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Me gusta que desbarren. Ése es el único privilegio de

que goza el ser humano sobre los demás organismos.

Desbarrando se puede llegar hasta la verdad. Porque

desbarro, soy un ser humano. A ninguna verdad se ha

llegado nunca sin haber errado antes catorce veces, o quizá

ciento catorce veces, y eso es un honor hasta cierto punto.

Pero el caso es que nosotros ni siquiera somos capaces de

desbarrar por cuenta propia. Dime sandeces, pero que sean

de tu propia cosecha y soy capaz de darte un beso.

Crimen y Castigo de Fiódor Dostoievski

“If you talk to a man in a language he understands, that

goes to his head. If you talk to him in his own language, that

goes to his heart.”

Nelson Mandela
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Resumo e palavras­chave

ARelatividade Geral é um dos pilares atuais da Física. Esta teoria consegue explicar a gravidade

à escala do Sistema Solar, mas não só, já que nos oferece um modelo cosmológico quando é

aplicada à evolução do Universo. Não obstante, quando tentamos explicar essas escalas maiores

e as suas observações, aparecem algumas perguntas desafiantes.

A primeira questão resulta da observação acelerada do Universo que, na Relatividade Geral,

é resolvida (ou “remediada”) mediante a introdução de uma componente material com pressão

negativa, que produz um efeito repulsivo. No entanto este tipo de matéria viola algumas das

condições de energia quenormalmente devem ser satisfeitas pela matéria. O exemplo mais con­

hecido e importante é o da constante cosmológica usualmente representada por Λ.

A segunda questão diz respeito à consideração da matéria escura. Esta nova componente é

necessária para conseguirmos explicar alguns fenómenos como o da formação das estruturas no

Universo ou o achatamento das curvas de velocidade de rotação das estrelas à volta do centro

das galáxias. Porém, esta matéria, que apenas se manifesta gravitacionalmente, não foi ainda

detetada diretamente através da sua interação com a matéria que conhecemos dos laboratórios e

das experiências.

No propósito de resolvermos ou percebermos melhor estes problemas, um caminho pos­

sível é o de irmos além da Relatividade Geral e investigarmos modificações da teoria de Albert

Einstein. É este o ponto de partida da presente tese.

A nossa primeira etapa neste estudo é dedicada à possibilidade de haver um acoplamento

dinâmico entre um campo escalar e a geometria. Desta maneira, começamos focando­nos em

teorias escalar­tensoriais, que generalizam a teoria de Brans­Dicke e que nos fornecem um en­

quadramento perfeito para analisar a possibilidade do acoplamento gravitacional dado por G,

constante gravitacional, ser substituído por um campo escalar dinâmico, ϕ. O trabalho em que

xiii
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se baseia este Capítulo 2 da tese, foi publicado em:

• What if Newton’s Gravitational Constant Was Negative?

Ismael Ayuso, José P. Mimoso, Nelson J. Nunes, Galaxies 7, (2019) 1, 38;

arXiv: 1903.07604 [gr­qc].

Estuda­se um mecanismo cosmológico que possibilite definir o sinal da constante gravita­

cional efetiva, G. O principal resultado que se obtém é a descoberta de que modelos com um

potencial quadrático estabilizam naturalmente o valor deG no ramo positivo da evolução. Esse

processo é acompanhado por inflação de de­Sitter e assim um relaxamento para a Relatividade

Geral é também alcançado.

Prosseguindo nesta via demodificação da gravidade no domínio das teorias escalar­tensoriais,

ou seja de teorias da gravitação não­minimamente acoplada, generalizamos a ação do Capítulo

2 mediante um acoplamento mais geral entre a gravidade e o campo escalar adicional. Isso

permite­nos estudar de que modo essa extensão pode afetar o acoplamento com omodelo padrão

das partículas. Esta questão é abordada no Capítulo 3, baseado no artigo publicado:

• Nonminimal scalar­tensor theories

Ismael Ayuso, Jose A.R. Cembranos, Physical Review D101, (2020) 4, 044007;

arXiv: 1411.1653 [gr­qc].

Neste artigo mostramos que os estados perturbativos destas teorias são dados por dois mo­

dos massivos de spin­0, além de um estado sem massa de spin 2. Este último modo pode ser

identificado com o campo do gravitão.

No que se segue, ainda no quadro das teorias escalar­tensoriais, consideramos a teoria de

Horndeski que constitui a teoria métrica da gravidade mais geral com um único campo escalar

adicional, a desempenhar um papel gravitacional, que evita a instabilidade de Ostrogradsky e

resulta em equações de campo de segunda ordem. Estudamos o buraco negro descrito pelo

espaço­tempo de Nariai nesta teoria. Este buraco negro é caraterizado por ser o caso extremo

do buraco negro Schwarzschild de­Sitter quando os dois horizontes, cosmológico e de acontec­

imentos, coincidem na mesma superfície. A motivação para este estudo decorre deste tipo de

objetos nos oferecer um enquadramento apropriado para se testar a nova fenomenologia das teo­

rias de gravidade modificada de Horndeski. Para entendermos melhor tanto os buracos negros
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como o Lagrangiano de Horndeski, estudamos o fenômeno designado por anti­evaporação. O

Capítulo 4 é baseado na publicação:

• Extremal cosmological black holes in Horndeski gravity and the anti­evaporation

regime

Ismael Ayuso, Diego Saez­Chillon Gomez, Universe 6, (2020) 11, 210;

arXiv: 2004.10139 [gr­qc].

Mostramos que, em alguns casos do Lagrangiano de Horndeski e ao contrário do que sucede

notras teorias de gravidade modificadas, o raio do horizonte permanece estável quando pertur­

bações de ordem linear são consideradas.

Uma maneira totalmente diferente de modificar a gravidade é exposta no Capítulo 5, onde

introduzimos teorias Lagrangianas dependentes de ação e as aplicamos ao estudo de buracos de

minhoca (i.e., ”wormholes”). Neste capítulo investigamos se esta classe de teorias da gravidade

modificada nos permite satisfazer as condições de energia para o conteúdo de matéria deste tipo

de objetos exóticos. Este capítulo é baseado na publicação:

• Wormhole geometries induced by action­dependent Lagrangian theories

Ismael Ayuso, Francisco S.N. Lobo, José P. Mimoso, Physical Review D103, (2021) 4,

044018; arXiv: 2012.00047 [gr­qc].

No contexto deste trabalho, as equações de campo gravitacionais dependem essencialmente

de um 4­vetor λµ, que desempenha o papel de um parâmetro de acoplamento associado àmaneira

como a ação depende do Lagrangiano gravitacional e que, genericamente, pode depender das

coordenadas do espaço­tempo. Neste estudo, considerando diferentes buracos de minhoca, onde

usamos as coordenadas de Buchdahl que, após a análise das equações de campo nos levam à

constatação de que o 4­vector é dado por λµ = (0, 0, λθ, 0), conjuntamente com algumas re­

strições adicionais do espaço­tempo. Para uma infinidade de exemplos de buracos de minhoca

e fazendo a escolha de uma lei de potência para a função λθ, mostramos que esses objetos com­

pactos possuem uma estrutura geométrica muitomais rica do que as correspondentes soluções da

Relatividade Geral. No entanto, apesar dessa estrutura mais rica, todos os exemplos estudados

violam alguma das condições de energia e não conseguimos avanços para obviar este problema.
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Na parte subsequente desta tese exploramos a interação entre a teoria e as observações.

Trata­se de um passo indispensável para contrastar qualquer modelo de gravidade modificada

com as restrições dadas pelas observações, bem assim como para obter uma maneira de ajustar

parâmetros livres das teorias de modo a reproduzir as observações. Com este propósito, apre­

sentamos no Capítulo 6 o método de Markov Chain Monte Carlo (MCMC) e também alguns

outros conceitos estatísticos importantes que nos ajudam a discriminar os modelos propostos.

Também indicamos as diferentes fontes de dados observacionais com as quais podemos realizar

as restrições e os ajustes.

Para aplicar a metodologia MCMC consideramos alguns modelos baseados no escalar de

não metricidade Q, que são explicados no Capítulo 7, onde obtemos as respetivas equações

de Friedmann modificadas. Este tipo de teorías de gravidade modificada ser­nos­á útil para

analisar o conceito de conexão numa variedade geométrica, bem assim como para esclarecer o

significado físico de cada uma das três partes em que pode ser dividida. No caso das teorias

f(Q) estudamos três modelos: a teoria da Relatividade Geral mimética estendida de f(Q), o

modeloDGP (motivado pela gravidademodificada por dimensões adicionais) e oDGPish (assim

chamado pela sua semelhança com o anterior). As conclusões do primeiro modelo encontram­se

expostas em:

• Observational constraints on cosmological solutions of f(Q) theories

Ismael Ayuso, Ruth Lazkoz, Vincenzo Salzano, Physical ReviewD103, (2021) 6, 063505;

arXiv: 2012.00046 [astro­ph.CO].

e a análise dos outros dois modelos em:

• DGP and DGPish cosmologies from f(Q) actions

Ismael Ayuso, Ruth Lazkoz, José PedroMimoso, Physical ReviewD105, (2022) 8, 083534;

arXiv: 2111.05061 [astro­ph.CO].

Nestes trabalhos, concluímos que, com a precisão das observações atuais, osmelhores ajustes

de nossos modelos f(Q) correspondem a valores dos seus parâmetros específicos que os tornam

dificilmente discerniveis do modelo ΛCDM ou, por outras palavras, esses cenários não revelam

assinaturas indicando um desvio do comportamento associado aΛCDM.
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Por último, no Capítulo 8 fazemos uma discussão geral dos resultados desta tese e tiramos

algumas conclusões, lembrando que os principais objetivos desta tese são a análise de algumas

das principais modificações da teorias da gravidade sugeridas pelo teorema de Lovelock, o es­

tudo da nova fenomenologia que nelas aparece e a comparação com as observações (a pensar já

nas próximas missões tal como Euclid e Lisa)

Além disso, outras publicações durante a tese são:

• Commissioning and First Observations withWide FastCam at the Telescopio Carlos

Sánchez

SergioVelasco, Urtats Etxegarai, AlejandroOscoz, Roberto L. López,Marta Puga, Gaizka

Murga, Antonio Pérez­Garrido, Enric Pallé, DavideRicci, Ismael Ayuso,MónicaHernández­

Sánchez, Nicola Truant; arXiv: 1608.04807 [astro­ph.IM].

• Prospects for Fundamental Physics with LISA

Enrico Barausse et al; arXiv:2001.09793 [gr­qc].

Palavras­chave: gravidade modificada, teorias escalar­tensor, Lagrangianos dependentes

da ação, não­metricidade, restrições observacionais.
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Abstract and published works

General Relativity is one of the current pillars of physics. This theory describes gravity with

flying colours at solar system scales and offers us a cosmological model when applied to the

evolution of the Universe. However, when addressing these larger scales, namely, when we try

to explain some observations, some challenging questions appear.

The first one is the observed acceleration of the Universe which, in General Relativity, is

solved (or “patched”) introducing a component of matter with negative pressure, and supplies

a repulsive effect. This exotic matter violates some energy conditions, one would expect to

be satisfied by “normal” matter. A typical example is provided by the cosmological constant

represented by Λ.

The second one is the consideration of Dark Matter (DM). This component is necessary to

explain phenomena like the building up of structures in the Universe or the velocity curves of

galaxies. It only reveals itself gravitationally and has not been detected by direct interaction

with matter in experiments. Therefore, a possible way to solve these problems is to go beyond

General Relativity and investigate modifications of the Einstein theory. Thus, in this thesis we

will explore this possibility.

The first step in this study is devoted to the possibility of having a dynamical coupling

between a scalar field and the geometry. In this sense, we will focus on scalar­tensor theories

and more specifically in a generalization of the Brans­Dicke theory. This supplies us with a

perfect frame to study the possibility that the gravitational coupling constant G is changed into

a dynamical scalar field ϕ. The work, in which Chapter 2 of the thesis is based, was published

as:

• What if Newton’s Gravitational Constant Was Negative?

Ismael Ayuso, José P. Mimoso, Nelson J. Nunes, Galaxies 7, (2019) 1, 38;
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Chapter 1

Introduction

It is appropriate to start a work on gravity by recalling its discoverer Isaac Newton, who pro­

posed in 1687 that the force responsible for the fall of objects towards the Earth would also

be responsible for the dynamic of stars and planets. In his words, the gravitational centripetal

force should be proportional to the quantity of matter of the two bodies in interaction, as well as

inversely proportional to the square of their separation [1]:

F ∝ m1m2

r2
. (1.1)

However, he did not explicitly introduce the proportionality constant G [2]1, presumably

due to the lack of an internationally accepted system of units. Of course, this is required since,

after all, G adjusts the dimensions of both sides of the defining equation for the strength of the

gravitational interaction and the sign of this denotes the attractive or repulsive character of the

force.

In 1798, H. Cavendish measured this proportionality with a torsion balance, but just as a

necessary step, of secondary importance, to weigh the density of the Earth [3]. This measure

was made with the remarkable accuracy of 1%. One year after, in 1799, P. S. Laplace presented

his Traité de Mécanique Céleste [4] where he introduced explicitly the gravitational constant for

the first time as

F = −k2 m1m2

r2
. (1.2)

1Quoting Clifford Will [2]: It is interesting to notice that the term “ gravitational constant” never occurs in the Principiae.
In fact it seems that the universal constant of proportionality that we now call G does not make an appearance until well in the
eighteenth century in Laplace’s “Mécanique Céleste”.

1



2 CHAPTER 1. INTRODUCTION

The subsequent success of the gravitational law in tackling the motion of the celestial bodies

of the solar system is well known, and, at the beginning of the 20th century, the only major

problem was the anomaly in the precession of Mercury’s perihelium, a mismatch first revealed

by Le Verrier in 1859.2

It was Einstein’s General theory of Relativity (GR) which not only solved this puzzle with

flying colours, but also revolutionized our understanding of gravitation. In this theory, gravity

is perceived as the curvature of the spacetime in which particles move following the geodesics

of that manifold. But this does not mean that Newton’s theory was wrong, it is only valid when

considering weak fields and bodies moving with low speeds when compared to the speed of

light. Consequently, General Relativity must be perceived as a generalization which recovers

Newtonian gravity in the appropriate limit. In others words, GR includes Newton’s theory, and

has a wider scope of applicability.

Modern cosmology was started in 1917 when Albert Einstein applied his theory of General

Relativity of 1915 to aUniversewithmatter uniformly distributed over enormous space, building

the first general relativistic cosmological model. He considered a finite, static, homogeneous

and isotropic Universe with spherical geometry [5]. Einstein noticed that “making possible a

quasi­static distribution of matter, as required by the fact of the small velocities of the stars”.

For this reason, in that same work, Einstein introduced the cosmological constant λ (currently

denoted byΛ) into his equations of General Relativity in order to get a static Universe. This term

is proportional to the metric, and it is able to counter the gravitational pull of matter. Moreover,

the Universe could then be spatially closed avoiding the difficulty of establishing boundary

conditions at spatial infinity.

However the prediction of the theory kept on resulting in an unstable Universe for small

perturbations originated by the cosmological constant in this case. Still in 1917, after Einstein’s

work, Willem de Sitter applied the Einstein equations with the cosmological constant to a vac­

uum Universe but without considering a static Universe [6], obtaining the so­called de Sitter

spacetime that allows for a dynamical evolution of the Universe, and which plays an important

role in modern cosmology.

Around the same time, observations were improving. In 1914 Vesto M. Slipher presented

his results about the velocity of 12 galaxies (nebulae at that moment) [7], showing that 11 of
2Nowadays, this theory is expressed by changing −k2 by G as the current gravitational constant.
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them were moving away from us with a magnitude of hundreds of km/s (a lot more than the

star velocities measured), and using the redshift concept, as a spectroscopic measure of how

galaxies were moving away from us due to a Doppler effect. Other important actors were Knut

Lundmark, who added newmeasurements of galaxy velocities, and CarlWilhelmWirtz [8], who

initially thought that these recession velocities were constant, around 656 km/s [9]. In 1922,

Wirtz put forward a paper where he argued that the redshifts of faraway galaxies are higher than

those of closer ones. These observations laid the ground for the so­called Hubble­Lemaître law

which will be presented in this introduction.

Another crucial landmark subject to debate during these years, and motivated by the study

of that nebulae, was the Shapley­Curtis debate, or Great Debate, in 1920. The fundamental

point was the nature of the observed so­called spiral nebulae. What were they? Were they

in our galaxy or out of it? On the one hand, Shapley thought that they were relatively small

and belonged to the neighborhood of our galaxy. On the other hand, Curtis defended that they

were other galaxies like the Milky Way and independent of it, so that they were big and distant.

Therefore, the participants in the debate were actually arguing about the size of the Universe.

It seems clear that after the measurements of Wirtz and Lundmark, the position of Curtis

was reinforced, but it was Hubble who ended up solving the question with the observation of

the first Cepheid variable in M31 nebulae (Andromeda) in 1923­1924, published in 1924 in The

New York Times, and formally published in a scientific journal in 1929 [10]. This would not

have been possible without the work of Henrietta Leavitt who had found the pulsation period­

luminosity relation for classical Cepheid variables between 1908 and 1912 [11, 12, 13]. Hubble’s

work confirmed that the distance to M31 seemed to be so large that it should be an independent

system (or galaxy) with respect to the Milky Way.

By these years, between 1922 and 1924, Alexander Friedmann found non static solutions

of the Einstein equations for a Universe in expansion, whose size is a function of time, and for

different curvatures [14, 15]. Independently, in 1927 Georges Lemaître found the same solutions

and understood that if the Universe were expanding, it should have had a beginning at some time

in the past when all matter, spacetime, and the Universe itself appeared at once out of nothing,

in a single instant [16, 17]. Nevertheless, this idea was ridiculed and harshly criticized. As an

example, in the 1950s Fred Hoyle (who had an alternative proposal of a cosmological theory

called the steady state theory) pejoratively named the idea of the birth of the Universe from a
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point and at an instant as the “Big Bang”. Curiously, this name, which was an attempt of a joke

to discredit the model was adopted as the name for the cosmological model that best fits the

observations.

By 1929, Hubble had collected the distance to 24 extra­galactic nebulae, and related these

with their radial velocity (change of the distance between us and the object) measured from the

redshift by Vesto Slipher, and his assistant Milton L. Humason. While the recession of galaxies

from us already looked like a fact, and there was an idea of expansion of the Universe, he made

his second great discovery, namely the Hubble law, already mentioned before. It relates the

velocity of the galaxies, and its distances with the mathematical expression: v = H0d, where v

is the observed recession velocity, H0 is the Hubble constant (which has units of km/s/Mpc),

and d is the distance of the galaxy. Let us emphasize the linearity of the expression. It means

that higher distances are translated into higher receding velocities. Therefore, the expansion of

the Universe seemed almost confirmed.

At the same time, the dynamics of these galaxies continued being studied (already as ex­

ternal object to the Milky Way). In 1933, Fritz Zwicky applied the virial theorem to the Coma

Cluster (cluster with over 1000 galaxies at 99 Mpc) [18], which relates the average of the to­

tal kinetic energy of an equilibrium system with the total potential energy of the same system.

By measuring the velocity dispersion of galaxies, one should be able to obtain the gravitational

potential, and consequently estimate the gravitational mass of the system. The surprise came

from the great difference between the mass calculated with this theorem and that estimated from

the optical luminosity of the cluster. Therefore, in agreement with the virial theorem, there was

a kind of matter “invisible” to us [19], which ended up being called dark matter (in honor of

Lord Kelvin, a Scots­Irish physicist who had already wondered about invisible objects in the

Universe [20] by 1884).

With the evidence of the expansion of the Universe, the need for a theory for the creation

of matter was introduced. George Gamow with his collaborator Ralph Alpher and with Hans

Bethe3 proposed in 1948 for the first time how the synthesis of the lightest elements would

3Actually, the fact that Bethe signed the paper with Gamow and his student Alpher was a joke of Gamow who requested
Bethe to do so. Bethe accepted under the condition that there would be a disclaimer on the first page of the paper saying that
he didn’t collaborate with Gamow and Alpher in the work. However, let us emphasize that Bethe was an important nuclear
physicist, and not a mere collaborator of Gamow, is the fact that Bethe won the Nobel prize in the 1960s for the synthesis of
elements in stars.
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occur in the early expanding Universe [21]. The model proposed that the elements were syn­

thesized in a hot and very dense epoch where the primordial neutrons could decay into protons

and join themselves to form heavier and heavier elements until the production was frozen by

a fast expansion of the Universe. Then, Alpher and Robert Herman calculated that such high

temperatures would imply that the Universe was dominated by radiation (instead of matter). But

then, there should be a thermal bath remnant under the form of a background radiation which

could be measured and with a temperature estimated by them to be around 5K [22] (today, it

has been measured as T = 2.73K).

In 1964, Arno Penzias and Robert Woodrod Wilson (at Bell labs) built a horn antenna (7.35

cm) to use for radio astronomy and satellite communication experiments. However they en­

countered radio noise which they could not explain [23]. It was isotropic and had a perfect

blackbody spectrum, and they thought their instrument was suffering from interference by ter­

restrial sources or from the bat and pigeon droppings accumulated on the antenna. But after

removing the dung buildup and ruling out the possibility of terrestrial sources, the noise re­

mained. Then, Penzias contacted Robert Dicke who was an astronomer and physicist (and one

of the founders of the Brans­Dicke theory). He suggested it may be the cosmic background

radiation which was predicted by the cosmological theory of Big Bang. Dicke’s group (that

included P.J. Peebles) was already looking for this signal, measured the second clean detection

providing the total theoretical interpretation [24] and determined that the Big Bang theory and

the Friedmann­Lemaître model had moved from a speculation theory into well­tested physics

[25]. The measurement of the Cosmic Microwave Background (CMB) became one of the most

important parts for the construction of theories about the early Universe. Let us remark at this

point the importance of the combination of theory with observations and vice­versa.

At the same time, during the 1960s and 1970s, Vera Rubin was developing her work on

clusters of galaxies with hundreds of spectroscopy observations, together with Kent Ford. They

managed to resolve the spectra of astronomical objects, and studied the rotation curves of stars

around the centers/or bulges of the galaxies, i.e., the velocity of the stars versus their distances

from the galaxy center. She was able to determine the distribution of the mass observed by each

star and responsible for its dynamics in the galaxy. Because most of the stars are close to the

core, the radial velocity of stars was supposed to decrease as the distance increases, graphing

a descendant rotation curve. Indeed, stars farther from the core should move slower than stars
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closer to it. However, she discovered the unusual fact that the line of her graphics, instead of

sloping down with the distance, seemed to level off. This can only be explained with additional

mass distributed in the whole galaxy, which had not been observed, recovering in 1980 the

already mentioned idea of dark matter [26].

Twelve years after, in 1992, the COBE satellite team discovered anisotropies in the CMB

radiation at the level of 10−5, and measured their sizes. This offered us an image of the primeval

matter density fluctuations which would end up being the seeds for galaxies and matter cluster.

