3.64) are closely related to the above,

lreg = A+ Qreg A50|r:r0,19:% ’ lsing = (sing A<p|7,:r0779:% .
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