The fact of finding such small variations (homogeneously distributed) of the early Universe is

one of the most powerful evidences of the Cosmological Principle, claiming we are in a homoge­

neous and isotropic Universe. This research was improved with the evolution of technology as

the COBE satellite was replaced by its descendant, the Wilkinson Microway Anysotropy Probe

satellite (WMAP) in 2001, and later by the Planck satellite in 2009. With this data, cosmolo­

gists were and are able to measure some cosmological parameters like the density of the different

components of the Universe (depending on the chosen model) as we will see along this thesis.

To finish this brief introduction to the history of modern cosmology, we have to go back

to 1998 for a remarkable milestone revealed by two thorough surveys of Type Ia Supernovae

(SNeIa). The knowledge of this kind of Supernovae increased significantly in the years previ­

ous to the surveys so that SNeIa could be used as standard candles, which let us know higher

distances. Moreover, we have already said that observations concluded that the Universe was

expanding, however, it would seem logic to think that if the only force (at cosmological scale)

is the gravitational force, the expansion will end up stopping and consequently the Universe

would be decelerating. With the new tool of SNeIa, two separate research groups (one led by

Adam G. Riess [27] and Brian P. Schmidt [28] and the other one by Saul Perlmutter [29]) tried

to measured this deceleration. The surprise came when they did not observed the deceleration,

but rather observed that the Universe was accelerating its expansion! The simplest explanation

was, and still is, the reintroduction of the cosmological constant Λ, which had been introduced

and eliminated by Albert Einstein! Nonetheless, there are other possibilities, and in general, any

new component of the theory which leads to this accelerated expansion is called Dark Energy

(DE). With all this information the current cosmological model is built with the introduction of

Λ and the Cold DarkMater (CDM). It is theΛCDMmodel which we will comment about below.
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1.1 General Relativity: the gravitational theory

General Relativity was proposed by Albert Einstein [30, 31, 32] in 1915 and provides a de­

scription of gravity as a geometric property of spacetime which is built from the matter content.

Gravity is a consequence of the deformation of the spacetime by the matter and this deforma­

tion implies how the matter should move. In other words and citing John Archibald Wheeler

“Spacetime tells matter how to move; matter tells spacetime how to curve” [33].

We should start out mentioning the main fundamental ideas on which General Relativity is

based:

• Newton’s law should be recovered at Earth and solar system scales, because it was very

successful to explain the so­called celestial mechanics until the middle of the nineteenth

century.

• Covariance principle: the consistency of physics for different observers demands that the

choice of coordinates does not affect the physical laws. If a theory is built from tensors or

vectors, which are covariant by definition, the theory will be covariant. This fact seems

obvious if we look for a universal theory or model which does not depend on the ob­

server. It means that the laws are equal for all observers, even though its representation

in coordinates could be different for each one.

• Special Relativity seems a good first step, but it is unable to explain the gravitational

redshift of spectra lines of compact stars. So the metric tensor should be a function of

the coordinates, substituting the Minkowski metric and pseudo­Euclidean geometry by a

more general metric, and a Riemannian geometry.

• Associated with the previous idea, a mathematical object which describes the geometry of

the manifold appears as a good candidate to be the fundamental object to describe gravity.

So, all this information is encoded in the metric tensor gµν which is considered as the only

source of geometric degrees of freedom.

• It is a four­dimensional Lorentzian manifold (special case of Pseudo­Riemannian mani­

fold), with one temporal dimension and three spatial dimensions. In addition, the metric
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is symmetric so it has only ten independent components that reduce to six due to the ex­

istence of a gauge freedom that amounts to the arbitrary specification of four conditions,

reducing the actual number of degrees of freedom in the metric [34].

• This manifold is endowedwith a covariant derivative∇ (or equivalently with a connection

Γ) which is assumed metric compatible (∇αgµν = 0) and torsion free (Γαµν = Γανµ). With

these two last assumptions, the connection is inevitably forced to become the Christoffel

symbols.

• The energy and momentum should be conserved, since there are no experiments showing

the opposite behaviour.

From a variational viewpoint, this theory is characterized by the following Einstein­Hilbert

action:

S =
c3

16πG

∫
d4x

√
−g R +

1

c

∫
d4x

√
−g Lmat (g

µν ,Ψm) , (1.3)

where c is the speed of light, R is the scalar of curvature (or Ricci scalar), g is the determinant

of the metric, Lmat is the matter Lagrangian, Ψm are the possible matter fields, and G is the

gravitational coupling constant (from Newton’s law), which defines the proportionality between

the deformation of the spacetime and the matter. It is common to use the definition 8πG = κ2 in

order to simplify the notation. The scalar of curvature is built by the Riemann and Ricci tensor

respectively defined as:

Rα
βµν = ∂µΓ

α
νβ − ∂νΓ

α
µβ + ΓαµλΓ

λ
νβ − ΓανλΓ

λ
µβ , (1.4)

Rµν = Rσ
µσν = ∂σΓ

σ
νµ − ∂νΓ

σ
σµ + ΓσσγΓ

γ
νµ − ΓσνγΓ

γ
σµ , (1.5)

R = gµνRµν , (1.6)

with Γ being the Christoffel symbols:

Γσµν =
1

2
gσα (∂νgµα + ∂µgαν − ∂αgµν) . (1.7)

Then, the total action is the contribution of the gravitational sector together with the matter

sector of the form S = Sg + Sm. As usual in classical mechanics, the equations of motion of

the theory are obtained from a variational principle, i.e. applying variations of an appropriate
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functional, denoted the action, with respect to the degrees of freedom (that we have already

anticipated that for GR are associated with the metric), and assessing stationarity conditions.

Let us introduce how variations apply to some terms:

δg
√
−g = −1

2

√
−ggµνδgµν , (1.8)

δgR = δgµνRµν + gµνδRµν = δgµνRµν +∇α

(
gµνδgΓ

α
µν − gµαδgΓ

β
µβ

)
. (1.9)

So metric variations of the first term of action (1.3), which describes the gravitational sector, is:

δgSg =
c3

16πG

∫
d4x

√
−g
[
−1

2
gµνRδg

µν + δgµνRµν +∇α

(
gµνδgΓ

α
µν − gµαδgΓ

β
µβ

)]
.

(1.10)

Focusing on the last term, it can be written as ∇αv
α and its volume integral transformed

into a surfaced integral by the Gauss theorem: “the surface integral of a vector field over a

closed surface, which is called the flux through the surface, is equal to the volume integral of

the divergence over the region inside the surface”. But the term vα tends to zero at the border

and consequently this term will vanish. This fact is not always true and will depend on whether

it is coupled with other terms. At the end of the day, for the gravitational part of the action, one

can conclude:

δgSg =
c3

16πG

∫
d4x

√
−g
[
−1

2
gµνR +Rµν

]
δgµν , (1.11)

and consequently the equations of motion for GR in the vacuum case (for which Lmat = 0) are:

Rµν −
1

2
gµνR = 0 . (1.12)

The case where a cosmological constant is considered is straightforwardly obtained from the

gravitational action:

Sg =
c3

16πG

∫
d4x

√
−g (R− 2Λ) , (1.13)

and its equations of motion in vacuum are:

Rµν −
1

2
gµνR + Λgµν = 0 . (1.14)

In the left hand side the first two terms constitute the Einstein tensor denoted Gµν . Addi­

tionally, one should consider variations on the matter sector, and define a stress­energy tensor
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(also called the energy­momentum tensor) as follows:

Tµν = −2
δg(

√
−gLmat)√
−gδgµν

, (1.15)

yielding the Einstein equations:

Rµν −
1

2
gµνR + Λgµν =

8πG

c4
Tµν . (1.16)

In 1971, 50 years after GR was proposed, Lovelock’s theorem [35, 36, 37] revealed that

from a local gravitational action which contains only second derivatives of the four­dimensional

spacetime metric (in order to avoid possible instabilities), the most general equations of motion

are the previous ones4. GR has passed all precision tests to date and given us some interesting

phenomenology such as: the anomalous perihelion advance of the planet Mercury [38], gravi­

tational lensing [39], gravitational time dilation, which have been observationally checked, and

which Newton’s law of gravitation is unable to explain.

In spite of these successes, there are some problems with GR. Singularities are one of them,

which mean that there are points where spacetime is ill­defined because the path followed by

particles (the so­called geodesics) are incomplete and consequently predictability is lost. There

are also problems to find a unique quantum theory of GR. Therefore, this suggests that GR is only

valid for some regions and scales and then is not complete, i.e. it is not a valid theory everywhere

and for any scale (in a similar form toNewton’s lawwhich is valid for small velocities and scales,

or in other words, for weak fields). However, there are open questions too when one applies GR

on scales greater than that of the Solar System.

But Lovelock’s theorem told us that Eq. (1.16) are the most general equations, then how can

physicists improve the theory? In view of the theorem (and its considerations), there are 5 main

ways to go beyond GR if one considers gravity as a geometrical theory:

• Add other fields with a gravitational role rather than the metric tensor.

4However, these equations could come from a more general action (or Lagrangian) than the Einstein­Hilbert one, if these
new terms do not change the equations of motion. Indeed, the most general Lagrangian in 4­dimensions with the previous
properties is:

Lg = a
√
−gR− 2Λ

√
−g + bϵµνρλRαβ

µνRαβρλ + c
√
−g

(
R2 − 4RµνRµν +RµναβRµναβ

)
, (1.17)

where a, b,Λ and c are constants and the last term will be related with a branch of modified gravity called Gauss­Bonnet gravity
as it will be explained below.
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• Increase or diminish the dimensions of the spacetime.

• Add terms involving derivatives of the metric of higher­order than the second.

• Consider non­locality in the fundamental action, e.g. the inverse d’Alembertian.

• Consider the idea that the field equations do not come from the action which has been

dubbed emergence. Consequently, this idea discards the variational formulation of the

action and is beyond the Lovelock theorem.

These are the major possibilities to modify gravity if one considers it as a geometrical theory.

Obviously this theory is also applied to the Cosmos when looking for a valid cosmological

model. This is an essential step when we try to study the reliability of GR on large scales, where

this force should dominate. As usual in physics, this allows us to create a whole new framework

with new problems or questions to be solved. Consequently, it is essential to introduce the

current cosmological model at this point.

1.1.1 ΛCDMmodel: the current cosmological model

This model is supported by two ideas:

* GR as the gravitational theory.

* The Cosmological Principle: the Universe can be considered homogeneous and isotropic

at large scales. Therefore, one should introduce the most general spatially homogeneous

and isotropic metric. It is the FLRW­metric which, in the spherical coordinate system,

reads:

ds2 = −c2dt2 + a2(t)

(
dr2

1− kr2
+ r2dθ2 + r2 sin2 θdϕ2

)
. (1.18)

where a(t) is a function of the time called scale factor, which is relatedwith the size and evolution

of the Universe, and we will normalize it to unity today, while k takes account of the geometry

of the space with three possibilities: k = −1, 0, 1. At constant time, the cases k = 0, 1,−1

represent hyper­surfaces which are flat, positively curved, or negatively curved, respectively.

A very important parameter defined from the metric is the Hubble factor which is written:

H(t) =
1

a

da

dt
, (1.19)
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being H0 the Hubble factor at the present time. This parameter is very useful when studying

cosmology and its history because it gives the speed of expansion/contraction of the Universe,

that will be a fundamental aspect to relate the models with observations.

In order to advance in cosmology, it is usual to consider a perfect fluid whose stress­energy

tensor reads:

T µν =
(
ρ+

p

c2

)
UµUν + pgµν , (1.20)

where ρ is the energy density, p is the pressure and Uµ is the four velocity (UαUα = −1). The

former thermodynamic quantities are those measured by a comoving observer with the fluid.

With all this information (and assumptions), one is able to compute Einstein’s field equations

describing the evolution of the Universe in the comoving rest frame. The tt−component of Eq.

(1.16) is called the first Friedmann equation:(
ȧ

a

)2

=
8πG

3
ρ+

Λc2

3
− kc2

a2
, (1.21)

where the dot denotes a time derivative. It is usual to define a critical density that would provide

a spatially flat Universe in absence of cosmological constant:

ρc ≡
3H2

8πG
. (1.22)

Therefore, a Universe whose total energy density was above ρc would be spatially closed, and

spatially open in the opposite case. However, the main utility of the parameter ρc is that it allows

us to define dimensionless density parameters for the energy density of the component i (ρi):

Ωi(t) ≡
ρi(t)

ρc(t)
, (1.23)

which, together with the next two definitions:

Ωk(t) ≡ − kc2

a2H2
, ΩΛ(t) ≡

Λc2

3H2
, (1.24)

transforms the first Friedmann Eq. (1.21) into:∑
i

Ωi(t) + Ωk(t) + ΩΛ(t) = 1 . (1.25)

The trace of Eq. (1.16) together with the first Friedmann equation give us the second Fried­

mann equation, also called the acceleration equation or the Raychaudhuri equation:

ä

a
= −4πG

3

(
ρ+

3p

c2

)
+

Λc2

3
. (1.26)
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From this equation it is straightforward to see that without the cosmological constant Λ, and

with usual matter with positive pressure and positive energy, the Universe is condemned to be

decelerated.

In addition, it is possible to use another equation from one of the previous assumptions, the

conservation of the total stress­energy,∇µTµν , which ends up giving the continuity equation of

a fluid:

ρ̇+ 3
ȧ

a

(
ρ+

p

c2

)
= 0 . (1.27)

However, this equation can be obtained combining Eq. (1.21) and Eq. (1.26) so that only two of

the three equations are independent, and the choice of which pair we should use will depend on

what one is interested in studying. Eq. (1.27) informs us about the joint evolution of the species

when ρ =
∑

i ρi. This is specially simplified if they do not interact with each other, whichmakes

the continuity equation independently satisfied for each individual species. This is the case of

ΛCDMwhere Eq. (1.27) is satisfied separately for each component, (i.e. ρ̇i+3 ȧ
a

(
ρi +

pi
c2

)
= 0).

In contrast, if the different species were coupled, their equations of continuity would be coupled

as well and the solution could be more difficult to find or even impossible, as there will be a

larger number of unknowns than equations.

For the moment, we will take perfect fluids characterized by their density and pressure. If

both magnitudes are related by an equation of state of the form p = ωρ, they will be barotropic

fluids5 and if ω were constant, one could solve equation Eq. (1.27) as follows:

ρi ∝ a−3(1+ωi) , (1.28)

getting an expression for the evolution of the energy density of species i. There are three pos­

sibilities: if ωi > −1, the energy density decreases as the Universe expands; if ωi < −1, it

increases with the Universe; and if ω = −1, it remains constant, which is the important case of

the cosmological constant, that can be understood as a constant energy density in Eq. (1.21).

Confronting all these assumptions and derivations with observations [40], in the present state

of the art one is led to the ΛCDM model which essentially states the following:

• The Universe seems to have had a beginning at an extremely high density stage denoted

as the Big Bang, from which it evolved ever since.
5Any fluid with a equation of state of the form p = p(ρ) is barotropic.
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• The Universe has undergone an early acceleration dubbed inflation in order to solve some

problems. The main ones are: the horizon problem (same background radiation from

any point of the sky despite the entire sky not being in causal contact and consequently

not being able to achieve thermal equilibrium), the flatness problem (fine tuning problem

with the density of matter and energy to get a flat Universe), and the monopole problem

(absence of magnetic monopoles which should have been produced during the early epoch

of the Universe, being it very hot). This phenomenon would be able to explain the very

high degree of homogeneity and isotropy of the observed Universe at large scale too.

However, ΛCDM does not explain this early acceleration, although an effective Λ is usu­

ally envisaged. The majority of scenarios to produce inflation involve a self interacting

scalar field, the inflaton, that under appropriate conditions exhibits a short period of “slow­

roll” during which there is an exponential or quasi­exponential expansion so that the scalar

field behaves as a cosmological constant Λ.

After inflation, the primordial nucleosynthesis of light elements should occur. Then, the

continuous decrease of temperature of the Universe brings down the temperature of the

ultra relativistic plasma to a level that enables the recombination of the atoms. This hap­

pens approximately 360000 years after the nucleosynthesis and sets the stage at which

electrons and protons first became bound to form electrically neutral atoms. After this,

the mean free path of photons greatly increased, photons decouple from matter and be­

come a thermal bath dubbed the Cosmic Microwave Radiation (CMB), because it reaches

us at the present in the microwave band. The release of the CMB defines what we call

the Last Scattering Surface (LSS), and corresponds to the oldest “photo” of our Universe.

The CMB is a perfect black body radiation, but exhibits small temperature fluctuations

that we identify as the seeds for the emergence of structures. The size of the underlying

baryon fluctuations is associated with the sound horizon in the plasma, and provides us

with a standard ruler denoted by Baryon Acoustic Oscillation (BAO).

• It is necessary to introduce Cold Dark Matter (CDM) to explain the velocity curves of

galaxies and of structure formation. However, this form of matter has not been directly

observed as yet and its nature is still unknown.
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• There is a fluid with negative pressure called dark energy which is associated with the

cosmological constant and explains the current accelerated expansion of the Universe.

• There are three epochs depending on the component which dominates at each moment.

In sequence, they are: radiation epoch Ωr, matter epoch Ωm and cosmological constant

epoch ΩΛ.

• Our Universe is (nearly) flat, which implies k ≃ 0 in (1.18).

The main success of this model is that it is able to explain almost all observations until now,

so why do we need an alternative model? We expose some of the more important problems of

this model in the following section.

1.1.2 Problems of the ΛCDMmodel

In order to explain the physics of the cosmos on larger scales, it becomes mandatory to consider

more exotic kinds of energy and matter than the standard sources of geometry. In this way,

and under the uncontroversial assumption of homogeneity and isotropy in a GR ruled Universe,

the ΛCDM model provides a quite worthy chronicle of our Universe driven by new unusual

components (as we have anticipated): dark matter and dark energy.

Nevertheless, we cannot describe the physics of our Universe by just scraping its surface:

when we examine the ΛCDMmodel in the light of the whole assortment of evidences available,

we realize that, unfortunately, its two main components lead to new problems [41, 42, 43, 44,

45, 46, 47]. In particular, volumes have been written about the shortcomings of the specific type

of dark energy on which the model relies, the cosmological constant Λ.

When a cosmological constant as dark energy represented byΛ, and CDMare introduced and

contrasted with observations, they are estimated to make up 69.2% and 26.8%of the total energy

content of the Universe respectively at present [48, 49]. Ergo, in addition to other problems as

the quantization of GR, the two main problems which we are interested in will be associated

with the need of introducing these new cosmological components.

On the one hand, CDM is introduced to explain the motion of galaxies in the frame of GR,

but this kind of matter or fluid has not been directly detected. It means that we observe motions

or effects (around the galaxy scale) which disagree with GR (which works very well at Solar
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System scales), and in order to accommodate the theory with the observations, a new kind of

matter is introduced (instead of modifying gravity). The result is that the theory is able to fit the

observations, including structure formation, despite the need of introducing a hypothetical dark

matter particle. The main problem is that there is no success so far in the experimental search

for that particle.

On the other hand, there are problems associated with the cosmological constant. The most

important ones are: the cosmological constant Problem (CCP), the Coincidence Problem (CP)

and the Fine­Tuning Problem (FTP). The CCP is the discrepancy (around 120 orders of magni­

tude) between the observational value of the cosmological constant and the predicted value of

the zero­point energy of quantum field theory. The CP is associated with the question of why

the late acceleration of the Universe began when it did and its connection with structure forma­

tion. In a similar way, the FTP questions the fundamental reason for such a small value of the

cosmological constant [47].

We have already spoken about the problems found in GR in order to get a cosmological

model in agreement with observations, which essentially are the problems of the ΛCDMmodel.

Introducing modifications into GR opens the door to physics beyond the ΛCDM model, which

tries to resolve the previous issues through modified gravity [50, 51, 52]. However, notice that

the new theory must have the same behaviour as GR at the Solar System scale.

Nevertheless, there are other possibilities if one wants to maintain GR: on the one hand, one

could modify the matter content, i.e. modifying the right hand side of the Einstein equations

with new kinds of matter; or modifying the geometry, in which case, it is the left hand side

of the Einstein equations which is modified, loosening the Cosmological Principle. However,

although the cosmological problems would be resolved, the problems from singularities would

remain.

1.2 Modified Gravity

There are different theoretical and experimental reasons to consider gravitational theories be­

yond General Relativity [53, 50, 54, 55, 55, 56, 57, 58, 59, 60, 61]. Indeed, there has been in

the last years a large number of proposed gravitational theories which modify GR somehow to

keep the phenomenology (with good fittings to observations), but without the problems we have
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previously referred. In fact, there are so many, that the classification will depend on the author,

but under our knowledge and specially focused on this work we are going to classify them in 5

big groups:

• Extra fields which are added to the theory of gravity in different ways.

• Higher derivatives and non­local theories.

• Higher (spacetime) dimensional theories.

• Alternative formulations: changes in the geometry.

• Theories arising from quantum arguments.

However, this list is only a simplification and arises depending on the motivations from

which the theory emerges, as some theories may be considered to belong to more than one item.

Note that these groups are practically the same ones proposed by Lovelock’s theorem already

explained. In addition, there are other approaches to solve problems, which maintain GR as

gravitational theory, but modifying other assumptions of the ΛCDM model like the concept of

homogeneity and isotropy. It does not mean that the Universe is not homogeneous and isotropic

at large scales, but its structures at interstellar scales may affect the total evolution at bigger

scales.

From the viewpoint of theories based on higher spacetime dimensions, the first theory pro­

posed was the Kaluza­Klein theory between the years 1919­1926 [62, 63]. This theory tried to

unify gravitation and the electromagnetic forces using 5 dimensions. The starting point of view

of the theory was a 5­dimensional metric tensor which included the 4­dimensional gravitational

metric plus the vector potential Ai of the electromagnetic field, together two scalar functions.

Thus one was able to obtain GR on the one hand, and the Maxwell equations on the other one.

This theory allowed physicists to think about the possibility of unobserved additional dimen­

sions which would be “rolled up” to get the effective 4­dimensional spacetime of GR. Other

examples of theories with extra dimensions are String Theory or Superstring Theory which go

beyond gravitation.

In a different way, there are theories that go beyond Lovelock’s theorem, in what concerns

second derivatives in the field equations. We already said that this theorem formulates that



18 CHAPTER 1. INTRODUCTION

Einstein’s equations are themost general equations from a singlemetric (in 4­dimensions) with at

most second order derivatives. Therefore, another possibility to extend the gravitational theory

is to relax this constraint letting the field equations to be higher than second order. One of the

most important proposals in this respect arises from replacing R with a non­linear f(R) in the

Einstein­Hilbert action [57, 64]. However, even if viable examples can be found within this

class of models, there seems to be no compelling reason to prefer more complicated models to

the simple cosmological constant within GR. In particular the extended models do not evade the

cosmological FTP. This will be briefly analyzed in Section 3.2. Other important examples are

the Gauss­Bonnet models based on f(G) [65, 66, 67, 68, 69] whereG is the Gauss­Bonnet term

defined as6: G = R2 − 4RµνRµν +RµναβRµναβ .

Of course, from this point of view, there are other possible theories which arise by adding

other higher order invariants in the Lagrangian of GR. Example of these are: Lovelock theories

[71, 72, 36]; extensions of f(R) such as f(R,G), f(R,RµνR
µν), f(R, T ) (where T is defined

by the torsion); non­local theories [73, 74, 75] like f(□−1R) (where □−1 is the inverse of the

D’alembertian) or f(Rµν□−1Rµν) and the so­called conformal Weyl theory.

A different approach are the so­called scalar­tensor theories, in which one introduces a new

scalar field, which can be non­minimally coupled to gravity. The first historically important

example is the Brans­Dicke theory (developed in 1961) [76, 77], in which the gravitational

action is defined as:

Sg =
c3

16πG

∫
d4x

√
−g
(
ϕR− ω

ϕ
∂µϕ∂

µϕ

)
, (1.29)

where ω is the dimensionless Dicke coupling constant. Of course, if one forces to ϕ = 1, GR is

recovered. Themodel has been studied from different perspectives, by considering perturbations

[78], or the role of the coupling in the gravitational constant [79]. This will be thoroughly studied

in Chapter 2.

A generalization of the previous one, is the Horndeski theory. This theory is the most gen­

eral theory of gravity with an additional scalar field (therefore it is beyond Lovelock’s theorem

previously mentioned) which guarantees no Ostrogradsky instabilities. These instabilities are

associated with equations of motion with more than two time derivatives and a Hamiltonian
6This term is motivated because Lovelock’s theorem allows it in the Lagrangian since in 4­dimensions, it does not contribute

to the equations of motions as it vanishes (in Riemannian geometry [70]) like a boundary term. However, this term is an essential
part of the generalization of Lovelock’s theorem at higher dimensions.
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unbounded from below. In this case, the action is:

SG =

∫
dx4

√
−g
(

c3

16πG
R + LHr

)
, (1.30)

where LHr is the Horndeski Lagrangian given by [80]:

LHr = G2(ϕ,X)

−G3(ϕ,X)□ϕ

+G4(ϕ,X)R +G4X(ϕ,X)
[
(□ϕ)2 − ϕ;µνϕ

;µν
]

+G5(ϕ,X)ϕ;µνG
µν − G5X(ϕ,X)

6

[
(□ϕ)3 − 3□ϕϕ;µνϕ

;µν + 2ϕ;µνϕ
;νλϕ;µ

λ

]
,

(1.31)

where each Gn is an independent free function, ; is the covariant derivative, X is the derivative

with respect to X , and X is the kinetic term defined as: X = −1
2
∂µϕ∂

µϕ. This theory will be

analyzed for specific spacetimes beyond FLRW­metric in Chapter 5. From Eq. (1.31) one can

check that Brans­Dicke theory is a particular case. Another important specific case of this is

the so­called k­essence theory, in which only function G2 is activated like a minimal coupled

case. Initially, k­essence models were proposed to explain the inflationary epoch [81, 82], but

it was realized that these models could explain the late­time cosmic acceleration as well. A

more specific case of this one is the quintessence model [83, 84] in which G2 is the standard

Lagrangian density G2 = X − V (ϕ), where V (ϕ) can be a general potential, turning it into the

simplest scalar field scenario introduced to explain the acceleration stages.

It is important at this stage to introduce two important concepts in modified gravity and

specially in scalar­tensor theories. These are the Einstein Frame (EF) and the Jordan Frame

(JF). In order to give a brief definition one could think about the JF (in scalar­tensor theories) as

the frame (or the representation of the theory) in which the scalar field is coupled with gravity,

as opposed to the EF where, the scalar field is coupled to the matter Lagrangian. In general,

both frames can be represented as follows:

SJ =

∫
d4x

√
−g [Lg(gµν , ϕ) + LϕJ (ϕ)] + Sm(gµν) ,

SE =

∫
d4x
√

−g̃ [Lg(g̃µν) + LϕE(ϕ)] + Sm(g̃µν , ϕ) , (1.32)

which are usually related by a conformal or disformal transformation:

g̃µν = C(ϕ,X)gµν +D(ϕ,X)∂µϕ∂νϕ, (1.33)
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where C(ϕ,X) is the conformal factor, and D(ϕ,X) is the disformal factor. Therefore, this

redefines the metric with the scalar field, so that the coupling appears in one sector or other. In

addition, this transformation preserves causality and the number of degrees of freedom. Those

theories that connect the Jordan frame with the Einstein frame by Eq. (1.33) withD(ϕ,X) ̸= 0

are so­called disformal theories of modified gravity [85, 86, 87, 88, 89, 90, 91, 92], where the

main point is that they can be transformed to GR but with the matter content coupled to a scalar

field. Let me add that the Horndeski action is invariant under disformal transformations [93]

and in addition (and related), the Einstein frame exists only when there is no G5.

The natural next step from scalar­tensor theories, in the same direction, is the vector­tensor

theories [94, 95, 96, 97, 98, 99, 100] (with the special mention of Einstein­æther theories [101]

with the particular property that they single out a preferred reference frame and allow for the

study of violations of Lorentz symmetry in gravitation), with the form:

SV T =

∫
d4x

√
−g
[

c3

16πG
R + L(gµν , Aµ)

]
+ Sm(gµν,Ψ), (1.34)

where Aµ is a spacetime 4­vector field and Ψ are the matter fields which are not coupled to Aµ.

Obviously, other possibilities are tensor­tensor theories which involve two rank­2 tensors (such

as bigravity [102] and massive gravity [103]). Finally a combination of all [104], which are

called scalar­tensor­vector theories, is also possible.

Another possibility concerns the connection, which we already mentioned that in GR is

considered to be metric compatible and torsionless, which forces it to become the Christoffel

symbols. Therefore, another possible modified scenario is to let the connection be free, in such

a way that one finds the Palatini and the metric­affine theories (many times mistakenly treated

as the same). For both theories, the connection is free, but in the Palatini case one considers

that the matter action does not depend on it. In opposite, in the metric­affine formulation, the

matter action depends on the connection as well. In both cases, one should apply variations with

respect to the degrees of freedom, i.e. themetric and the connection, but in the first one the stress­

energy tensor will be the usual, whilst in the second one it will depend on the hypermomentum

tensor defined from variations of the matter Lagrangian with respect to the connection and for

the Hilbert­Einstein action. Both frameworks or considerations can be applied in the Hilbert­

Einstein action as in modified gravitational actions. It is usual to say that if one applies the

Palatini formalism in Eq. (1.12), GR is recovered, but this is only true after some assumptions,
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which close the system of equations, as showed in [35]. Of course, if one imposes a torsionless

theory and a null non­metricity tensor (which takes account for the metric compatible character)

adding Lagrange multipliers with that parameters to the action (1.12), one recovers GR in spite

of considering a metric­affine formalism. We will come back to this issue in Chapter 7, where

we will also study theories built focusing on the connection and its observational constraints.

An extension of the Palatini approach is the Hybrid Metric­Palatini gravity, in which it is usual

to change R in the GR action by a function of f(R,R), where R is defined with the Christoffel

symbols, whilstR depends on the connection and offers a richer phenomenology [105].

We will finish this brief walk in the forest of modified gravity by mentioning some other

theories, either from more radical changes in the geometry, like Finsler gravity, or motivated

by quantisation such as Loop Quantum gravity, Hořava­Lifschitz gravity, or some non­local

theories [73, 74, 75] playing an important role the p­adic strings theory [106, 107, 108], and

which will not be delved in, since they are beyond the study issue of this work.

In order to simplify our calculation, from this point on (and if we do not specify otherwise)

we will take the normalization of the speed of light as c = 1 and keep in mind the signature of

the metric (−+++).

1.3 Energy Conditions

General Relativity only informs us about the form of communication between gravity and mat­

ter, however it does not tell us anything about what kind of material content one should consider

as the source of the curvature of the spacetime. In the actual Universe, the stress­energy ten­

sor,which has to be considered in Eq. (1.16), could be made up of contributions from a large

number of different matter fields:

T totalµν = T ϕµν + Tmµν + T Vµν + ... . (1.35)

Physicists have some kind of idea of the type of matter that exists under the mild conditions

we find around us, but unfortunately, we have a very little idea of the behaviour of matter under

extreme conditions of density and pressure. However it is possible to make assumptions about

T µν from the identification of criteriae that should be satisfied by material fields under “normal

conditions”. We speak about energy conditions that are considered as physically reasonable
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assumptions on the stress­energy tensor.

1.3.1 T µν as a symmetric tensor

A general T µν is defined varying the matter action with respect to the metric, Eq. (1.15). Conse­

quently, if one considers that gµν is symmetric, T µν should be symmetric too. Due to this sym­

metry, one is able to diagonalize the purely spatial part of this tensor, adopting an orthonormal

basis (which is not a coordinate basis generically), B : {e⃗0, e⃗1, e⃗2, e⃗3} and performing rotations

to get:

T µν =


ρ f1 f2 f3

f1 p1 0 0

f2 0 p2 0

f3 0 0 p3

 , (1.36)

where ρ is the energy density, pi are the pressures and fi are the energy fluxes, all measured by

an observed at rest inB. It is useful to note that in the basis B, it is possible to write any timelike

vector, without loss of generality, as7:

V µ = γ


1

β1

β2

β3

 with
∑
i

β2
i < 1 . (1.37)

The energy­momentum flux 4­vector will then take the form 8:

F µ = −T µνVν . (1.38)

However, there is still a lot of freedom if we do not suppose anything about the fi.

1.3.2 Stress­energy tensor types: Hawking­Ellis Classification

There could be as many types of matter as the imagination of physicists and gravitational theo­

ries allow. However, from a tensorial representation with a symmetric Stress Energy Tensor in
7Vµ = γ(−1, β1, β2, β3) because the basis is orthonormal (not flat because it is not coordinate basis)
8Fµ is the energy­momentum flux seen by V µ
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4 dimensions and in an orthonormal basis (1.36), Hawking and Ellis classified it in 4 possible

forms depending on the extent to which they can be diagonalised by local Lorentz transforma­

tions9 [110, 111]:

T µν = (HE)αβL µ
α L ν

β . (1.39)

1. Type 1: It has a timelike eigenvector e⃗0. It describes almost all observed fields:

T µνI =


ρ 0 0 0

0 p1 0 0

0 0 p2 0

0 0 0 p3

 , σ(λ) = (−ρ, p1, p2, p3) , (1.40)

where σ(λ) are the eigenvalues. The eigenvalues p may be equal, or not but this matrix

can be diagonalised always.

2. Type 2: It has a double­null eigenvector≡ e⃗0+ e⃗1. It describes zero rest­mass fields when

they describe radiation travelling in the direction e⃗0 + e⃗1:

T µνII =


µ+ f f 0 0

f −µ+ f 0 0

0 0 p2 0

0 0 0 p3

 , σ(λ) = (−µ,−µ, p2, p3) . (1.41)

3. Type 3: It has a triple­null eigenvector ≡ e⃗0 + e⃗1:

T µνIII =


ρ f/

√
2 f/

√
2 0

f/
√
2 −ρ+ f 0 0

f/
√
2 0 −ρ− f 0

0 0 0 p3

 , σ(λ) = (−ρ,−ρ,−ρ, p3) . (1.42)

4. Type 4: It has no timelike or null eigenvector:

T µνIV =


ρ f 0 0

f −ρ 0 0

0 0 p2 0

0 0 0 p3

 , σ(λ) = (−ρ+ if,−ρ− if, p2, p3) . (1.43)

9This classification of Hawking and Ellis updates and generalizes the Segré classification [109].
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In order to understand better this classification, it is easier to consider the mixed tensor10

T µν = T µαgαν [111]. Now, however, T µν is not symmetric. That is the reason that, although

the problem is like in euclidean space, the tensor can be non­diagonalizable. It can be seen, as

we already said, that the spatial matrix can be diagonalised. Therefore, there are only 4 options

depending on the 4 possible sets of eigenvalues. We have taken the signs in such a way as to

obtain positive energy densities. However, in principle, there is no restriction about the signs of

the eigenvalues.

1.3.3 Usual Energy Conditions

The energy conditions are assumptions made on the material content to extract generic char­

acteristics of the spacetime through the equations of the theory. Therefore, those assumptions

about the energy conditions should be satisfied by the stress­energy tensor of fields that we know

exist in nature and it should not be trivially satisfied by any. However, let us remark once more

that they are only assumptions based on our experience about the matter we know, and so as they

are not strictly necessary or even dogmas, one is allowed to consider alternative possibilities.

It is usual to classify ECs into two groups and one additional group if one includes purely

geometrical (not energy) conditions:

1. Geometrical Conditions:

• Timelike convergence condition (TCC): It is the convergence of timelike geodesics

with zero vorticity. The matter and the theory of gravity are such that they imply the

convergence of timelike geodesics. This implies that Gravity is always attractive.

Let us consider the Raychaudhuri equation [112]:

dθ
dS

= ωµνω
µν − σµνσ

µν − 1

3
θ2 −Rµνu

µuν , (1.44)

where:

ωµν = ∇[αuβ] is the vorticity. (1.45)

θ = hµν∇(νuµ) = ∇µu
µ is the expansion. (1.46)

σµν = ∇(νuµ) −
1

3
θhµν = θµν −

1

3
θhµν is the shear. (1.47)

10It must be noted that the eigenvalue problem from this mixed tensor is similar to the usual euclidean case whereas for Tµν :
vµαTµν = λαvν ⇒ (Tµν − λαgµν) = 0.
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and hµν = δµν+u
µuν is the tensor of the projection in the tangent subspace orthogonal

to the velocity of the flux uµ. For vorticity zero we can ensure dθ/dS ≤ 0 if:

RµνV
µV ν ≥ 0 ∀ V ν timelike . (1.48)

• Null convergence condition (NCC): Convergence of null geodesics. Matter and the

theory of gravity are such that they imply the convergence of null geodesics. Anal­

ogously:

Rµνk
µkν ≥ 0 ∀ kµ null vector, kµk

µ = 0 . (1.49)

NCC is a limit case of TCC: V µ → kµ. If TCC is satisfied→ NCC is satisfied.

2. Energy conditions that assume a reasonable behaviour of matter in a given theory of grav­

ity

• Strong Energy Condition (SEC): Gravity is attractive in GR (without a cosmological

constant), and for this reason in GR the TCCmust be satisfied. Let us show that SEC

→ TCC + Einstein equations:

Rµν −
1

2
gµνR = 8πGTµν → R = −8πGT →

→ Rµν = 8πG

(
Tµν −

1

2
gµνT

)
,

TCC: RµνV
µV ν ≥ 0 ⇒

(
Tµν −

1

2
gµνT

)
V µV ν ≥ 0 . (1.50)

So, the condition SEC is:

TµνV
µV ν ≥ 1

2
TV µVµ . (1.51)

• Null Energy Condition (NEC): Matter is such that in GR the NCC (Rµνk
µkν ≥ 0)

is satisfied. In this case, the NCC condition together with Einstein’s equations give

us the following condition:

Tµνk
µkν ≥ 1

2
Tkµkµ = 0 ⇒ Tµνk

µkν ≥ 0 . (1.52)

We should note NEC is a particular limit of SEC.
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3. Energy conditions that assume properties of any reasonable material content indepen­

dently of the theory of gravity.

• Dominant Energy Condition (DEC): The energy density measured by any observer

is non­negative and it propagates in a casual way. There are two magnitudes related

with this:

– Energy density measured by any observer: ρobs = TµνV
µ
obsV

ν
obs. This condition

tell us that this magnitude should always be positive.

– Energy­momentum flux seen by V µ
obs: F

µ
obs = −T µνV ν

obs. In this case, this con­

dition tell us that this vector must be causal.

So, the DEC could be written in the following form:

TµνV
µV ν ≥ 0 ∀ V µ timelike and F µ is a causal vector . (1.53)

In some literature, this condition is found in the following form: a stress­energy

tensor satisfies DEC if, and only if, TµνV µV ν ≥ 0, and the vector−T µνV ν is causal

and is addressed to the future for all temporal vector V µ addressed to the future.

• Weak Energy Condition (WEC): The energy density measured by any observer is

non­negative:

T µνV
νVµ ≥ 0 . (1.54)

Obviously, if DEC is satisfied⇒WEC is satisfied as well.

Also, the NEC is a particular limit of the WEC in which we consider V µ → kµ with

β → 1. So, if WEC is satisfied⇒ NEC is satisfied too.
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The relations between these conditions are:

SECg̀afbecd +3
NECg̀afbecd NCCg̀afbecdGRks

TCCg̀afbecdks

DECg̀afbecd +3
WECg̀afbecd

KS

In the diagram one can observe that if the SEC is satisfied, the NEC has to be satisfied as

well. Therefore, if the NEC is not satisfied, SEC will not be satisfied. Therefore, it follows the

mere violation of the NEC successively implies that the SEC, WEC and DEC are all violated

(NCC and TCC too when we use GR as the gravitational theory).

During the 1960’s, the trace energy condition (TEC) was also popular. It is now completely

forgotten, since it is incompatible with ultra­relativistic matter and specifically focusing on stiff

equations of state for neutron stars. For a signature (−,+,+,+) it is [110, 113]:

TEC: , T ≤ 0 for type 1: ρ− 3p ≥ 0 . (1.55)

This fact teaches us the important lesson that the ECs should not be taken as fundamental

and immutable conditions.

In the framework of modified gravity theories, the new degrees of freedom are usually recast

as generalized effective fluids. This point of view has been intensively explored in the litera­

ture to constrain these modified theories, as for example for the case of f(R) theories [114],

scalar­tensor theories [115], or to find bounds on modified teleparallel gravity [116]. However,

one should analyze carefully these results since the effective fluid from some modified gravity

theories differ in nature with respect to the standard matter fluids [117].

1.3.4 Relevant inequalities for a perfect fluid

It is usual to find the expressions of the ECs referred to a stress­energy tensor of a perfect fluid

(1.20). This is just a particular case of a type 1 stress­energy tensor which will be important

throughout the present work. Recall that Uµ, in Eq. (1.20), is the fluid 4­velocity, which should

not be confused with the observer’s 4­velocity V µ. In a diagonal basis comoving with the fluid,
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one obtains11:

T µν =


−ρ 0 0 0

0 p 0 0

0 0 p 0

0 0 0 p

 . (1.56)

Thus, we recover the canonical expression for a type 1 with p1 = p2 = p3 = p, without the need

of using a local orthonormal basis, but only for the mixed tensor. Since this will be the main

stress­energy tensor used in this work, let us write the translation of its energy conditions.

• WEC inequality

The condition is:

T µνVµV
ν ≥ 0 ∀ V µ = (1; β⃗) such that βi satisfies

∑
i

β2
i < 1 , (1.57)

and therefore, for our kind of stress­energy tensor:

ρ+ p
∑
i

β2
i ≥ 0 . (1.58)

This expression is linear in β2
i and it would always be satisfied by its extremal values, i.e.∑

i β
2
i = 0 and

∑
i β

2
i → 1. Therefore, on the one hand, if β2

1 +β
2
2 +β

2
3 = 0 ⇒ β2

i = 0,

then ρ ≥ 0. On the other hand, if β2
1 + β2

2 + β2
3 → 1, then ρ + p(β2

1 + β2
2 + β2

3) ≥ 0 →

ρ+ p ≥ 0. Therefore, these conditions for a perfect fluid are translated into:

ρ ≥ 0 , (1.59)

ρ+ p ≥ 0 . (1.60)

11To check this one may express Uµ = (1, 0, 0, 0), Uµ = (−1, 0, 0, 0), gµν = δµν . Then:

T 0
0 = (ρ+ p)(−1) + p = −ρ .

T i
j = (ρ+ p)(0) = 0 if i ̸= j .

T i
j = (ρ+ p)(0) + p = p if i = j = 1, 2, 3 .
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• NEC inequality

The condition is:

T µνk
νkµ ≥ 0 . (1.61)

where, in this case, because kµ is a null vector,
∑

i β
2
i = 1 so we do not have the extremal

case β2
1 + β2

2 + β2
3 = 0 like in the previous subsection, and the only needed condition for

a perfect fluid is:

ρ+ p ≥ 0 . (1.62)

• DEC inequality

The condition is12:

TµνV
µV ν ≥ 0 and F µFµ ≤ 0 ∀ V µ timelike . (1.63)

As DEC implies WEC, we already know that for a perfect fluid we need the same con­

straint than for WEC for the first part of (1.63). Let us study the second inequality of this

condition13.

F µFµ = T µνV
νTµαV

α = −ρ2 + p2(β2
1 + β2

2 + β2
3) ⩽ 0 . (1.64)

where the inequality ρ + pj ≥ 0 is contained. So, we express this condition for our

stress­energy tensor:

ρ ≥ 0 , (1.65)

ρ ≥ p ≥ −ρ . (1.66)

• SEC inequality

This condition is:

T µνVµV
ν ≥ 1

2
TV µVµ , (1.67)

12Let us remark that a causal vector means that it is timelike or null, which for a metric with signature (−,+,+,+) it is
translated into V µVµ ≤ 0

13It is obvious that in this part the specific form of the metric appears, however, we will consider a sufficiently local region.
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which could be translated into:

1
2
(1 +

∑
i β

2
i ) ρ+ p

∑
i β

2
i +

3
2
p (1−

∑
i β

2
i ) ≥ 0 , (1.68)

and whose extremes are:

–
∑

i β
2
i → 0. Then:

1

2
ρ+

3

2
p ≥ 0 . (1.69)

–
∑

i β
2
i → 1, i.e. β2

i → 1 and β2
j = β2

k → 0, then:

ρ+ p ≥ 0 . (1.70)

So, in this case, the conditions are:

ρ+ 3p ≥ 0 ,

ρ+ p ≥ 0 . (1.71)

1.3.5 Classical examples of violations of the Energy Conditions

The energy conditions or their violations are useful to extract general characteristics of the space­

time. With the purpose of showing that, let us present two important examples in the frameworks

of the cosmology model and scalar fields.

We showed that for the current cosmological model we need to introduce two epochs of

accelerated expansion of our Universe: inflation and the current epoch. Therefore, the Time­

like Convergence Condition (TCC) (which is independent of the gravitational model) cannot be

satisfied during those epochs, as gravity would not be attractive in an accelerated Universe.

In order to check this fact, recall that the TCC implies:

RµνV
µV ν ≥ 0 ∀ V µ timelike . (1.72)

and considering a spatially flat FLRW:

ds2 = −dt2 + a2(t)(dr2 + r2dΩ2) , (1.73)
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where dΩ2 = dθ2 + sin2 θdϕ2, and whose 00−component of the Riemann tensor is14:

R00 = −3
ä

a
. (1.74)

On the other hand, considering the velocity of the co­moving observer V a
co = γ(1, 0⃗), one gets:

RµνV
µ
coV

ν
co = γ2

(
−3

ä

a

)
. (1.75)

Consequently, for an accelerated (ä > 0) Universe, the co­moving observer will perceive a

“repulsive” gravity, and therefore the TCC is violated. In addition, putting together TCC with

GR, one obtains SEC, so it should also be violated. But SEC focuses on the matter content and

not on the gravitational part, so the kinds of matter that support this effect (in these specific cases

dark energy and the inflation field) must violate the SEC by definition.

Thus, if one considers dark energy with a stress­energy tensor of type 1, the SEC for a

comoving timelike vector is translated into ρ ≥ (ρ−3p)/2, and using the state equation p = ωρ,

the violation of SEC becomes ω < −1/3.

Another important example to show the Energy Conditions and focusing in modified gravity

is the study of a non­minimally coupled scalar field (since, from the previous example, it is easy

to conclude that a minimally coupled scalar field satisfies DEC,WEC andNEC, but it can violate

the SEC, considering dark energy described by a quintessence model). A possible action would

be then [118]:

S =
1

2κ2

∫
d4x

√
−gR +

∫
d4x

√
−g
(
−1

2
gµν∂µϕ∂νϕ− V (ϕ)− ϵ

2
Rϕ2

)
, (1.76)

where the non­minimal coupling is in the term: ϵ
2
Rϕ2. So, one could think about the second

integral as the matter­action and use the definition of the stress­energy tensor (1.15). The first

step will be to calculate the variation of the term with the non­minimally coupled term, one has

to take into account that, due to the ϕ2 factor, the variation δRµν/δg
αβ term does not vanish, as

the result is not a total derivative, which we could split up from the integral and vanish it to zero

in the boundary. Thus,

Lϵ = − ϵ

2

√
−gRµνg

µνϕ2 . (1.77)

14where the global sign in the metric does not affect to this result.
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So,

δLϵ
δgαβ

= − ϵ

2

δ
√
−g

δgαβ
Rµνg

µνϕ2 − ϵ

2

√
−g δRµν

δgαβ
gµνϕ2 − ϵ

2

√
−gRµν

δgµν

δgαβ
ϕ2

= − ϵ

2

(
−1

2

√
−ggαβ

)
Rµνg

µνϕ2 − ϵ

2

√
−g δRµν

δgαβ
gµνϕ2 − ϵ

2

√
−gRαβϕ

2

= − ϵ

2

√
−gGαβϕ

2 − ϵ

2

√
−g
[
gαβ□ϕ2 −∇α∇β(ϕ

2)
]
, (1.78)

where in the last step we have done an integration by parts and we have cancelled the terms

which are evaluated at the boundary. We can see straightforwardly that if ϕ were a constant we

would obtain the Einstein tensor with another coupled constant. So, the stress­energy tensor

is15:

T (ϕ)µν = ∇µϕ∇νϕ− 1

2
gµν(∇ϕ)2 − gµνV (ϕ) + ϵGµνϕ

2 + ϵ
[
gµν□ϕ2 −∇µ∇ν(ϕ

2)
]
=

= ∇µϕ∇νϕ− 1

2
gµν(∇ϕ)2 − gµνV (ϕ) + ϵGµνϕ

2

+2ϵ [gµν∇α (ϕ∇αϕ)−∇µ (ϕ∇νϕ)] , (1.79)

and therefore Einstein’s equations are:

Gµν = κ2T (ϕ)µν , (1.80)

where now T (ϕ)µν contains geometrical terms. We are going to move the geometrical terms to

the l.h.s:

Gµν

(
1− κ2ϵϕ2

)
= κ2

{
∇µϕ∇νϕ− 1

2
gµν(∇ϕ)2 − gµνV (ϕ) + 2ϵ [gµν∇α (ϕ∇αϕ)−∇µ (ϕ∇νϕ)]

}
.

(1.81)

So, we can define an effective T (ϕ)effµν :

Gµν =
κ2

1− κ2ϵϕ2

{
∇µϕ∇νϕ− 1

2
gµν(∇ϕ)2 − gµνV (ϕ) + 2ϵ [gµν∇α (ϕ∇αϕ)−∇µ (ϕ∇νϕ)]

}
=

= κ2T (ϕ)effµν . (1.82)

This is the relevant tensor for the study of the ECs, as it does not contain geometrical terms

now. Let us study how the NEC (equivalently the NCC) behaves:

Gµνk
µkν = κ2T (ϕ)effµνk

µkν . (1.83)

15Recall that for a scalar field the covariant derivative is the same as a partial derivative, i.e. ∇µϕ = ∂µϕ.
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We consider kµ to be a null vector tangent to a geodesic xµ(λ), with λ the affine parameter,

i.e. kµ∇µϕ = dϕ
dλ ≡ ϕ′:

Gµνk
µkν =

κ2

1− κ2ϵϕ2

{
(ϕ′)

2 − 2ϵkµkν (∇µϕ∇νϕ+ ϕ∇µ∇νϕ)
}

=
κ2

1− κ2ϵϕ2

{
(ϕ′)

2 − ϵ(ϕ2)′′
}
. (1.84)

We are going to study now the three possible cases:

• ϵ = 0 is the minimally coupled field. In this case: Tµνkµkν = (ϕ′)2 ≥ 0. Therefore NEC

is satisfied.

• ϵ < 0. In this case the coefficient 1/(1 + κ2 | ϵ | ϕ2) should always be positive. Let us

study the minimum and maximum of ϕ2

1. Minimum: ϕ′ = 0 and (ϕ2)′′ > 0 so NEC is satisfied.

2. Maximum: ϕ′ = 0 and (ϕ2)′′ < 0 so NEC is violated.

• ϵ > 0. In this case, if | ϕ |> (κ2/ϵ)1/2 then T eff
µν ∝ − [(ϕ′)2 − ϵ(ϕ2)′′] any local minimum

of ϕ2 would violate the NEC, and if | ϕ |< (κ2/ϵ)1/2 any local maximum would violate

NEC too.

So, the conclusion is that NEC is generically violated once one introduces non­minimally

couplings with the geometry.
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Chapter 2

About the gravitational coupling constant

In Newton’s law of gravitation, written as in Eq. (1.2) withG = −k2, the gravitational constant,

G, is assumed to be positive to obtain an attractive character. Of course, this character should be

recovered in GR, where G plays the role of the coupling of the geometry to the matter content

of the Universe. The consequence of this is to take the gravitational coupling as positive and

constant. However, this fact seems to be the only reason to consider a “static” coupling. In

1938, Dirac made an astounding proposal, dubbed the Large Number Hypothesis, according

to which any dimensionless ratio between two fundamental quantities of nature should be of

the order unity (for a more detailed account of the motivations see [119]). This led him to put

forward that if G were to evolve with the Hubble rate of expansion of the Universe this would

account for the present disparity of about 40 orders of magnitude between the gravitational and

electromagnetic forces at the atomic level. The possibility of a dynamical gravitational coupling

was thus considered.

This was the first time the variation of some fundamental constant was explicitly and seri­

ously envisaged. Dirac’s proposal was given a field theoretical realization, first by P. Jordan

within a Kaluza­Klein type approach (thus involving extra­dimensions), and then, in 1961, by

R. Dicke and his student C. Brans who introduced the theory already presented in Eq. (1.29), un­

der the motivation of accomplishing Mach’s principle [2, 76]. In both cases a dynamical scalar

field ϕ couples to the spacetime curvature and thus plays a gravitational role. As mentioned

in the introduction, this scalar field represents new degrees of freedom and upon variational

differentiation with respect to the latter implies additional field equations.

35
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In principle, within this framework, it becomes possible forG to change sign, trading attract­

ing into repulsive gravity, and conversely. This might happen either during the cosmological

time evolution, or even conceivably it might happen at spatially separated regions of spacetime.

The concern about the sign of the gravitational constant has been envisaged as a constraint to

be respected by the spectrum of modified gravity theories, but the focus has never been directed

to devise a mechanism to assure its positiveness. For instance, Barrow [120] proposed that the

formation of primordial black holes during the early stages of the Universe might retain “mem­

ory” of the value of the gravitational constant at the time of their formation, and hence exhibit

diverse values of the latter depending on the instant of their formation, around tPrim ∼ 10−25 s.

Then, we will start this chapter studying the most elementary part of the gravitational theory

from a relativistic point of view, this is the coupling between matter and gravity, for which

one should go into the world of modified gravity and more specifically into the scalar­tensor

(ST) gravity theories. In addition, we want to analyze a possible cosmological mechanism that

determines the positiveness of the sign of G, even though it may exhibit transient periods in

the negative region. We are going to show that this cosmological device relies on the role of

a cosmological potential, which reproduces a positive cosmological constant in the so­called

Einstein frame. From this latter viewpoint it can be understood as another role of paramount

importance of this remarkable constant. In Refs. [121, 122], I. Roxburgh analysed the issues

of the sign and magnitude of the gravitational constant, based on Einstein’s correspondence

principle which demands that Newtonian gravity be recovered in the weak field limit of the

theory. His analysis is done in the framework of GR and is somewhat motivated by Mach’s

principle, leading him to conclude that G must be positive. Other studies which carry some

relation to the present chapter are [123, 124, 125, 126, 127, 128, 129, 130].

We shall start by briefly looking at the implications of having G < 0 in cosmology, namely

showing that inflation arises for a considerably large set of parameters, and that one obtains

bouncing solutions that avoid the initial singularity when a cosmological constant is also con­

sidered. Only then will we analyze the cosmological behaviour of scalar­tensor theories to show

how a subset of the solutions exhibit negative G, and how a cosmological potential provides us

with a mechanism that favours positive G and eventually stabilizes its sign. In essence we will

show that the presence of a cosmological constant in the Einstein frame provides such a mech­

anism for an extended set of varying G theories, which represents a relevant feature for the
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existence of a non­vanishing cosmological constant in the Einstein frame (and of a correspond­

ing cosmological potential in the Jordan frame). At the same time, we will use this study to

introduce more deeply one of the simplest theories (but not less relevant) in modified gravity.

2.1 Negative G in GR

It must be said that if we envisage the trading of a positive G into a negative one within Ein­

stein’s General Relativity, the attractive nature of gravity will be mutating into a repulsive one,

and this avoids the need to rely on exotic matter, violating the strong energy condition, to pro­

duce inflationary stages. This is therefore an alternative ad­hoc device, akin to the Albrecht and

Magueijo’s varying speed of light to avoid the perplexing complications of the inflationary sce­

narios [131]. The down side of this way of producing repulsive gravity, is that once assumed,

it is forever. There would be no way of exiting inflation with canonical matter sources. The

scalar­tensor scenario that we consider afterwards avoids the latter problem, since it allows a

change of the sign of G along its evolution, and presents us with a natural, and theoretically

consistent framework for exploring the possible negativeness of G.

2.1.1 Friedmann Models with a Single Fluid

Consider the usual FLRW universes of the standard cosmological model, and take G = −|G|

in Einstein’s GR and without the cosmological constant in Eq. (1.21) and Eq. (1.26). We then

have the following field equations1:
ȧ2

a2
+
k

a2
= −8π|G|

3
ρ , (2.1)

ä

a
=

8π|G|
6

(ρ+ 3p) . (2.2)

From the change of sign ofG, the signs on the right hand side are the opposite with respect to the

usual ones written in Eq. (1.21) and Eq. (1.26). However, the Bianchi contracted identities for

a perfect fluid in thermodynamic equilibrium are immune to this change of sign and the energy

conservation equation is preserved as Eq. (1.27):

ρ̇ = −3H (ρ+ p) . (2.3)
1Recall that dots denote derivatives with respect to time, a is the scale factor of the Universe, ρ and p are the energy density

and pressure, respectively, and we have taken c = 1.
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Thus, when the matter content (type I of the Hawking­Ellis Classification) satisfies the weak

and strong energy conditions, ρ > 0, ρ+ p ≥ 0, and ρ+3p ≥ 0, we see from the Raychaudhuri

Equation (2.2), that the expansion is accelerated, ä ≥ 0. Yet, this inflationary behaviour is con­

strained by the Friedmann Equation (2.1). It can be easily verified that the single fluid solutions

are forbidden when k = 0,+1, and are restricted to ρ ≤ 3/8π|G|a2 when k = −1.

Furthermore, notice that the transformation |G| → −|G| which is performed in the Einstein

field equations of the FLRWmodels produces a system which mimics phantom matter provided

the equation of state relating the pressure and the energy density of matter is such that p(ρ) →

−p(−ρ) when ρ → −ρ, preserving the field equations (we remark that this happens to be the

case for the barotropic equations p = (γ − 1)ρ which are usually considered; in addition the

cosmography framework, as exposed in [132, 133], also absorbs this transformation and is left

unchanged).

2.1.2 Model with a cosmological constant

Now, let us introduce a cosmological constant in addition to the perfect fluid:

Tµν = −Λ gµν . (2.4)

The field equations now read

ȧ2

a2
+
k

a2
= λ− 8π|G|

3
ρ , (2.5)

ä

a
= λ+

8π|G|
6

(ρ+ 3p) , (2.6)

where λ = Λ/3. Recasting the latter equations in conformal time η defined by dη = dt/a(t) we

get

(a′)2 + ka2 = λ a4 − 8π|G|
3

ρ a4 , (2.7)

a′′

a
= 2λ a2 − k − 8π|G|

6
(ρ− 3p) a2 , (2.8)

where ′ denotes derivativewith respect to the conformal time η. Assuming that thematter content

is a barotropic perfect fluid with equation of state (EOS) p = (γ − 1) ρ where γ is a constant

that takes values in the range 0 < γ ≤ 2, we derive the exact solutions from Eq. (2.7)∫
da

(λ a4 − (8π|G|/3) ρ0 a4−3γ − k a2)1/2
= ±(η − η0) , (2.9)
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which yields Jacobi elliptic functions. Naturally, in the latter equation η0 is an arbitrary integra­

tion constant that sets the origin of time. There are four kinds of components that are of special

interest: (i) Radiation, i.e., γ = 4/3, (ii) Dust, i.e., γ = 1, (iii) Stiff matter, i.e., γ = 2, and (iv)

The coasting model γ = 2/3.

A possibility of great interest is the case where we have a combination of pressureless matter

and radiation together with a cosmological constant, since these are the 3 major components

that best fit the expansion history of the Universe (ΛCDM model) [40]. The corresponding

dynamical system, from Eq. (2.8), reads:

a′ = b , (2.10)

b′ = −k a− 8π|G|
6

ρ0d + 2λ a3 = −ka− ΩmH
2
0

2
+ 2ΩΛH

2
0a

3, (2.11)

where ρ0d is the current density of dust. In addition, the first Friedmann constraint equation

becomes:

ka2 + b2 = −8π|G|ρ0d
3

a− 8π|G|ρ0r
3

+ λ a4 , (2.12)

from where one can appreciate that now the cases with k = 0,+1 are allowed (with restriction)

because of the last term λ as long as this is positive.

In Figure 2.1, we represent the phase diagrams depicting the qualitative behaviour of these

negative G models for some choices of matter content (for a recent review of the methods of

dynamical systems in cosmology see [134]). Analyzing the existence and nature of the fixed

points, we classify the possible dynamical behaviours. Please note that we have compactified

the phase diagrams using the transformation x = tanh a and y = tanh b, so that the boundary

lines x = ±1 and y = ±1, respectively, correspond to a → ±∞ and b → ±∞. This allows us

to devise the asymptotic solutions at infinity.

The number and position of the fixed points in the finite region of the phase plane (a, b) is

defined by the roots of Eq. (2.11) when b = 0. Therefore, there will be at most three fixed points

on the a axis (plus the fixed points at infinity which will not be on the a axis). In Figure 2.1 we

display the qualitative behaviour of the model for the three spatial curvatures and use reasonable

values for the parameters in Eq. (2.11), which take into consideration the ΛCDM model. We

adopt ΩΛH
2
0/ΩmH

2
0 ≈ 2, except in Figure 2.1d.

Onemust be wary though that in the phase­diagrams of Figure 2.1 the half­plane correspond­

ing to negative values of a is not physical. Yet its representation is useful, because it illustrates



40 CHAPTER 2. ABOUT THE GRAVITATIONAL COUPLING CONSTANT

the complete behavior of the mathematical dynamical system underlying the physical scenario,

regardless of the physical consistency of some of its parts. Moreover, in the present case it also

allows for a comparison with the posterior phase­diagrams of the scalar­tensor models we will

show below.
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Figure 2.1: Phase­diagrams displaying the behaviour of the vector field (a, a′) for GR with a negative G. From left to right
and from top to down: (a) represents the k = −1 models, (b) the k = 0 models, and (c,d) correspond both to the k = +1

models with different values for the relation ΩΛ/Ωm. Red points are fixed points and blue points represent the starting point of
the most solutions excepting those that correspond with circular orbits.

In Figure 2.1 (a,b) the k = −1 and k = 0 models are represented, and Figure 2.1 (c,d)

correspond both to the k = +1models. The lower half­planes of the various diagrams are mirror

reflections from the upper ones under the t→ −t, (a, b) → (a,−b) symmetry. In Figure 2.1 (a)

there are three fixed points, one at {a, b} = {a∗, 0}, where a∗ is a finite root of the right­hand

side of Eq. (2.11) (which for our choice of parameters corresponds to {a, b} = {0.341164, 0}),
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and two at infinity. The former fixed point is a saddle point denoting an unstable static solution;

the latter points at b = ±∞ are contracting and expanding de Sitter solutions related by the

time reversal symmetry. Although the model is open, there are re­collapsing solutions at the

left of the finite fixed point, and solutions collapsing from infinity and bouncing back to it. In

Figure 2.1 (b) there also are three fixed points, one at {a, b} = {0.5, 0}, and the other two at

b = ±∞. The qualitative behaviour is alike to the one found for the k = −1 case. The Figure

2.1 (c,d) phase diagrams display the two possible behaviours of the k = +1 case, which translate

the existence of a bifurcation associated with two different subsets in what regards the balance

of parameters (the bifurcation occurs for 8π|G|ρ0d = 4/
√
6λ). In the left one, Figure 2.1 (c),

once again there are three fixed points at {a, b} = {0.662359, 0} plus the two fixed points

at infinity. From a qualitative viewpoint, we find the same behaviour as in the previous open

models. However, in Figure 2.1 (d) there are three fixed points on the x­axis, namely two saddle

points and a center in between, the latter of which corresponds to a basin of oscillatory behaviour.

Yet, being located in the left­half plane, i.e., a < 0, its impact on the physical right­hand side

is not qualitatively noticeable, apart from reducing the proportion of solutions which evolve

towards the de Sitter points at b = ±∞.

Analyzing the fixed points of the compactified phase­diagrams, we find that for k = −1

and k = 0, there are only three fixed points, while for k = +1 there could be either three or

five fixed points, counting the two critical points at infinity. In the former cases, when there are

only three fixed points, the qualitative behaviour is the same independently of the value of k.

Different spatial curvature indexes only distinguish through a horizontal shift of the location of

the critical point on the horizontal axis. These fixed points are saddle points which correspond

to unstable static solutions. In all k cases, there are solutions where a expands to infinity. This

fact was foreseeable, because of the repulsive character of gravity when G is changed to −|G|.

They correspond to asymptotic de Sitter (deS) solutions, both in the future and in the past, upon

time reversal. They reflect the eventual domination of the cosmological λ­term, overcoming the

impact of the sign ofG, yet the swapping of the sign ofG enhances this domination. Obviously,

according to this behaviour, the current accelerated expansion of the Universe is not a problem,

but we have a gravity which is inconsistent at small scales with the weak field limit, and thus

would be at odds with the Solar System behaviour [121, 122]. However, the analysis pursued

in this section is merely a first step to assess the cosmological impact of a negative gravity.
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In the following section we shall consider the issue within the more appropriate framework of

modified metric gravity theories which assume the variation of G.

2.2 Scalar­Tensor Gravity Theories

We now consider the scalar­tensor gravity theories given by the action

S =
1

16π

∫ √
−g d4x

[
ϕR− ω(ϕ)

ϕ
∂µϕ∂

µϕ− 2U(ϕ)

]
+ Sm , (2.13)

which is a generalization of the Brans­Dicke theory already mentioned in Eq. (1.29), since

we allow the coupling constant ω to evolve, and where a potential term U(ϕ) of cosmological

nature is considered2. We may express this potential as U(ϕ) = ϕλ(ϕ) to visualize more easily

the case of GR, in which this term ends up becoming the cosmological constant. Besides, one

can consider that either the gravitational coupling constant G has been hidden inside the scalar

field ϕ, or that it has been directly exchanged for a dynamical parameter ϕ, which generically

varies, using the relation G = 1/ϕ, allowing us to see the scalar field ϕ as the gravitational

permittivity of the spacetime [135]. At last, we will say that this scalar field is non­minimally

coupled to gravity. In General Relativity we can see that matter and gravity are terms completely

separated in the action and in the equations of motion (excepting the metric), so we say that they

are minimally coupled, but in this case, we can observe how ϕ and R are directly coupled to

each other. We will denote to the theories with this sort of couplings as Non­minimal Scalar

Tensor Theory (NMSTT).

The field equations are

Rαβ −
1

2
gαβ R + λ(ϕ) gαβ =

ω(ϕ)

ϕ2

[
ϕ;αϕ;β −

1

2
gαβϕ;γϕ

;γ

]
+

1

ϕ
[ϕ;αβ − gαβϕ;γ

;γ] + 8π
Tαβ
ϕ

,

(2.14)

□ϕ− 2ϕ2λϕ(ϕ)− 2ϕλ(ϕ)

2ω(ϕ) + 3
=

1

2ω(ϕ) + 3
[8π T − ωϕ(ϕ)ϕ;γϕ

;γ] , (2.15)

where T ≡ T λλ is the trace of the stress­energy tensor, Tαβ , the semicolon denotes the covariant

derivative, and A(ϕ)ϕ means the derivative with respect ϕ of the function A(ϕ). When applied

2For a scalar field ∂µ = ∇µ since the connection does not interfere.
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to the FLRW models we obtain

3

(
ȧ

a

)2

+ 3
ȧ

a

ϕ̇

ϕ
+ 3

k

a2
= λ(ϕ) +

ω(ϕ)

2

ϕ̇2

ϕ2
+ 8π

ρ

ϕ
, (2.16)

2
d
dt

(
ȧ

a

)
+ 3

(
ȧ

a

)2

+ 2
ȧ

a

ϕ̇

ϕ
+
k

a2
= λ(ϕ)− ω(ϕ)

2

ϕ̇2

ϕ2
− 8π

p

ϕ
− ϕ̈

ϕ
, (2.17)

ϕ̈+ 3
ȧ

a
ϕ̇+

2ϕ2λϕ(ϕ)− 2ϕλ(ϕ)

2ω(ϕ) + 3
= − 1

2ω(ϕ) + 3

[
8π(3p− ρ) + ωϕ(ϕ)ϕ̇

2
]
. (2.18)

Please note that the cosmological potential U(ϕ) = ϕλ(ϕ) effectively reduces to a cosmo­

logical constant when λ(ϕ) = λ0 = constant in this frame. Besides if ϕ = cte = 1/G, one

recovers the action of General Relativity and consequently its system of equations.

In order to study the dynamical system let us introduce the redefined variables:

X =
ϕ

ϕ0

a2 , Y ′ =

√
2ω(ϕ) + 3

3

ϕ′

ϕ
, (2.19)

and use conformal time dη = dt/a = dt̃/
√
Xϕ0, where dt̃ =

√
ϕ dt. Observe that in the

definition ofX , ϕ0 is the value of ϕ at some initial condition which we shall normalize to ϕ0 = 1,

without loss of generality. More importantly, observe thatX < 0when ϕ < 0, i.e., whenG < 0.

This is in fact the crucial detail which allows us to extend the study of the dynamics into the

region where ϕ = 1/G is negative.

The FLRW equations are then recast as

(X ′)2 + 4 k X2 − (Y ′X)2 = 4M X

(
X

ϕ

) 4−3γ
2

+
4

3

(
λ(ϕ)

ϕ

)
X3 , (2.20)

the scalar­field equation as

(Y ′X)
′
=M(4− 3γ)

√
3

2ω + 3

(
X

ϕ

) 4−3γ
2

− 2X2√
2ω(ϕ) + 3

(
dλ
dϕ

− λ(ϕ)

ϕ

)
, (2.21)

and the generalized Raychaudhuri equation as

X ′′ + 4 k X = 3M(2− γ)

(
X

ϕ

) 4−3γ
2

+ 2X2

(
λ(ϕ)

ϕ

)
, (2.22)

whereM is a constant defined byM ≡ 8πρ0/3 . When the potential U(ϕ) = λ0 ϕ
2, the latter

equations reduce to

(X ′)2 + 4 k X2 − (Y ′X)2 = 4M X

(
X

ϕ

) 4−3γ
2

+
4

3
λ0X

3, (2.23)



44 CHAPTER 2. ABOUT THE GRAVITATIONAL COUPLING CONSTANT

(Y ′X)
′
=M(4− 3γ)

√
3

2ω + 3

(
X

ϕ

) 4−3γ
2

, (2.24)

X ′′ + 4 k X = 3M(2− γ)

(
X

ϕ

) 4−3γ
2

+ 2λ0X
2. (2.25)

These equations can be exactly integrated for the cases where the variables decouple, which

are vacuum (M = 0), radiation (γ = 4/3) and stiff matter (γ = 2) [136, 137]. Indeed, from

Eq. (2.24) for vacuum and radiation we trivially see:

Y ′ =
f0

X(η)
, (2.26)

where f0 is an arbitrary integration constant which fixes the initial value of Y . For the stiff

matter case, we should multiply Eq. (2.25) byX ′ and integrate the result to introduce it into Eq.

(2.24), which results in (Y ′X)2 = A−4Mϕ, where A is an integration constant. Then, defining

Ȳ ′ = Y ′/
√
A− 4Mϕ, we recover the form of the solution of (2.26).

However, for our present purposes, we only need to assess the qualitative behaviour of the

dynamical system [138, 130, 139, 140, 141]. The crucial point in our analysis of the sign of the

gravitational coupling ϕ is that instead of choosing either the original so­called Jordan frame

or the conformally transformed Einstein frame arising from rescaling the metric with a factor

ϕ/ϕ0, we consider the variables (X,Y ), where X = ϕa2/ϕ0 reflects the actual sign of ϕ, since

a2 ≥ 0.

An inspection of Eqs. (2.23)–(2.25) shows that, when X → 0, Eq. (2.23) is dominated by

the scalar field term (Y ′X)2, which is constant for radiation and vacuum, so that we expect the

phase space trajectories to cross the X = 0 axes from right to left when X ′ < 0, and from left

to right when X ′ > 0. Interestingly, Eq. (2.25) shows that when X → 0, the dominant term

is 3M(2− γ) limX→0(X/ϕ)(4−3γ)/2, so that it is actually the matter term that is responsible for

turning around the trajectories towards the positive side of X , and hence of ϕ > 0. Finally,

the presence of a quadratic cosmological potential eventually dominates for large values of X

and consequently stabilizes the sign of ϕ. In the following subsections we perform a qualitative

analysis confirming this behaviour.
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2.2.1 Models without a Cosmological Potential

We begin considering the generalized case of Brans­Dicke (BD) but with a massless scalar field

ϕ, i.e., the cosmological potential is absent. This will be contrasted with the case where there is

a quadratic potential. By the same token it will enable us to assess whether there is any effect

due to a variation of the coupling ω(ϕ) with respect to the issue of determining the sign of ϕ in

opposite to the canonical Brans­Dicke theory.

For this case, the previous Eq. (2.25) can be written for:

• Vacuum (M = 0) and a stiff fluid (γ = 2) as:

X ′ = W ,

W ′ = −4kX . (2.27)

• Radiation (γ = 4/3) as:

X ′ = W ,

W ′ = 2M − 4kX . (2.28)

The plots represented in Figure 2.2 show the phase diagrams of this systems (X,W ) for the

case without potential, i.e., λ0 = 0. This is again done resorting to a phase space compacti­

fication where the points at X,W → ±∞ are located at the boundaries x = tanhX = ±1,

y = tanhW = ±1. One realizes that there are trajectories which cross the X = 0 dividing

line in both directions, thus promoting the transition between a negative ϕ into a positive ϕ, and

conversely (and hence of a swapping of the sign of G, since ϕ = G−1). Please note that as in

the GR case previously considered, there is a mirror reflection between the top and lower half

of the phase diagrams, arising from time reversal.

We have used the following color scheme depending on the beginning and the end of the

trajectory: (i) Blue: The trajectory starts and finishes with positive value of ϕ; (ii) Yellow:

It begins and finishes with a positive value, but passes through negative values; (iii) Green: It

starts with negative values, but finishes with positive values; (iv)White: The trajectory oscillates

between positive and negative values; (v) Orange: It starts with positive values, but finishes with

negative value; (vi) Red: It starts and finishes with a negative value of ϕ (and hence of G).
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In Figure 2.2, the top three phase diagrams represent vacuum and stiff fluid models, whereas

the lower three correspond to radiation models. From left to right we have k = −1, 0 and

k = +1models, respectively. It is immediately apparent that in the vacuum models the number

of trajectories that cross in one direction, say from left to right, is the same as that of those which

cross in the opposite direction. Once again there is amirror symmetrywith time reversal between

the top half and the lower one. Therefore, assuming that ameasure of the probability of themodel

to have a positive gravitational constant, or otherwise, is proportional to the phase space area, we

realise that both signs occur with the same probability. In this sense, the same behaviour occurs

for the three cases of vacuum or stiff fluid. In addition, in the case of a positive curvature, i.e.

Figure 2.2 (c­top), the sign oscillates forever; while in the open models the trajectories evolve

towards the Milne solution, x = y = 1, and are characterized byX ′ = ±f0 in the k = 0models,

which actually correspond to the solutions found in [142].

On the other hand, for radiation [136], there is a preference for the positive sign, or at least,

to finish with a positive gravitational coupling, as represented by the blue, yellow and green

areas. This is a reflection of the fact that the solutions are late time dominated by the matter

component [143, 144]. This is more apparent in the k = −1, 0 cases, but the k = +1 cases

exhibits a subset of trajectories with oscillatory behavior, confined to the ϕ > 0 region. The im­

pact of matter is dependent on the scalar­tensor coupling ω(ϕ). When 1/
√
2ω + 3 → 0 the

scalar­tensor theories approach GR, and this is implicit in Eq. (2.26).

We thus see that the dynamics of the vacuum or stiff matter FLRW models in ST gravity

does not favour positive values of G with regard to the alternative possibility of a negative G.

The dynamics is such that the upper half of the phase space corresponds to G > 0 and the

other half to G < 0, and they are mirror reflections of one another. Thus both possibilities,

in what concerns the sign of G, have the same probability. However, when one studies no

vacuum solutions, in the case of open models specially (including k = 0) and for the close

model (k = +1), there is higher probability for a positive value ofG, following from of a larger

proportion of solutions which evolve to become matter dominated.
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Figure 2.2: Behaviour ofX andX ′ for a scalar­tensor theory without potential. The upper three phase diagrams, (a–c), respec­
tively, correspond to the k = −1, 0,+1 cases for vacuum and stiff fluid. The lower three phase diagrams, (d–f), respectively,
correspond to the k = −1, 0,+1 cases for radiation.

2.2.2 Models with a Cosmological Potential

When we allow for a potential with a positive λ0, we see that a quite different picture emerges.

Indeed, the phase diagrams corresponding to this case are represented in Figure. 2.3, and we

see that now there is an equilibrium point at x = 1, x′ = 1, corresponding to X = +∞,

X ′ = +∞, which attracts almost all trajectories of the phase plane, and this happens for all

spatial curvature cases. This attractor at infinity corresponds to a de Sitter attractor, and thus

to exponential behaviour of X in cosmic time. The only trajectories which do not end at this

critical point are found in the closed k = +1 and open models k = −1, circling the center

equilibrium point.

This is illustrated by the vacuum and radiation cases which were envisaged in the massless

ST models in the previous subsection.
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• Vacuum (M = 0) or stiff fluid γ = 2 with a cosmological potential

Recalling that U(ϕ) = λ0ϕ
2, we derive for these two cases:

X ′ = W ,

W ′ = 2λ0X
2 − 4kX . (2.29)

Please note that the case γ = 2 corresponding to stiff matter can be shown to be reducible

to the vacuum case of a theory with a different coupling constant ω(ϕ) (see [137]).

Now, the fixed points {X,X ′} within a finite locus will be positioned at {0, 0} and

{2k/λ0, 0}. To show the graphics of the phase diagrams, λ0 has been taken equal to

4.5 with the purpose of showing both points sufficiently separated.

• Radiation, γ = 4/3, with a cosmological potential

In this case the system is:

X ′ = W ,

W ′ = 2M + 2λ0X
2 − 4kX , (2.30)

and the fixed points are:

X =
k ±

√
k2 −Mλ0
λ0

, W = 0 .

Therefore, for the cases k = ±1, at the fixed points we requireMλ0 < 1. When this is

not satisfied there are no fixed points, as illustrated in Figure 2.3 (d). For the case k = 0

there are no fixed points within the finite region of the phase plane.

The qualitative behaviour depicted in Figure 2.3 reveals that with the exception of the os­

cillatory solutions, confined to a closed patch, all other solutions emerge from a collapsing deS

solution atX = ∞, X ′ = −∞ and end in the deS solution atX = ∞, X ′ = +∞, thus revealing

the domination of the cosmological potential term [126, 140, 145, 146, 139, 147, 148]. More

importantly, we see that the solutions are attracted to the positive G half plane. We thus con­

clude that the consideration of a cosmological potential3 has the power to induce the dynamics

of FLRW models to favour positive values of G instead of negative Gs. Thus this provides a

cosmological mechanism to stabilizeG in the positive sector. In addition, it happens that the deS

asymptotic behaviour is accompanied with a relaxation towards GR [126, 127, 125, 129, 150].
3One possible origin for such a potential might be found from a mechanism similar to the dark fluid model of [149].
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Figure 2.3: Behaviour of X and X ′ for a scalar­tensor theory with a potential λ0. The upper three phase diagrams, (a–c),
respectively, correspond to the k = −1, 0,+1 cases for vacuum and stiff fluid. The lower three phase diagrams, (d–f), depict
the qualitative behaviour of radiation models, with: (d) WhenMλ0 > 1 (e) WhenMλ0 = 1 (f) WhenM = 1/4 and λ0 = 2.

2.3 Observational Features

ST gravity theories must satisfy some observational bounds, namely, the so­called Parametrized

Post­Newtonian (PPN) weak field, solar system tests, bounds stemming from the cosmic mi­

crowave background (CMB), from baryonic acoustic oscillations (BAO), and from primordial

Big­Bang Nucleosynthesis (BBN), as well as bounds on the time variation of the gravitational

“constant” Ġ/G [2, 151, 152, 153].

The present state of the art tells us that at present ωP ≳ 4×104, Ġ/G ≲ 10−10 yr−1, and from

BBN we have α2
0 ≲ 10−6.5 β−a (Ωmh0)

−3/2 when β > 0.5 [154, 155, 156, 157, 158], where

α and β correspond to the Damour and Nordtvedt (DN) [159] parametrization (
√
2ω + 3)−1 =

α(ϕ̃), with α(ϕ̃) = α0 + β0 (ϕ̃ − ϕ̃0), ϕ̃(ϕ) =
∫ √

(2ω + 3)/2 d lnϕ, being the redefined BD

scalar field in the so­called Einstein frame. Indeed, as shown by DN, it is possible to associate



50 CHAPTER 2. ABOUT THE GRAVITATIONAL COUPLING CONSTANT

a second internal potential A(ϕ̃) to the running coupling ω(ϕ) such that α(ϕ̃) = dA/dϕ̃ and

whenever it has a minimum it drives the relaxation to GR.

The local weak field bounds can be somewhat alleviated if some chameleon or Vainshtein

mechanism applies, but it is difficult to evade the other bounds on wider scales. Yet, the vast

majority of these bounds pertain to models where the scalar field has no cosmological potential

(see [158]).

These bounds, therefore, imply that a primordial variation of the gravitational coupling must

have been severely damped before the time of BBN such that a positive coupling, satisfying mild

deviations from GR [156] is not only compatible with the observations on light elements abun­

dances, but also solves the so­called 7Li problem. In the suite, during the following radiation

and matter epochs, the cosmological approach to GR is achieved, implying that G is positive.

The mechanism investigated in this work fulfills this scenario. It tells us that the solutions

approach a de Sitter behaviour, which corresponds toX ∝ (η0 − η)−2 andX ′ ∝ (η0 − η)−3, so

that X(t) ∝ exp(
√
λ0/3 t̃). When we consider the radiation epoch of the Universe, we have

Y ′ =
f0

X(η)
, (2.31)

and hence, Y ′ → 0, asymptotically withX → +∞. As Y ′ =
√

(2ω(ϕ) + 3)/3 ϕ′/ϕ, we obtain

in cosmic time (in the Einstein frame):

Ġ

G
= ±

√
3

2ω + 3

f0√
X

≡ ±
√
3f0 α(ϕ)√

X
. (2.32)

As Y ′ = f0/X → 0, and the PPN parameter α ∝ (
√

2ω(ϕ) + 3)−1 satisfies the bound

α ≲ 10−8, since ωP ≳ 4 × 104, we have that Ġ/G ≲ 10−8/
√
X(t̃), where X(t̃) → ∞ in

an exponential way, thus easily meeting the bounds on Ġ/G. Please note that, in this limit,

G→ GN and X(t) also becomes exponential in the Jordan frame.

2.4 Conclusions

Themost important conclusion of this chapter is that we have investigated a cosmological mech­

anism that induces the value of the gravitational effective coupling “constant” to be positive.

This is naturally done in the framework of scalar­tensor (ST) gravity theories, where this cou­

pling varies, and which thus allows for the possibility of a negative coupling.
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Then, we have considered the cosmological evolution of ST models both with and without

the presence of a cosmological potential, and have resorted to a dynamical system analysis which

enables us to put in evidence the relevant qualitative features of the models. The results are that,

in the absence of the cosmological potential, the presence of radiation favours a positive value

of the gravitational “constant”, when the evolution enters a phase of matter domination. This is

a mild effect and it is a consequence of Damour and Nordtvedt’s relaxation mechanism towards

GR [159]. However, it is when a quadratic cosmological potential, U(ϕ) = λ0 ϕ
2, is present

that an attracting mechanism towards a positive value of the gravitational running “constant”

becomes manifest. This is accompanied by an asymptotic de Sitter behaviour.

By the same token, this system produces two additional effects: a de Sitter inflation and a re­

laxation towards GR. The latter effect allows, in particular, for the fulfilment of the observational

bounds on |Ġ/G|, when the potential is exactly quadratic in the Jordan frame. It effectively acts

as a cosmological constant in the Einstein frame and the stabilization of the gravitational con­

stant in the positive sector, may be seen as a by­product of the cosmic no­hair theorem, which

tell us that, if a cosmological spacetime obeys the Einstein equations with Λ > 0, then, the

spacetime should asymptotically tend to an empty de Sitter state in the future [160]. This mech­

anism of stabilization of the sign of G should take place early enough, in the primordial stages

of the Universe, consistently with the latest assessments of observational constraints on ST the­

ories [161, 151]
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Chapter 3

Non­minimal Scalar tensor theories from a

general coupling

3.1 Introduction

In the previous section we have studied a Scalar­Tensor theory based on some generalizations of

the Brans­Dicke theory and with a specific coupling between the scalar ϕ and gravity denoted by

R. In this chapter we will go one step further, starting out Scalar­Tensor theory as well. We will

study particular extensions of the gravitational interaction, that are defined by the addition of

scalar degrees of freedom, but in this case the scalar field will present a general coupling to the

scalar curvature. These new spin­0 states, which emerge from the scalar field, act as mediators

of part of the total gravitational force.

From an observational point of view, there is only one candidate for a fundamental scalar

particle. Its discovery was announced in 2012 by both ATLAS [162] and CMS [163] collabo­

rations. It has associated a mass of around 125 GeV and it is consistent with the predictions for

the so­called Higgs boson of the Standard Model (SM) of particles and interactions. However,

many other scalar fields could be observed in the next years. Brans­Dicke theory or different

low energy approaches to string theory [164], where the new scalar states are typically coupled

to the matter sector through the trace of the stress­energy tensor, are examples of theories that

use a scalar field non­minimally coupled to gravity.

In addition, we have already commented in (1.32) that it is possible to reexpress the extended

53
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gravitational theory in terms of the Einstein gravity associated with General Relativity with new

couplings to the matter sector, thanks to a series of field redefinitions which will be explained

more carefully in this section. A similar phenomenology is associated with the so­called f(R)

[165, 166, 167, 168, 169, 170, 171, 172, 173, 174, 175, 176, 177, 178] theories (with some

Lagrange’s multiplier by the way) and which will be explained too. It is important to recall

that extended models with scalar fields non­minimally coupled to gravity have some advantages

such as the possibility of supporting early inflation, which exhibits non­zero vacuum expectation

values (VEVs) at low energies. An example of this is the Generalized Higgs Inflation Models

(GHIMs) [179, 180, 181, 182, 183, 184, 185, 186, 187, 188, 189, 190, 191, 192].

As we have briefly commented, the new interactions mediated by these scalar degrees of

freedom can be interpreted as part of the gravitational force. In addition, the phenomenology

associated with these new degrees of freedom themselves can be very rich and provide viable

solutions to open problems in cosmology such as the mentioned inflation, dark energy or dark

matter [193]. However, these new models suffer important constraints. For instance, this new

field can lead to effective variations of fundamental constants, such as we have seen in the

previous sections. In particular, precision tests of gravity, big bang nucleosynthesis (BBN) [194,

195, 196, 197, 198, 199, 200, 201, 202, 203, 155, 204, 205], cosmic microwave background

anisotropies [206, 207] and weak­lensing [208] constrain the phenomenology of these scalar

fields. In any case, different scalar models are not very sensitive to these restrictions [209, 210,

211, 212, 177].

In this chapter, we will go deeper into Scalar­Tensor theories and f(R) to end up finding

the bi­scalar content of a Non­minimal Scalar Tensor Theory (NMSTT) built from a general

function of the scalar field and the scalar of curvature. In addition, wewill enter into the Standard

Model (SM) of particles, studying the explicit expressions for themasses of the scalars providing

explicit expressions, their mixing and the coupling between them and with the Standard Model

(SM) of particles, which give us a perspective of modified gravity theories in the framework of

the SM. Finally we discuss part of the phenomenological consequences of these features, as the

instabilities of GHIMs. In the previous chapter we have already studied a scalar­tensor theory,

so let us start with f(R) gravity as previous step for the current purpose of the chapter.
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3.2 f(R) theory of modified gravity

The starting point of this proposal of modified gravity is that the Einstein­Hilbert action, and

consequently the scalar of curvature R, is only the dominant part of the action at solar system

scales, being this a part of a more general expression in terms of R. Under this hypothesis, R is

changed in the Einstein­Hilbert action (1.3) by f(R) as follows:

S =
1

16πG

∫
d4x

√
−g f(R) +

∫
d4x

√
−g Lmat , (3.1)

whose variations with respect the metric are easily obtained using the results of chapter 1.1,

together with:

δgf(R) =
∂f(R)

∂R
δgR = F (R)δgR , (3.2)

where we have defined ∂f(R)
∂R

= F (R). Then, variations of the gravitational part of the action

reads:

δgSg =
1

16πG

∫
d4x

√
−g
[
−1

2
gµνf(R)δg

µν + F (R)δgµνRµν

+F (R)∇α

(
gµνδgΓ

α
µν − gµαδgΓ

β
µβ

)]
. (3.3)

Note that for this case, the last term will not vanish in general, contrary to what happens in GR,

and this will introduce the main modifications in the equations of motion. This last term can be

written as:∫
d4x

√
−gF (R)∇α

(
gµνδgΓ

α
µν − gµαδgΓ

β
µβ

)
=

∫
d4x∇α

[√
−gF (R)Jα

]
−
∫

d4xJα∇α

[√
−gF (R)

]
, (3.4)

where:

Jα =
(
gµνδgΓ

α
µν − gµαδgΓ

β
µβ

)
. (3.5)

Once again we will assume that the gravitational field vanishes at infinity and then one can

eliminate the first term of the right hand side in Eq. (3.4) by the Gauss theorem. Then, at this

point, we have no choice but to calculate δgΓαµν . Keep in mind the definition of the Christoffel

symbols:

Γαµν =
1

2
gαγ (∂µgγν + ∂νgµγ − ∂γgµν) . (3.6)
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Then:

δgΓ
α
µν =

1

2
(δgαγ) (∂µgγν + ∂νgµγ − ∂γgµν) +

1

2
gαγ (∂µδgγν + ∂νδgµγ − ∂γδgµν) . (3.7)

We will also use:

δg(g
amgdegme) = δg(g

am)gdegme + gamδg(g
da)gme + gamgdeδggme

δgg
ad = 2δgg

ad + gamgdeδggme

−δggad = gamgdeδggme . (3.8)

Therefore:

δgΓ
α
µν = −1

2
gαβgγθ(δggβθ) (∂µgγν + ∂νgµγ − ∂γgµν) +

1

2
gαγ (∂µδgγν + ∂νδgµγ − ∂γδgµν)

= −(δggγθ)g
αγΓθµν +

1

2
gαγ (∂µδgγν + ∂νδgµγ − ∂γδgµν)

=
1

2
gαγ
(
∂µδgγν − Γθµνδgγθ − Γθµγδgθν

)
+

1

2
gαγ
(
∂νδgµγ − Γθµνδgγθ − Γθνγδgµθ

)
+
1

2
gαγ
(
−∂γδgµν + Γθµγδgθν + Γθνγδgµθ

)
=

1

2
gαγ (∇µδgγν +∇νδgµγ −∇γδgµν) , (3.9)

and:

δΓβµβ =
1

2
gβγ∇µδgγβ . (3.10)

which finally results in:

Jα = −gµν∇µ(gγνδg
αγ) + gγα∇γ(gµνδg

µν) , (3.11)

where we have assumed a metric compatible connection, i.e. ∇αgµν = 0 and ∇α

√
−g = 0.

Utilising this in Eq. (3.4) we derive

−
∫

d4xJα∇α

[√
−gF (R)

]
=

∫
d4x [gµν∇µ(gγνδg

αγ)− gγα∇γ(gµνδg
µν)]∇α

(√
−gF (R)

)
.

(3.12)

Returning to the use of total divergences leads to:

−
∫

d4xJα∇α

[√
−gF (R)

]
= −

∫
d4xδgνµ∇µ∇ν

(√
−gF (R)

)
+

∫
d4xgµνδgµν∇α∇α

(√
−gF (R)

)
. (3.13)
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Putting it all together in Eq. (3.3) we get:

δgS =
1

16πG

∫
d4x

√
−g
[
−1

2
gµνf(R) + F (R)Rµν −∇µ∇νF (R) + gµν∇α∇αF (R)

]
δgµν ,

(3.14)

and finally:

F (R)Rµν −
1

2
gµνf(R)−∇µ∇νF (R) + gµν□F (R) = 0 , (3.15)

or with matter:

F (R)Rµν −
1

2
gµνf(R)−∇µ∇νF (R) + gµν□F (R) = 8πGTµν , (3.16)

where we have defined□ = ∇α∇α. However, this theory is not so different from those already

studied. Rewriting the action (3.1) with an auxiliary scalar field and a Lagrange multiplier we

get:

Sg =
1

16πG

∫
d4x

√
−g [f(ψ) + λ(R− ψ)] , (3.17)

where the next constraint (or equation of motion) is obtained applying variations with respect to

ψ:

fψ(ψ)− λ = 0 → λ = fψ(ψ) , (3.18)

where fψ = ∂f(ψ)
∂ψ

, getting the action:

Sg =
1

16πG

∫
d4x

√
−g [f(ψ) + fψ(ψ)(R− ψ)] . (3.19)

Taking once again variations with respect to ψ:

fψψ(ψ)(R− ψ) = 0 , (3.20)

so that if fψψ ̸= 0 is satisfied, then ψ = R, and consequently, if one introduces this in Eq.

(3.19), we will recover the starting action (3.1). But then, it is usual to apply the redefinition:

ϕ = fψ(ψ) which allows us to end up writing the action as:

Sg =
1

16πG

∫
d4x

√
−g [ϕR + f(ψ(ϕ))− ϕψ(ϕ)] =

1

16πG

∫
d4x

√
−g [ϕR− 2U(ϕ)].(3.21)
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Comparing with the Brans­Dicke action presented in Eq. (1.29), and Eq. (2.13), one can con­

clude that f(R) theory belongs to this category with ωBD = 0 and a specific potential:

2U(ϕ) = ϕψ(ϕ)− f(ψ(ϕ)) . (3.22)

Consequently, the equations of motion of Eq. (3.21) reads:

Rµν −
1

2
gµνR =

8πG

ϕ
Tµν +

1

ϕ
[∇µ∇ν − gµν□]ϕ− gµν

ϕ
U(ϕ) . (3.23)

Let us point out that this is true if ϕ = F (R) = fψ(ψ) is invertible which allows us to express

correctly the potential. In addition, the case fψψ = 0 corresponds to General Relativity plus a

cosmological constant.

Summarizing, we have just checked that f(R) theories are equivalent to scalar­tensor theo­

ries in the Jordan frame. However, it is possible to perform another transformation in this search

of equivalences. With this purpose we will introduce the concept of conformal transformations

in the next subsection.

3.2.1 Conformal transformations

A conformal transformation is a change of the rule of the metric. The simplest and most fa­

miliar example is that of a change of units, i.e. if we transform a metric, which is expressed in

meters, into another one expressed in centimeters, we will be applying a scaling transformation

which can be seen as a trivial conformal transformation. However, we can define more com­

plex changes, for example, defining the change or the transformation point by point through a

function Ω2(x), which gives us a point­dependent rescaling. In addition, this function must be

smooth, non­vanishing and is usually called the conformal factor. Mathematically, this rescaling

reads:

g̃µν = Ω2(x)gµν , (3.24)

where gµν is the initial metric, and g̃µν is the new rescaled metric. Since we want to analyze how

the scalar of curvature R changes under this transformation, let us recall here the definitions of

the Riemann and the Ricci tensors in function of the connection Γ:

Rα
βµν(Γ) = ∂µΓ

α
νβ − ∂νΓ

α
µβ + ΓαµλΓ

λ
νβ − ΓανλΓ

λ
µβ , (3.25)

Rµν(Γ) = Rσ
µσν = ∂σΓ

σ
νµ − ∂νΓ

σ
σµ + ΓσσγΓ

γ
νµ − ΓσνγΓ

γ
σµ , (3.26)
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where in this case we will fix the connection to be the Christoffel symbols defined in Eq. (3.6).

Obviously, the conformal transformation (3.24) induces changes in the other parameters that

depend on the metric. The simplest are:

g̃µν = Ω−2gµν , (3.27)√
−g̃ = Ωn

√
−g , (3.28)

where n is the dimension of the manifold. For the Christoffel symbols the transformation reads:

Γαµα = ∂µ log
√
−g = ∂µ log

(
1

Ωn

√
−g̃
)

= ∂µ log
1

Ωn
+ ∂µ log

√
−g̃ = Γ̃αµα − n

∂µΩ

Ω
,

(3.29)

Γαµν = Γ̃αµν −
1

Ω

(
δαµ∂νΩ + δαν ∂µΩ− g̃µν g̃

αγ∂γΩ
)
. (3.30)

Other special important changes for the present work will be the ones related with R and con­

sequently Rµν , so let us calculate them starting with each of the components of Eq. (3.26):

∂αΓ
α
µν = ∂αΓ̃

α
µν +

1

Ω2
(2∂µΩ∂νΩ− g̃µν g̃

αγ∂γΩ∂αΩ)−
1

Ω
[2∂µ∂νΩ− ∂α (g̃µν g̃

αγ∂γΩ)] ,

(3.31)

∂νΓ
α
µα = ∂νΓ̃

α
µα −

n

Ω
∂ν∂µΩ +

n

Ω2
∂µΩ∂νΩ , (3.32)

ΓααγΓ
γ
µν = Γ̃ααγΓ̃

γ
µν −

1

Ω
Γ̃ααγ

(
δγµ∂νΩ + δγν∂µΩ− g̃µν g̃

γσ∂σΩ
)
− n

Ω
∂γΩΓ̃

γ
µν

+
n

Ω2
(2∂µΩ∂νΩ− g̃µν g̃

γσ∂σΩ∂γΩ) , (3.33)

ΓανγΓ
γ
αµ = Γ̃ανγΓ̃

γ
αµ −

1

Ω

(
Γ̃ανα∂µΩ + Γ̃ανµ∂αΩ− Γ̃ανγ g̃αµg̃

γσ∂σΩ
)

−
Γ̃γαµ
Ω

(
δαν ∂γΩ + δαγ ∂νΩ− g̃γν g̃

ασ∂σΩ
)

+
1

Ω2

(
δαν ∂γΩ + δαγ ∂νΩ− g̃γν g̃

ασ∂σΩ
) (
δγα∂µΩ + δγµ∂αΩ− g̃αµg̃

γσ∂σΩ
)
.(3.34)

Putting together all this information and using some equalities from the non­metricity condition

∇αgµν = 0 (which must be satisfied in the conformal frame as well, i.e. ∇̃αg̃µν = 0), such

as ∂αgµν = Γγαµgγν + Γγανgµγ , and ∂αgαβ = −Γαασg
σβ − Γβασg

ασ, we are able to write and

simplify the Ricci tensor and the scalar of curvature:

Rµν = R̃µν −
(n− 1)

Ω2
g̃µν∇̃αΩ∇̃αΩ +

1

Ω

[
(n− 2)∇̃µ∇̃νΩ + g̃µν□̃Ω

]
, (3.35)

R = Ω2

[
R̃− n(n− 1)

Ω2
∇̃αΩ∇̃αΩ +

2(n− 1)

Ω
□̃Ω

]
, (3.36)
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where □̃ = ∇̃α∇̃αΩ. It is very usual to find in the literature these changes using the nepe­

rian logarithm ln. Taking into account ∇αΩ = Ω∇α lnΩ, and ∇α∇αΩ = Ω∇α∇α lnΩ +

Ω∇α lnΩ∇α lnΩ:

R = Ω2
[
R̃ + (2− n)(n− 1)∇̃α lnΩ∇̃α lnΩ + 2(n− 1)□̃ lnΩ

]
. (3.37)

Applying these results in the action (3.21) for n = 4, one can see that the term
√
−gϕR is

transformed under a conformal transformation as Ω−2
√
−g̃ϕ

(
R̃ + Ωterms

)
. Consequently, if

we define the conformal factor as Ω2 = ϕ, the non­minimal coupling between the scalar field

and R will be undone, and action (3.21) with the matter sector reads:

S =
1

16πG

∫
d4x
√

−g̃
[
R̃− 6∇̃α ln

√
ϕ∇̃α ln

√
ϕ+ 6□̃ ln

√
ϕ− 2

U(ϕ)

ϕ2

]
+ Sm

(
g̃µν
ϕ
,Ψm

)
.

(3.38)

However, we can eliminate the third term of the integral using Gauss theorem and the con­

dition of null scalar fields at the boundary. Therefore, we are able to express f(R) theories like

General Relativity (note that we have the Einstein­Hilbert action) plus a material field ϕ, and

the modification of the metric noticed by the matter sector. This latter is the Einstein frame rep­

resentation of f(R) theories, where the curvature and the matter are minimally coupled but the

matter is coupled to the new scalar field ϕ. Of course, at the end of the day and observationally,

both representations are the same, and the trajectories of the particles will be equivalent, but

with a somewhat different philosophical meaning.

3.3 Generalized Non­minimal scalar­tensor theories

Following the spirit of the previous chapter and of the f(R) theories, in this section we are going

to study the most general action for a scalar field non­minimally coupled to the scalar curvature

R, associated with the spacetime metric gµν , which can be written in the following form:

SNMSTT =
1

2κ2

∫
d4x

√
−g [J(φ,R)− gµν∇µφ∇νφ] , (3.39)

if we restrict the scalar field derivatives to the standard kinetic contribution (the second term),

and where we will use reduced Planck units (κ ≡
√
8πG = c = h̄ = 1) in order to simplify

this study. The function J(φ,R) takes into account the mentioned coupling, that in general, it
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is non­separable. Note that this term may include a potential (mass or self interaction) for the

scalar field, or a pure gravitational contribution without explicit dependence on φ.

In addition, we will assume a matter content, whose fields will be represented by the letter

µi, minimally coupled to the spacetime metric as usual:

Sµi = Si(gµν , µi), (3.40)

where bymatter, we denote any field in the theory in addition toφ and gµν . In such a case, we can

claim that we have defined the model in the JF, in which the metric gµν couples in this standard

way to the matter content. Although the action (3.39) did not support explicitly a kinetic term

for the gravitational interaction, this could be present implicitly due to the presence of the Ricci

scalar in the coupling J(φ,R). In any case, as we already checked in the previous chapter, the

gravitational interaction between matter fields can suffer important modifications, since, within

the JF we have shown that this effect seems to be naturally interpreted as a modification of the

Newton constant by the presence of the scalar field φ, where the scalar mode is mediating part of

the gravitational interaction. Finally, we will show that the model given by Eq. (3.39) supports

another scalar perturbative degree of freedom, that is also coupled to the matter content and

completes the gravitational force, as it was first noted in [213].

In order to clarify the spectrum of the model, it is convenient to work in the EF, and, similarly

to f(R) and in order to identify the correct conformal transformation that defines the EF, it is

convenient to work with an auxiliary scalar field ψ, defined by the following equation:

J(φ,R) = J(φ, ψ) + Jψ(φ, ψ)(R− ψ) , (3.41)

where the sub­index ψ denotes the partial derivative of the J(φ,R) function with respect to its

second argument:

Jψ(φ, ψ) = ∂ψJ(φ, ψ) . (3.42)

We must assume that Jψψ(φ, ψ) ̸= 0 in this transformation and discuss separately the case

Jψψ(φ, ψ) = 0 in Section 3.3.2, but we can advance that, in such a case, the auxiliary field cannot

be defined. By expressing J(φ,R) in terms of ψ in the action (3.39), we can write a Lagrangian

that is linear in R. Indeed, the two actions are equivalent if we also impose optimization with

respect to ψ in order to obtain the equations of motion, whose solution implies ψ = R.
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Now, it is evident to identify the proper conformal factor associated with the Einstein metric

exactly as we performed in the f(R) case:

Ω2 = ϕ = Jψ(φ, ψ) , (3.43)

where we are assuming explicitly Jψ(φ, ψ) > 0. Of course, this turns off the possible character

of a negative Newton constant which has already been studied in Section 2. In this case, we

want to guarantee a positive character, i.e. an attractive gravitational interaction mediated by

the expected standard spin­2 massless graviton [214]. Finally, we can define a new scalar Φ,

which is based on a make­up of the conformal factor ϕ to obtain the canonical kinetic term of

the field:

Φ =
√

3/2 lnϕ =
√

3/2 ln Jψ(φ, ψ) , (3.44)

so that, except for a boundary term, we can write the total action as:

SNMSTT =
1

2

∫
d4x
√

−g̃
[
R̃− g̃µν∇̃µΦ∇̃νΦ− g̃µνe−

√
2
3
Φ ∇̃µφ∇̃νφ− 2V (φ,Φ)

]
, (3.45)

where:

V =
1

2

[
ψ(φ,Φ)e−

√
2
3
Φ − J(φ, ψ(φ,Φ))e−2

√
2
3
Φ
]

(3.46)

is the potential associated with the self­interaction of the scalar modes φ and Φ, and the inter­

action between them. One needs to use Eq. (3.44) in order to write ψ in terms of φ and Φ.

It is interesting to remark that the third term in Eq. (3.45) not only accounts for the standard

kinetic term for φ, but also for a derivative interaction with Φ. This follows, for example, from

expanding the exponential factor aroundΦ = 0, i.e. by assuming a small deviation from the two

frames, a small difference between gµν and g̃µν . On the other hand, the first term in Eq. (3.45)

corresponds to the standard Einstein­Hilbert action and the second one is associated with a pure

kinetic term for Φ. Of course, the kinetic terms include the interaction of both scalar fields with

the geometry through the metric tensor g̃µν .

3.3.1 Interaction with the matter content: the Standard Model

It is interesting to analyze in more detail the interactions associated with the different modes

contained in the spectrum of the theory. Indeed, the coupling of the scalar field φ is open and

not restricted by the geometrical structure of the model. In particular, its coupling with the SM
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can be assumed to be absent. The opposite happens with the other scalar field Φ and the metric

tensor. As we have discussed, the matter content is explicitly coupled to Φ when the action is

expressed in terms of the Einstein metric:

Sµi = Si(e
−
√

2
3
Φ g̃µν , µi) . (3.47)

For example, we can follow [178] in order to detail the coupling of this scalar mode. This com­

putation can be done directly with the help of the original action (JF), but it is more transparent

and easier in the EF. We can study the couplings at linear order by expanding perturbatively the

Jordan metric over the Minkowski background [178]:

gµν = ηµν +
1

2
h̃µν −

√
2

3
Φ ηµν , (3.48)

where h̃µν takes into account the standard two degrees of freedom associated with the spin­2

(traceless and divergence­free) graviton. For simplification, we assume a common Minkowski

background for the Jordan and Einstein geometries. In other words, we expand around Φ = 0.

In such a case, for computations in the linear order analysis, we do not need to specify the frame

for quantities such as the stress­energy tensor.

By taking variations with respect to the metric in the matter action, it is evident that the

spin­2 degree of freedom will have associated the standard interaction with the corresponding

stress­energy tensor. On the other hand, the coupling of the spin­0 mode at the linear level will

be given by the trace of the same stress­energy tensor, which can be calculated by expanding

the exponential of Φ, that is coupled to the matter Lagrangian density, at linear order:

LΦ−Tµν =
1√
6
ΦT µµ . (3.49)

This means that Φ interacts with massive SM fields at tree level. In particular, the three body

couplings are given by:

Ltree­level
Φ−SM =

1√
6
Φ

[
2m2

hh
2 −∇∗

µh∇µ
∗h+

∑
ψ

mψ ψ̄ψ − 2m2
W W+

µ W
−µ − m2

Z ZµZ
µ

]
,(3.50)

with the Higgs boson (h), (Dirac) fermions (ψ), and electroweak gauge bosons (W µ and Zµ),

respectively. In addition, this scalar field interacts with photons and gluons by radiative cor­

rections induced at one loop by charged gauge bosons and fermions (i.e. due to the conformal
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anomaly [178]):

Lone­loop
Φ−SM =

1√
6
Φ
[αEMcEM

8π
FµνF

µν +
αscG
8π

Ga
µνG

µν
a

]
, (3.51)

where Fµν is the gauge invariant electromagnetic field strength tensor,Ga
µν represents the gluon

field strength tensor, αEM is the fine­structure constant, and αs is the strong coupling constant.

The particular values of the couplings cEM and cG depend on the energy and on the complete set

of particles charged with respect to these gauge interactions.

3.3.2 Scalar spectrum

Another general property given by the geometrical structure of the model is that the kinetic

term for φ has the same coupling with Φ as the matter fields. Indeed, Φ can be understood as

a dilaton, that parameterizes the conformal factor and couples to the trace of the stress­energy

tensor. However, there is a general mixing of the scalar sector of the theory trough the mass

matrix that is defined by the potential function V (φ,Φ). If we assume that this potential reaches

a minimum of value V0 at (φ0,Φ0) (i.e. V (φ0,Φ0) = V0), the Squared­Mass Matrix (SMM) is

given by:

M2
φΦ =

 e
√

2
3
Φ0 ∂2φφV (φ,Φ) e

√
1
6
Φ0 ∂2φΦV (φ,Φ)

e
√

1
6
Φ0 ∂2ΦφV (φ,Φ) ∂2ΦΦV (φ,Φ)

∣∣∣∣∣∣
(φ0,Φ0)

. (3.52)

Therefore, the mass eigenstates cannot be generally identified either with φ or with Φ, but with

a linear mixing of both. This fact is not in contradiction with the dilaton nature of the couplings

associated with Φ. The question is that, in general, the SMM breaks scale invariance explicitly.

In any case, a non trivial mixing and even the presence of two scalar degrees of freedom

is not completely general. There are particular forms or values of the function J(φ, ψ) that are

interesting to analyze separately as we do in the following section.

Linear Couplings

If Jψψ(φ, ψ) = 0, we find the particular case of a linear coupling of the field φ with the Ricci

scalar, where action (3.39) has associated a truncated scalar spectrum. Indeed, in such a case,

we can write J(φ,R) in terms of two functions of φ: the one that parameterizes its non­minimal
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interaction H(φ), and the one that defines its potential U(φ):

J(φ,R) = H(φ)R− 2U(φ) . (3.53)

In this case, it is not necessary to introduce any additional scalar field, since it is possible to

define a conformal transformation to the EF, through a conformal factor that depends only on

φ, namely:

Ω2 = H(φ). (3.54)

Besides, if we redefine the scalar field in the following way [215]:

1

2H(φ)
=

1

2

(
dφ∗

dφ

)2

− 3

4

(
d lnH(φ)

dφ

)2

, (3.55)

we can write the action in the EF with a standard kinetic term for φ∗:

SNMSTT =

∫
d4x
√

−g̃
[
1

2
R̃− 1

2
g̃µν∇̃µφ∗∇̃νφ∗ − V (φ∗)

]
, (3.56)

where the potential for φ∗ takes into account the conformal factor and the field redefinition:

V (φ∗) =
U(φ(φ∗))

H2(φ(φ∗))
. (3.57)

Similarly to the previous section but for a single scalar field, by assuming a minimum for this

potential at φ0
∗, the corresponding squared­mass of the scalar mode will be given by:

m2
φ∗ = ∂2φ∗φ∗V (φ∗) |φ0

∗ . (3.58)

This simple example illustrates the complexity in the identification of the scalar states. In this

case, it is the field φ (or φ∗), the one that has associated the dilaton couplings with the matter

content, since the conformal transformation is parameterized by φ (or φ∗):

Sµi = Si

(
g̃µν

H(φ(φ∗))
, µi

)
. (3.59)

f(R) theories

Another simple example of models described by Eq. (3.39) is the particular case studied in

Section 3.2, i.e. the so­called f(R) theories. In this case, J(φ,R) can be written as the sum of

two functions, one depending on R and another one depending on φ:

J(φ,R) = f(R)− 2U(φ) . (3.60)
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The first one is the usual term which supports the f(R) theory, and the second one constitutes

a standard potential for the scalar field φ. In this case, φ is minimally coupled to gravity, and

it can be interpreted directly as part of the matter content. However, recall that the non­linear

dependence on R introduces an additional scalar degree of freedom as we saw in Section 3.2.

Here, we can just particularize the equations derived in the previous sections. In fact, the new

scalar field, when properly normalized, is defined by

Φ =
√

3/2 ln fψ(ψ) , (3.61)

where, remember, the auxiliary field ψ verifies ψ = R by taking into account the equations

of motion, and the corresponding conformal factor will be Ω2 = ϕ = fψ(ψ) as in Eq. (3.38).

Particularizing Eq. (3.46), we obtain that the total potential for the scalar sector cannot be written

in general as the sum of two individual potentials associated with each one of the fields:

V (φ,Φ) =
1

2

[
ψ(Φ)e−

√
2
3
Φ − f(ψ(Φ))e−2

√
2
3
Φ + 2U(φ)e−2

√
2
3
Φ
]
. (3.62)

The reason is that the conformal factor introduces a non­derivative interaction between the two

scalar modes. Therefore, even in this case, the off­diagonal entries of the SMM are not neces­

sarily zero and the mass eigenstates cannot be identified, in general, with φ or with Φ.

Generalized Higgs inflation models

Non­minimal gravitational couplings of the SM Higgs doublet have been considered in order to

build viable models of inflation in the early Universe [216, 217, 218, 219, 220]. Generalizations

of this idea with non­linear couplings to the Ricci scalar have been discussed in the literature with

the SM Higgs working as inflaton or with a similar scalar field [179, 180, 181, 182, 183, 184,

185, 186, 187, 188, 189, 190, 191, 192]. As far as we know, the presence of a new scalar degree

of freedom has been missed in these analyses. As we have shown, the non­linear couplings in

the Ricci scalar introduce a new degree of freedom. We can determine its phenomenology by

using the general equations deduced in this chapter. The general J(φ,R) function that defines

these models can be written as

J(φ,R) = R + ξ φaRb − 2U(φ) , (3.63)

where the first term is associated with the initial Einstein­Hilbert action for the Jordan metric;

the second term is the non­linear coupling parameterized by the strength constant ξ and the
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exponents a and b; and U(φ) is the potential for the scalar field in the JF. Note that a and b need

to be integer numbers to have an analytical interaction at φ = 0 and R = 0 respectively, but the

non­minimal coupling can also be defined for any real value of both exponents. The standard

potential in these models is usually assumed to be:

U(φ) =
λ

4

(
φ2 − µ2

λ

)2

, (3.64)

with µ, λ > 0. It implies that U(φ) is bounded from below, and develops a stable minimum at

φ0 = µ/
√
λ with U(φ0) = 0, i.e. we have avoided the introduction of a vacuum energy1. By

taking into account our previous results, the conformal transformation to the EF is defined by

Ω2 = 1 + ξ b φa ψb−1 , (3.65)

with ψ = R as we have commented. Therefore, provided b ̸= 1, the coupling introduces a new

scalar particle, associated with the normalized field:

Φ =
√

3/2 ln(1 + ξ b φa ψb−1) . (3.66)

As we have discussed, this new degree of freedom is associated with the dynamics of the Jordan

Ricci scalar through the relation: R = ψ = {[exp(
√
2/3Φ) − 1]/(ξ b φa)}1/(b−1). Therefore,

the total action for this type of GHIMs is writen in the EF as:

SGHIM =
1

2

∫
d4x
√

−g̃
[
R̃− g̃µν∇̃µΦ∇̃νΦ− g̃µνe−

√
2
3
Φ ∇̃µφ∇̃νφ− 2V (φ,Φ)

]
, (3.67)

where:

V (φ,Φ) =
1

2

ξφa(b− 1)

(
e
√

2
3
Φ − 1

ξ b φa

) b
b−1

+ 2U(φ)

 e−2
√

2
3
Φ . (3.68)

In order to simplify the discussion, we can fix the particular values: a = b = 2, and ξ > 0.

In such a case, the total potential is bounded from below provided U(φ) is as well. Indeed, a

minimum of the scalar sector can be found at (φ0,Φ0) = (µ/
√
λ, 0) if the potential (3.64) is

assumed. In fact, such a minimum is global since V (φ0,Φ0) = 0 and V (φ,Φ) is non­negative.

In this case, the SMM around the minimum is given by:

M2
φΦ =

 2µ2 0

0 λ
6ξµ2

 . (3.69)

1The potential develops an analogous minimum at φ0 = −µ/
√
λ. The same discussion applies when the system chooses

this other vacuum state.
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Therefore, in this particular case, the mass eigenstates can be identified with φ and Φ. In other

words, they do not mix. In addition, the phenomenology of Φ is decoupled since the mass scale

µ is expected to be very small with respect to the Planck scale, which implies a very large mass

for Φ (by assuming λ, ξ ∼ 1).

It is important to comment that the original action has a parity symmetry associated with

the sign of the scalar φ. However this is not the fundamental reason for the non­mixing of the

scalar fields, since this discrete Z2 symmetry is broken by the VEV of φ. It means that this

symmetry will not be able to protect this property, that will be potentially destroyed by radiative

corrections.

Coming back to the on­shell analysis, the situation is different for b = 2 and a < −2. In

this case, Φ is lighter than φ for µ ≪ 1 (λ, ξ ∼ 1). Indeed, for such values of the exponents,

the SMM is still diagonal, but the non­zero entries are M2
φφ = 2µ2 and M2

ΦΦ = λa/2/(6ξµa).

Finally, we must mention that any other integer value of b (b > 2) may imply strong instabilities

for the field configuration defined by (φ0,Φ0) = (µ/
√
λ, 0), since the potential will develop a

singularity at Φ = 0. Indeed, the study of the SMM deduced in this work within the EF, is the

most efficient way to analyze the stability of a NMSTT (in the same way as for f(R) theories,

as it was originally pointed out in [177]). This procedure is equivalent to the Hessian matrix

analysis of an optimization study in two variables.

3.4 Conclusions

In this chapter, we have started reviewing the important case of f(R) theories in the modified

gravity background, with the purpose of explaining the equivalence of this approach with scalar­

tensor theories, and passing through the study of conformal transformations applied over this

to expose the way to go from the JF to the EF. After this, we have studied the phenomenology

of NMSTTs, i.e. scalar field models defined by a general coupling of the scalar field with the

Ricci scalar. These theories can be understood as generalizations of the gravitational interaction

written in a particular JF.We have found explicitly the EF corresponding to such general theories

by characterizing the conformal transformation that defines the relation between both frames.

By following the general set of equations associated with the transformation between the two

corresponding metric tensors, it is explicit that the spectrum of the theory contains not one,
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but two (generally massive) scalar degrees of freedom, in addition to a massless spin­2 state.

The latter particle can be associated with the standard mediator of Einstein gravity, whereas the

second scalar mode is related to the non­linear coupling of the original (JF defined) scalar field

to the Ricci scalar. Indeed, provided that the coupling is linear, we have proved that the general

conformal transformation is not well defined and the spectrum of the theory is truncated by

removing the second scalar degree of freedom. The situation is more involved if the Jacobian

associated with the field redefinition is zero for particular values of the fields. In such a case, the

effective number of degrees of freedom of the theory depends on the field configuration. This

fact can be understood as if the spectrum of the theory maximizes the number of perturbative

states, but the masses of the scalar modes depend on the values of the fields and can diverge for

one of the modes. This fact removes effectively one of the scalar degrees of freedom as it was

discussed in [177, 178] for the case of f(R) theories.

Once the degrees of freedom were identified, we analyzed their couplings with the matter

content. In particular, we have studied the couplings with SM particles. Under general assump­

tions, the spin­2 state couples as the standard GR graviton. The scalar degree of freedom asso­

ciated with the conformal factor couples through the trace of the stress­energy tensor. Indeed,

it can be identified with a dilaton since it parameterizes general scale transformations. On the

other hand, the coupling of the other spin­0 particle is completely model dependent. It changes

by depending on the definition of its interactions in the original action (JF), that is not fixed. It is

interesting to remark that this factorization of the couplings associated with the scalar content of

the theory is simple because it is discussed in terms of the interaction eigenstates. These modes

are not necessarily the mass eigenstates. In general, there is a mixing between the two scalar

modes that leads to the rich phenomenology associated with these NMSTTs.
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Chapter 4

Extremal Black Holes in modified gravity

Black hole solutions have been widely studied in the literature, as they are natural solutions

of GR, and have led to an important development of gravitational physics, including the fa­

mous theorems about singularities that offer a way to better understand these objects and their

main features. Here we will focus on the particular black holes described by the Schwarzschild­

(Anti) De Sitter spacetime as an example, which arises in GR as a solution when considering

a (negative) cosmological constant, since they have been of great interest as they show a ther­

modynamical equilibrium when analysing Hawking radiation [221, 222, 223]. In the case of

a positive cosmological constant, the Schwarzschild­de Sitter spacetime shows in general two

horizons, one corresponding to the black hole event horizon and the other one to a cosmolog­

ical horizon. The extreme case arises when both horizons coincide at the same hypersurface,

the so­called Nariai spacetime [224], leading to an interesting structure for the spacetime and the

trajectories of geodesics [225] as well as for its spectrum [226], which will be studied through­

out the next sections. In addition, the stability of such an extreme spacetime has been studied

in [227], but when some (quantum) corrections are included, an interesting phenomenon oc­

curs as the radius of the horizon becomes unstable and grows, that has been called black hole

anti­evaporation [228]. Despite the fact that the anti­evaporation regime was initially studied

and attributed to semiclassical corrections that affect the evaporation of black holes in de Sitter

spacetimewhen analysing the one­loop effective action [228, 229], other frameworks that lead to

classical instabilities that affect the radius of the horizon have been also named antievaporation,

as is the case of f(R) gravity [230], Gauss–Bonnet gravities [231], bigravity theories [232, 233]

71
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and mimetic gravity [234]. The purpose here will be the study of this phenomenon from a clas­

sical point of view, but for a generalization of the scalar­tensor theories.

As we have already seen along Chapters 2 and 3, one important branch of modified gravity

is that associated with scalar fields and scalar­tensor theories. However, although a great part of

these kind of theories has been extensively studied along the previous chapters, this is far from

the end. Generalisations of these have been widely studied, mainly in the context of cosmology,

like the so­called K­essence, which presents a non­canonical kinetic term and provides a natural

explanation for dark energy [235, 236], or the so­called Galileons, that incorporate a Galilean­

like symmetry and which can also reproduce in a simple way the late­time acceleration [237].

These types of models have in common that they may avoid the so­called Ostrogradsky insta­

bility that arises in higher order theories, but is absent in second order theories, such as the ones

cited above. This class of scalar­tensor models are encompassed in the so­called Horndeski

gravity [80], which represents the most general theory with second order field equations (for a

review see [238, 239]). Horndeski gravity is shown to be a generalisation of Galileon in its

covariant form [240], which is also connected to k­essence fields [241]. Nevertheless, there

have been some healthy extensions of Horndeski gravity also implying second order derivatives

for the field equations [242, 243, 244]. In general, Horndeski gravity is well understood in many

contexts, inflationary models have been widely analysed, as well as the growth of cosmolog­

ical perturbations [245, 246, 247, 248, 249]. Consequently dark energy models can be easily

implemented in Horndeski gravity [250, 251], the predictions and restrictions of which have

been analysed [252, 253, 254, 255]. Also, in light of the era of gravitational waves [256, 257],

Horndeski gravity is shown to carry just an additional scalar mode [258], but the theory is well

constrained by the speed of propagation of the graviton [259, 260, 261], which implies several

restrictions on the full Lagrangian [262].

Putting together both frames, i.e. black holes (static spherically symmetric solutions) and

modified gravity [263, 264, 265, 266, 267, 268, 269, 270], let us provide: a way to regu­

larise such types of solutions [271, 272, 273, 274], a better understanding of Birkhoff’s theo­

rem [275, 276, 277], and new direct ways for testing GR [278, 279, 280]. In Horndeski gravity,

there have been plenty of works where such types of solutions are studied, mainly when deal­

ing with compact objects such as black holes [281, 282, 283, 284], but also when assuming the

constraints imposed on the full Horndeski Lagrangian by the speed of propagation of gravita­
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tional waves [285], and the stability of such types of spacetimes [286, 287, 288, 289, 283, 284].

The no­hair theorem is also extended in these theories [290]. Moreover, the Cauchy problem

has been analysed in Horndeski gravity by studying the hyperbolicity of the system of equa­

tions, which seems to admit a well posed initial value problem [291]. Also, the stability in

non perturbative cosmology has been studied [292], as well as the gauge problem in such La­

grangians [293].

The purpose of this chapter is to show an example of the study of black holes in Horndeski

gravity, focusing on the anti­evaporation effect, by studying perturbations on the metric. For this

goal, we will take and analyze the Nariai spacetime, in opposite to Schwarzschild black holes,

where perturbations and the Cauchy problem have already been widely analysed in the literature

within several gravitational theories [294, 295, 296, 270]. Then, the purpose here will be to study

how perturbations of a scalar field (which should be around a constant background value as we

will see) can affect the radius of the horizon of the extremal Schwarzschild­de Sitter black hole

called Nariai spacetime, for the Lagrangians that compose Horndeski gravity. This also shows

some implications on an extended version of Birkhoff’s theorem for scalar­tensor theories. At

the end, we will also try to analyse the stability of such solutions for a shorter version of the

full Horndeski Lagrangian, motivated by keeping as few free functions as possible and which

coincide with the viable terms restricted by the speed of GW’s.

4.1 Nariai Spacetime in Horndeski Gravity

Let us start by remembering the general action that we are dealing with throughout this chapter.

This is the Hilbert–Einstein action plus the so­called Horndeski Lagrangian already introduced

in Eq. (1.31):

S =

∫
dx4

√
−g
[

R

16πG
+ LHr + Lm

]
, (4.1)

where Lm is the matter Lagrangian, which encompasses all the matter species of the system

under study while the Horndeski Lagrangian LHr is given by:
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LHr = G2(ϕ,X)

−G3(ϕ,X)□ϕ

+G4(ϕ,X)R +G4X(ϕ,X)
[
(□ϕ)2 − ϕ;µνϕ

;µν
]

(4.2)

+G5(ϕ,X)ϕ;µνG
µν − G5X(ϕ,X)

6

[
(□ϕ)3 − 3□ϕϕ;µνϕ

;µν + 2ϕ;µνϕ
;νλϕ;µ

λ

]
.

Recall that each line is an independent term labeled by the functionGn, ϕ is the scalar field,Gµν

is the Einstein tensor, ;µ = ∇µ is the covariant derivative, X = −1
2
∂µϕ∂

µϕ is the kinetic term,

Gi(ϕ,X) are arbitrary functions of ϕ and X , and X is the derivative with respect to X . As it is

well known, the Lagrangian (4.3) represents the most general scalar­tensor Lagrangian that leads

to second order field equations despite the fact that it depends on second derivatives of the field ϕ

at the level of the action aswell as on non­minimally coupling terms to the Ricci scalar. As shown

inReference [241], Horndeski theory is just the generalisation of the so­called covariant Galileon

field, but losing the Galilean shift symmetry that provides its name [240]. Hence, by varying the

action (4.1) with respect to the metric gµν andwith respect to the scalar field ϕ, the corresponding

field equations can be obtained and one can analyse how some particular spacetimes behave

within this class of theories.

The other fundamental piece here is the Nariai spacetime, i.e, as already mentioned, the ex­

tremal case of the Schwarzschild­de Sitter black hole, as is shown below. The general Schwarzschild­

de Sitter metric can be expressed in spherical coordinates as follows [228]:

ds2 = −A(r)dt′2 + A(r)−1dr2 + r2dΩ2
2 , (4.3)

where dΩ2
2 is the metric of a 2D sphere, and

A(r) = 1− 2M

r
− Λ

3
r2 . (4.4)

Here, Λ > 0 and M > 0, and the latter is a mass parameter. Then, if 0 < M2 < 1
9Λ
,

the function A(r) has two positive roots rBH and rc, which correspond to the black hole event

horizon and to the cosmological horizon, respectively:

rBH = − 2√
Λ
cos
{
1

3

[
arccos

(
−
√
9M2Λ

)
+ π
]}

, (4.5)

rc =
2√
Λ
cos
{
1

3
arccos

(
−
√
9M2Λ

)}
. (4.6)



4.1. NARIAI SPACETIME IN HORNDESKI GRAVITY 75

It is easy to check that A(r) > 0 only for rBH < r < rc and consequently the metric is static

only in the region between both horizons. In addition, A(r), given by Eq. (4.4), diverges at

r = 0. This divergence cannot be avoided by a coordinate change and therefore it will not be a

coordinate singularity, but a real singularity. It can be checked by the scalar1 RµναβR
µναβ , which

diverges at r = 0, that this is a curvature singularity. The global structure of this spacetime has

been widely analysed in the literature [221, 222, 223], but Penrose’s diagram give us a better

idea of this spacetime. As an example of this, we introduce the Schwarzschild black hole which

is essentially the same only without the de­Sitter part, i.e. with Λ = 0. It is important to remark

that Penrose’s diagram is useful because it does not change the casual structure but brings infinity

to a finite graphic and with a slope of 45◦ of the light rays (which lets us know the light cone

straightforwardly). For this, one should apply two steps: the first one is about choosing null

coordinates to draw the light cone, the second one is a conformal compactification in order to

bring the infinity to a finite region. First of all, we will focus on the region r > 2M and use the

null Eddington–Finkelstein coordinates, i.e:

u = t′ − r∗, v = t′ + r∗, where r∗ = r + 2M ln
∣∣∣1− r

2M

∣∣∣ . (4.7)

Then, r ∈ (2m,∞), u and v ∈ (−∞,∞) and one must be careful with the absolute values in

dr∗ = dr/(1 − 2M/r). In addition, u = cte and v = cte respectively represent outgoing and

ingoing null geodesics. This will result in the following metric:

ds2 = −A(r)dudv + r2dΩ2
2 . (4.8)

In addition, from Eq. (4.7) we have:

r∗

2M
=

r

2M
+ ln

∣∣∣1− r

2M

∣∣∣ = 1

4M
(v − u) , (4.9)

where ( r

2M
− 1
)
= A(r)

r

2M
, (4.10)

and therefore:

A(r) =
2M

r
e−r/(2M)e(v−u)/(4M) , (4.11)

1This scalar is the so­called Kretschmann scalar and it is important because it is invariant under change of coordinates, so
if it diverges at some point in some coordinate system, it will diverge at the same point for any coordinate system. For the
Schwarzschild de­Sitter metric this scalar is: K1 = 8Λ2

3
+ 48M2

r6
which recovers the better known case of Schwarzschild when

Λ = 0.
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which transforms the metric (4.8) into:

ds2 = −2M

r
e−r/(2M)e(v−u)/(4M)dudv + r2dΩ2

2 . (4.12)

The next step will be the introduction of Kruskal–Szekeres coordinates defined as:

U = −4Me−u/4M , V = 4Mev/4M , (4.13)

dU = e−u/4Mdu, dV = ev/4Mdv , (4.14)

after which the metric reads:

ds2 = −2M

r
e−r/(2M)dUdV + r2dΩ2

2 , (4.15)

from where one can check that r = 2M was only a coordinate singularity, which vanishes with

an appropriate choose of coordinates. Besides, we can apply an extension of the coordinates.

Until now, we were studying the exterior region, r > 2M and U < 0 and V > 0, but now one

can extend the geodesics because they do not finish their path at U = 0 or V = 0, so at the end

of the day U, V ∈ (−∞,∞). However we should maintain the condition r > 0. In addition,

due to:

UV = −16M2
( r

2M
− 1
)
er/2M , (4.16)

UV will be bounded by UV < 16M2. In order to finish, we will apply a compactification of the

spacetime. For this purpose it is very useful to use a function as tan(x) that is infinity at a finite

point. With this fact in mind, the new reparametrization is:

4M tan(Ũ) = U, 4M tan(Ṽ ) = V , (4.17)

4M dŨ
cos2(Ũ)

= dU, 4M
dṼ

cos2(Ṽ )
= dV , (4.18)

where Ũ , Ṽ , Ũ + Ṽ ∈ (−π/2, π/2). Then, the resulting metric is:

ds2 = −32M3

r

e−r/(2M)[
cos (Ũ) cos (Ṽ )

]2dŨdṼ + r2dΩ2
2 , (4.19)

Finally, one is able to draw Penrose’s diagram thinking about
(
Ũ , Ṽ

)
as a coordinate reference

system:
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III

III

IV

i+

i−

i0

J +

Ũ
=
π/
2,
r
=
∞

Ṽ
=
0

r
=
2M

Ũ
=
0

r
=
2M

Ṽ
=
−
π/2,

r
=
∞J −

Ṽ
=
π/2,

r
=
∞

Ũ
=
−π
/2
,
r
=
∞

r = 0

r = 0

where blue lines represent t′ = cte, red lines represent r = cte, i± are the future (+) / past (­)

timelike infinities (it means that timelike geodesics start in i− and end up in i+), i0 is the spacelike

infinity (r = ∞ with arbitrary t) and J ± are the future (+) / past (­) null infinity, i.e. r = ∞

where light geodesics start or end up. Let us show that: on the one hand, t′ = cte→ u+v = cte

and therefore V /U = cte, so we can represent these straight lines, transformed by the tan(x) into

curves in Penrose’s diagram, as can be checked. On the other hand, r = cte→ v − u = cte→

UV = cte. Thus r = 0 corresponds with UV = 16M2 = 16M2 tan Ũ tan Ṽ which corresponds

to Ũ+ Ṽ = ±π/2. The angular coordinates are not represented because they do not give us new

information, but we should think about each point of the diagram as a 2­sphere of radius r. In

view of the Penrose diagram, the null hypersurfacer r = 2M pulls apart, for r = cte, time­like

hypersurfaces (r > 2M ) from space­like hypersurfaces (r < 2M ). In addition, r = 2M is

called a horizon because an object which falls inside it (i.e. in area III) can never come back. In

the diagram this is shown because light­like geodesics moving radially look like straight lines

with an inclination of 45◦. The description of the regions is as follows: I) the exterior of the

black hole r > 2M , III) the interior of the black hole with 0 < r < 2M , IV) the interior region

of a white hole, II) the exterior of the white hole. There are no null (and much less time­like)

curves which traverse from region I to region II (and vice­versa) so then they can be considered

as disconnected universes.

Analogously, one could present the Penrose diagram for de­Sitter spacetime, this is the case

withM = 0 [297]:
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III

V

III

i+

i−

i−

i+

r = ∞
r = J +

r
=

√ 3/
Λ

t =
∞

t =
∞

r
=

√ 3/
Λ

r = ∞
r = J −

r
= √

3/Λ

r
= √

3/Λ

t =
−∞

t =
−∞

r = 0r = 0

In this case, there is an horizon for r =
√
3/Λ and there are no singularities. It is important

to remark that a timelike observer can only access one part of the spacetime independently of

their starting point. Now, it is easy to check that mixing both spacetimes in order to obtain the

Schwarzschild de­Sitter spacetime, Penrose’s diagram reads:

III

III

IV

II I

V

V

III

III

r
=
rB
H r

=
r
c

r
=
r c

r
=
r
B
H

r
=
r
B
H

r
=
rB
H

r = 0

r = 0

r = ∞

r = ∞

r = 0

r = 0

where there are two horizons at r = rc and r = rBH . The crucial point here is that for the

extreme case wheneverM → 1
3
√
Λ
, the size of the black hole event horizon rBH increases and

approaches the cosmological horizon rc at r = 3M , such that function (4.4) tends to:

A(r) = −(r − 3M)2(r + 6M)

27M2r
, (4.20)
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becoming the extremal case of the Schwarzschild­de Sitter black hole, which is known as the

Nariai spacetime [224]. As shown in Eq. (4.20), it leads to a degenerate horizon that corresponds

to the black hole one and to the cosmological one simultaneously. The causal structure of this

particular case is well understood and the geodesics in such spacetime are well described in

Reference [225]. Note that A(r) ≤ 0, such that the radial coordinate becomes timelike and the

time coordinate spacelike everywhere. In Fig. (4.1) we represent this function to help understand

this.
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Figure 4.1: Aspect of the function A(r)

From the Penrose diagram point of view, one could join rBH with rc of the Schwarzschild

de­Sitter case (vanishing region I and II) to obtain the extreme case. Actually, there are two

possibilities, one which describes a white hole, and another one which describes a black hole.

Here we are interested in the study of the latter, whose Penrose diagram is:

V V V
III III III

r
=
3M

r = ∞ r = ∞

r
=
3M

r = ∞

r = 0 r = 0 r = 0

After this previous study of spacetimes, let us express the metric (4.3) with some more

appropriate coordinates, but firstly we express the extremal case as a limit in terms of a parameter

0 < ϵ << 1, [227]:

9M2Λ = 1− 3ϵ2 . (4.21)
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As ϵ → 0, both horizons approach each other, i.e. one passes from the Schwarzschild de­Sitter

space time to Nariai space time, vanishing region I and II in Penrose’s diagram. Then, one can

choose the following coordinates [228]:

t′ =
1

ϵ
√
Λ
ψ , r =

1√
Λ

(
1− ϵ cosχ− 1

6
ϵ2
)
, (4.22)

as long as one stays far away enough from spatial infinity. In these new coordinates, and ex­

panding at first order in ϵ, the metric (4.3) becomes:

ds2 = − 1

Λ

(
1 +

2

3
ϵ cosχ

)
sin2 χdψ2 +

1

Λ

(
1− 2

3
ϵ cosχ

)
dχ2 +

1

Λ
(1− 2ϵ cosχ) dΩ2

2 .

(4.23)

Here the black hole horizon is given by χ = 0, whereas the cosmological one corresponds to

χ = π. The spatial topology is clearly S1 × S2. By setting ϵ→ 0, the extremal case is obtained

and the metric yields (4.23):

ds2 =
1

Λ

(
− sin2 χdψ2 + dχ2

)
+

1

Λ
dΩ2

2 . (4.24)

Finally, we can implement another change of coordinates that simplifies the expression

(4.24), which is described by the following coordinates:

x = Log
(
tan

χ

2

)
, t =

ψ

4
. (4.25)

Then the metric (4.24) for the Nariai spacetime becomes:

ds2 =
1

Λ cosh2 x
(
−dt2 + dx2

)
+

1

Λ
dΩ2

2 . (4.26)

The new coordinates are defined in the domain (−∞,∞), as can be easily shown by Eq.

(4.25). This metric is easily drawn in Penrose’s diagram following a similar procedure from

Schwarzschild case. Let us introduce some lines to check the previous diagram in the interior

region of both horizons. First of all we will use the null coordinates:

u = t− x, v = t+ x, (4.27)

and the Kruskal­Szekeres coordinates:

U = −e−u, V = ev. (4.28)
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Then, the metric would be:

ds2 = − dUdV
Λ
4
(UV + 1)2

+
1

Λ
dΩ2

2 , (4.29)

finishing with the compactification:

tan(Ũ) = U, tan(Ṽ ) = V , (4.30)

ds2 = − dŨdṼ
Λ
4

[
cos(Ũ + Ṽ )

]2 +
1

Λ
dΩ2

2 , (4.31)

where, for example, r = cte, corresponds to χ = cte, x = cte, v − u = cte, V U = cte.

4.2 Reconstructing theGravitational Action inHorndeskiGrav­

ity

In this section, we analyse the particular Lagrangians within Horndeski gravity that reproduce

the Nariai solution. To do so, we use the metric as expressed in the coordinates given in Eq.

(4.26). As shown, Nariai spacetime can be a solution for each of the Horndeski Lagrangians as

long as some constraints are assumed on the Li functions.

4.2.1 Case with L2

As a first approximation to Horndeski gravity in Nariai spacetime, we will start studying the

simplest case in which only L2 is considered for LHr,

L2 = G2(ϕ,X) , (4.32)

which essentially is the usual term for K­essence theory. The first step will be to solve, at the

background level, the equations of motion given by the Einstein tensor plus an effective stress­

energy tensor coming from metric variations of the matter Lagrangian plus the Lagrangian de­

fined in Eq. (4.32):

Gµν = Rµν −
1

2
gµνR = 8πG

[
gµνG2(ϕ,X) +

∂G2(ϕ,X)

∂X
∂µϕ∂νϕ+ T (m)

µν

]
, (4.33)
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where T (m)
µν is the stress­energy tensor of the matter Lagrangian, and which, for the case of our

interest, we are going to consider zero, to focus on the vacuum, i.e., T (m)
µν = 0. Therefore,

this tensor equation leads to the following system of equations:

(tt)
1

8πG

1

cosh2 x
= −G2(ϕ,X)

Λ cosh2 x
+
∂G2(ϕ,X)

∂X
ϕ̇2 , (4.34)

(xt) 0 = −∂G2(ϕ,X)

∂X
∂tϕ∂xϕ , (4.35)

(xx)
1

8πG

−1

cosh2 x
=
G2(ϕ,X)

Λ cosh2 x
+
∂G2(ϕ,X)

∂X
ϕ′2 , (4.36)

(θθ)
−1

8πG
=
G2(ϕ,X)

Λ
+
∂G2(ϕ,X)

∂X
∂θϕ∂θϕ , (4.37)

(ΦΦ)
− sin2 θ
8πG

= sin2 θ
G2(ϕ,X)

Λ
+
∂G2(ϕ,X)

∂X
∂Φϕ∂Φϕ . (4.38)

Here, ϕ̇ means time derivatives (as throughout all the work) but ϕ′ will represent derivatives

with respect to x (and not conformal time derivatives). The two main issues that we intend to

solve are the form of G2(ϕ,X) and that of ϕ(t, x, θ,Φ). Combining Eq. (4.37) with Eq. (4.38)

yields:

∂Φϕ∂Φϕ = sin2 θ∂θϕ∂θϕ → ∂Φϕ = ± sin θ∂θϕ , (4.39)

whose solution is:

ϕ = g(t, x)

[
Φ± ln

(
cot

θ

2

)]
+ f(t, x) . (4.40)

However, from Eq. (4.34) and Eq. (4.36) it is possible to deduce that g(t, x) should vanish in

order to keep the same dependence on parameters on the left and right hand side of the equations,

and therefore ϕ = ϕ(t, x), which implies that X = Λ cosh2(x)(ϕ̇2 − ϕ′2)/2. This is the formal

way for showing that the scalar field has to be spherically symmetric, as is themetric. In addition,

to solveG2(ϕ,X), we will use the trace of Eq. (4.33) where the scalar of curvature for the Nariai

metric is R = 4Λ and therefore:

− Λ

4πG
= 2G2(ϕ,X)− ∂G2(ϕ,X)

∂X
X , (4.41)

the solution of which is:

G2(ϕ,X) = − Λ

8πG
+ f(ϕ)X2 . (4.42)
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However, by Eq. (4.35), the following condition is obtained:

2Xf(ϕ)ϕ̇ϕ′ = 0 . (4.43)

It is straightforward to show that by combining Eq. (4.43) with xx− and tt− equations,

ϕ′ = ϕ̇ = 0, such that ϕ = cte. Hence, the solution of the background leads to the following

constraint on the action:

G2(ϕ0, 0) = − Λ

8πG
. (4.44)

This solution mimics the one from General Relativity with a cosmological constant, but in

this case induced by a constant scalar field ϕ. There is a special case when the coefficients

for this system of equations become null and the background equation is satisfied also for non­

constant and non­static scalar field solutions, which will be studied in Section 4.3.1. Note that

despite the fact that Birkhoff’s theorem is satisfied in Brans–Dicke­like theories [275, 276, 277],

where a static metric implies a static scalar field, this may not be the case for other scalar­tensor

theories such as Galileons or general Horndeski scenarios [283, 284].

4.2.2 Case L3

For the case L3, the general gravitational action is given by

SG =

∫
dx4

√
−g
[

R

16πG
−G3(ϕ,X)□ϕ

]
. (4.45)

By varying the action (4.45) with respect to the metric gµν , the corresponding field equations

are obtained:

Rµν −
1

2
gµνR = 8πG [G3ϕ (gµν∇αϕ∇αϕ− 2∇µϕ∇νϕ) (4.46)

+G3X

(
−∇µϕ∇νϕ□ϕ− gµν∇αϕ∇βϕ∇αϕ∇βϕ+ 2∇αϕ∇(µϕ∇ν)∇αϕ

)]
.

Here the subscript () refers to a commutator among the indexes, while ϕ and X are derivatives

with respect to the scalar field ϕ and its kinetic termX respectively. The equation for the scalar

field is obtained by varying the action (4.45) with respect to the scalar field:

2G3ϕ□ϕ+G3ϕϕ(∇ϕ)2 +G3Xϕ

[
(∇ϕ)2□ϕ+ 2∇µϕ∇µX

]
(4.47)

+G3X

[
(□ϕ)2 −∇µ∇νϕ∇µ∇νϕ−Rµν∇µ∇νϕ

]
+G3XX

[
∇µϕ∇µX + (∇X)2

]
= 0 ,
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where recall thatX is the kinetic term of the scalar field. As in the previous Lagrangian, a non­

constant static scalar field, ϕ = ϕ(x) is assumed. In order to show that the Nariai metric,

expressed in the coordinates (4.25) as in Eq. (4.26), may be a solution for the gravitational

action (4.45), we use the tt− and xx− equations, which can be easily obtained from the field

Equations (4.47) and yields:

(tt)
1

cosh2 x
= 8πGϕ′2 [−G3ϕ +G3XΛ

2
(
sinhx coshxϕ′ + cosh2 xϕ′′)] , (4.48)

(xx) − 1

cosh2 x
= 8πGϕ′2 [−G3ϕ +G3XΛ

2 coshx sinhxϕ′] . (4.49)

The θθ− and φφ− equations are just redundant, since the tt− equation is reproduced up

to proportionality terms. In general, for an arbitrary G3(ϕ,X), the system of Equation (4.49)

has no solution ϕ(x), and consequently Nariai spacetime is not a solution for the gravitational

Lagrangian (4.45). Nevertheless, Eq. (4.49) can be used for reconstructing the appropriate

L3 Lagrangian that reproduces the Nariai spacetime (4.26) when assuming either a particular

solution ϕ(x) or a particular form of G3(ϕ,X). As the corresponding partial derivatives G3ϕ

and G3X are in the end functions of the coordinate x, we can express both of them in terms of

the scalar field and its derivatives through Eq. (4.49), which leads to:

G3ϕ(x) =
1

8πG

2 tanhx ϕ′ + ϕ′′

ϕ′2ϕ′′ cosh2 x
, (4.50)

G3X(x) =
1

4πGΛ

1

ϕ′2ϕ′′ cosh4 x
. (4.51)

Hence, the corresponding Lagrangian (4.45) can be reconstructed as long as the expressions

(4.50) and (4.51) are well defined for ϕ(x), such that the integrability condition holds G3ϕX =

G3Xϕ. Nevertheless, it is not straightforward to obtain an analytical and exact expression for the

L3 Lagrangian, but we can consider a couple of ways that lead to an analytical reconstruction

of the action.

• Firstly, one may specify the form of the function G3(ϕ,X), and reconstruct the corre­

sponding action by using the system of Equation (4.49) and the integrability condition on

G3(ϕ,X). Let us consider the following G3(ϕ,X):

G3(ϕ,X) = f1(ϕ) + f2(X) . (4.52)
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The general kinetic term X is given by:

X = −1

2
Λ cosh2 xϕ′2 . (4.53)

Then, by the partial derivative with respect to X in Eq. (4.51), one obtains:

G3X = f2X =
Λ

4πG

1

X2

ϕ′2

ϕ′′ . (4.54)

This equation together with the assumption in Eq. (4.52) basically imposes that ϕ
′2

ϕ′′
=

g(X) must be expressed as a function of the kinetic term (4.53). As g(X) is in principle

arbitrary as far as providing a solution for the scalar field ϕ, we may assume g(X) = X

such that the scalar field becomes:

ϕ(x) = −2 log (coshx)
Λ

. (4.55)

After integrating Eq. (4.54), the function f2(X) turns out to be:

f2(X) = − Λ

4πG

1

X2
. (4.56)

While the partial derivative with respect to ϕ on G3 leads to:

G3ϕ = f1ϕ =
Λ2

32πG

1 + 2 log(coshx)
cosh2 x

=
1

8πG

eΛϕ(1− Λϕ)

ϕ2
, (4.57)

which after integrating, provides the corresponding dependence on the scalar field ϕ:

f1(ϕ) = − 1

8πG

eΛϕ

ϕ
. (4.58)

Then, the full gravitational action G3(ϕ,X) as given in (4.52) is reconstructed.

• Nevertheless and in opposite, one may try to keep the form of G3(ϕ,X) arbitrary and

consider a particular solution for the scalar field in order to reconstruct the action. For il­

lustrative purposes, we consider the following solution:

ϕ(x) = ϕ0eµx . (4.59)

Then, by following the Eq. (4.51), the following particular solutions are found in terms

of the coordinate x:

G3ϕ(x) =
1

8πG

sech2x(µ+ 2 tanhx)e−2µx

µ3ϕ2
0

, (4.60)

G3X(x) =
1

4πG

sech4xe−3µx

µ4ϕ3
0Λ

. (4.61)
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The corresponding kinetic term X = −1
2
∂µϕ∂

µϕ is given for this case by:

X = −1

2
ϕ2
0µ

2Λ cosh2 xe2µx . (4.62)

Hence, the partial derivative G3X(ϕ,X) automatically leads to:

G3X(ϕ,X) =
Λ

16πG

ϕ

X2
. (4.63)

After integrating, it yields:

G3(ϕ,X) = − Λ

16πG

ϕ

X
+ f(ϕ) , (4.64)

where f(ϕ) has to be computed by integrating the partial derivativeG3ϕ, which is obtained

by deriving expression (4.64) and equating to the expression in Eq. (4.61):

fϕ =
1

4πGϕ2
0µ

3

tanhx
cosh2 xe2µx

=
1

4πGϕ2
0µ

3

tanh
[
log
(
ϕ
ϕ0

)1/µ]
ϕ2 cosh2

[
log
(
ϕ
ϕ0

)1/µ] , (4.65)

which after integrating, yields:

f(ϕ) =
1

8πGµ2(µ− 2)ϕ

{
F

[
1, 1− µ/2, 2− µ/2;−

(
ϕ

ϕ0

)2/µ
]

− (µ− 2)µF

[
1,−µ/2, 1− µ/2;−

(
ϕ

ϕ0

)2/µ
]
+ sech2

[
log
(
ϕ

ϕ0

)1/µ
]

+ µ tanh

[
log
(
ϕ

ϕ0

)1/µ
]}

. (4.66)

Here, F (a, b, c;x) are hypergeometric functions, which can be computed analytically for

some values of µ. For instance, µ = 1 gives:

f(ϕ) = − 1

4πG

ϕ3 + 3ϕϕ2
0

(ϕ2 + ϕ2
0)

2
+
arctan

(
ϕ
ϕ0

)
ϕ0

 . (4.67)

Hence, the full reconstruction of the gravitational action (4.45) is explicitly shown for these

two cases. The main conclusions can be obtained by analysing these two examples. As shown

in the field equations, and by the expressions of G3ϕ(x) and G3X(x), a constant scalar field
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ϕ(x) = ϕ0 is not a solution for Eq. (4.49), at least whenever Lagrangian (4.45) is considered

as the sole action for gravity. In addition, the freedom of the function G3(ϕ,X) implies that

different Lagrangians can reproduce the Nariai metric, but leading to different solutions for the

scalar field, as long as its partial derivatives (4.51) are well defined, as has been shown by these

two examples.

4.2.3 Case L4

We now analyse the solutions when the Lagrangian L4 in (4.3) is considered as the sole Horn­

deski gravitational action:

SG =

∫
dx4

√
−g
[

R

16πG
+G4(ϕ,X)R +G4X

(
(□ϕ)2 −∇µ∇νϕ∇µ∇νϕ

)]
. (4.68)

As usual, by varying the action (4.68) with respect to the metric gµν , the corresponding field

equations are obtained:(
1

16πG
+G4

)(
Rµν −

1

2
gµνR

)
−∇µ∇νG4 + gµν□G4 −

1

2
gµνG4X

(
(□ϕ)2 −∇µ∇νϕ∇µ∇νϕ

)
+ ... (second order terms) = 0 . (4.69)

We can proceed as in the previous case. However, the degree of freedom on the function

G4(ϕ,X) will lead to a set of infinite solutions for the scalar field, as shown above for L3,

which does not provide any new insights on Nariai spacetime in Horndeski gravity, but just

some similar features as in the previous case. Concretely, for a given solution ϕ(x), one can

in general reconstruct the appropriate action through G4(ϕ,X), while the other way around is

not always possible, that is, given an arbitrary G4(ϕ,X) function, the field Eq. (4.69) does not

have any solution for the scalar field in general, except for some special cases of the G4(ϕ,X)

function, as also shown for G3(ϕ,X) above. In addition, note that for the general Horndeski

Lagrangian, the speed of gravitational waves is given by [259]:

cGW =
G4 −X(ϕ̈G5X +G5ϕ)

G4 − 2XG4X −X(Hϕ̇G5X −G5ϕ)
, (4.70)

where H is the Hubble parameter. Hence, by assuming G4(ϕ,X) = G4(ϕ) and G5 = 0, anal­

ogously to [260], the speed of propagation for GW’s is kept as the speed of light cGW = 1,
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satisfying the constraints obtained from the GW170817 detection [256, 257]. Hence, we ex­

plore here the case where G4(ϕ,X) = G4(ϕ), such that the field eqs. (4.69) reads:

(tt)

(
1

16πG
+G4

)
sech2 x− ϕ′2G4ϕϕ − (tanhxϕ′ + ϕ′′)G4ϕ = 0 , (4.71)

(xx) −
(

1

16πG
+G4

)
sech2 x− tanhxϕ′G4ϕ = 0 , (4.72)

(θθ) −
(

1

16πG
+G4

)
sech2 x− ϕ′2G4ϕϕ + ϕ′′G4ϕ = 0 . (4.73)

By combining the xx− and θθ− equations, it yields:

tanhx G4ϕϕ
′ = 0 → ϕ = constant . (4.74)

Hence, the only solution which does not modify the speed of gravitational waves leads to a

constant scalar field, similarly to G2(ϕ,X), unless G4ϕ = 0, which together with other condi­

tions is analysed in Section 4.3.1. For this specific case, the only choice of G4 that satisfies the

equations of motion is:

G4(ϕ) = − 1

16πG
. (4.75)

Nevertheless, for this choice, the gravitational effective coupling constant in Eq. (4.68)

becomes null and consequently the theory is ill defined in general. Then, for the particular

case (4.68) with G4 = G4(ϕ), Nariai spacetime and consequently Schwarzschild­(A)dS are

not reproduced by such a Lagrangian. This is a natural consequence as Schwarzschild­(A)dS

spacetime requires the presence of a cosmological constant, which cannot emerge from another

term. However, such an issue can be easily sorted out by adding a scalar potential in the action,

SG =

∫
dx4

√
−g
[

R

16πG
+G4(ϕ)R− V (ϕ)

]
. (4.76)

The equations do not differ much from the ones above, only by a potential term,

(tt)

(
1

16πG
+G4

)
sech2 x− ϕ′2G4ϕϕ − (tanhxϕ′ + ϕ′′)G4ϕ −

sech2 x
2Λ

V (ϕ) = 0,

(4.77)

(xx) −
(

1

16πG
+G4

)
sech2 x− tanhxϕ′G4ϕ +

sech2 x
2Λ

V (ϕ) = 0 , (4.78)

(θθ) −
(

1

16πG
+G4

)
sech2 x− ϕ′2G4ϕϕ + ϕ′′G4ϕ +

sech2 x
2Λ

V (ϕ) = 0 . (4.79)
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As in the previous case, by combining the xx− and θθ− equations, the constraint Eq. (4.74)

is obtained, which leads to a constant scalar field ϕ(x) = ϕ0, and by replacing it in Eq. (4.79),

it leads to:

−G4(ϕ0) +
V (ϕ0)

2Λ
=

1

16πG
. (4.80)

Hence, Nariai spacetime is a solution for the gravitational action (4.76) as long as the alge­

braic Eq. (4.80) has at least a real solution.

Therefore, it is clear that Schwarzschild­(A)dS spacetime, and specifically Nariai spacetime

is a solution for each of the Horndeski Lagrangians whereas some constraints are imposed on

the Lagrangians Li. It is straightforward to show that the Nariai metric is also a solution of

the full Horndeski Lagrangian as the degrees of freedom added by each Li provides a way of

reconstructing the corresponding gravitational action. This will imply an infinite number of

choices on theGi functions and a degenerate solution for the scalar field, as has been shown for

some of the Lagrangians above, and which will also affect the full gravitational action due to

the freedom of choosing the corresponding Lagrangians. In Section 4.3, the stability of these

extremal black holes for those cases for which the Nariai metric imposes real constraints on the

Lagrangians will be analysed.

4.3 Anti­Evaporation Regime in Horndeski Gravity

In this section, we analyse the stability of Nariai spacetime when perturbations around the back­

ground solution are introduced. Firstly, we will focus on the cases with constant solutions of

the scalar field. To do so, we focus on the first four terms of the Horndeski Lagrangian:

SG =

∫
dx4

√
−g
[

R

16πG
+G2(ϕ,X)−G3(ϕ,X)□ϕ+G4(ϕ)R

]
. (4.81)

Note that action (4.81) is the most general Horndeski Lagrangian that keeps the speed of

gravitational waves (4.70) as the speed of light. As shown in the previous section, for a given

solution ϕ(x) and the Nariai metric (4.26), one can reconstruct the corresponding Horndeski La­

grangian that reproduces such solution. Nevertheless, here we are assuming for simplicity while

analysing the perturbations, a constant scalar field for the background ϕ(x, t) = ϕ0, such that

following the results from the above section, Nariai spacetime is a solution for the gravitational
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action (4.81) as long as the following constraint is satisfied:

G20

2Λ
+G40 = − 1

16πG
, (4.82)

where the sub­index 0 denotes the background level. A useful way to define perturbations around

the Nariai metric is:

ds2 = e2ρ(x,t)
(
−dt2 + dx2

)
+ e−2φ(x,t)dΩ2

2 , (4.83)

in which ρ(x, t) and φ(x, t) at the background level are: ρ = − ln
√
Λ coshx and φ = ln

√
Λ.

The perturbations on the metric and the scalar field (with spherical symmetry) can be expressed

as follows:
ϕ → ϕ0 + δϕ(t, x) ,

ρ → − ln
[√

Λ coshx
]
+ δρ ,

φ → ln
√
Λ + δφ(t, x) .

(4.84)

Let us show how the perturbations are transformed under a gauge transformation in order to

construct gauge invariants that allow us to isolate the physical perturbations from gauge artifices.

We are going to consider an infinitesimal transformation of coordinates, given by

x′µ = xµ + δxµ . (4.85)

On any generic quantity F , this implies a transformation on its perturbation:

δF ′ = δF + LδxF0 . (4.86)

Here the prime denotes the quantity transformed in the new coordinates, F0 is the background

value and Lδx is the Lie derivate along the vector δxµ. The corresponding perturbations on the

metric are transformed as follows:

δρ′ = δρ+ Lδxρ0 ,

δφ′ = δφ+ Lδxφ0 = δφ .
(4.87)

In this case we are interested in the perturbation δφ, as the one that will define the pertur­

bation on the radius of the horizon (see below). This is a gauge invariant quantity, such that

we can work in an arbitrary gauge to solve the equations. Hence, introducing the perturbations

(4.84) in the field equations, up to linear order, leads to:(
1

16πG
+G4

)
δGµν+GµνG4ϕδϕ−G4ϕ∇µ∇νδϕ+gµνG4ϕ□δϕ−

1

2
(G2ϕgµνδϕ+G2δgµν) = 0 .

(4.88)
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Note that the functions Gi and their derivatives are evaluated at ϕ = ϕ0 and expanded up to

first order in perturbations as follows:

G2(ϕ,X) → G2(ϕ0, 0) +
∂G2(ϕ,0)

∂ϕ

∣∣∣
ϕ0
δϕ ,

G4(ϕ) → G4(ϕ0) +
∂G4(ϕ)
∂ϕ

∣∣∣
ϕ0
δϕ .

(4.89)

Then, we will introduce these perturbations into the field equations to study their evolution.

The tt−, xx− and tx− perturbation equations are respectively:

−2G20sech2xδφ+ (G2ϕ + 2ΛG4ϕ)sech2xδϕ− 2G20(tanhxδφ′ + δφ′′)

−2G4ϕΛ(tanhxδϕ′ + δϕ′′) = 0 , (4.90)

−2G20sech2xδφ+ (G2ϕ + 2ΛG4ϕ)sech2xδϕ+ 2G20 (tanhxδφ′ + δφ̈)

+2G4ϕΛ
(
tanhxδϕ′ + δϕ̈

)
= 0 , (4.91)

G20 (tanhxδφ̇+ δφ̇′) +G4ϕΛ
(
tanhxδϕ̇+ δϕ̇′

)
= 0 , (4.92)

from where the tx− equation can be rewritten as follows:

∂

∂t
[G20 (tanhxδφ+ δφ′) +G4ϕΛ (tanhxδϕ+ δϕ′)] = 0 , → g(x, t) tanhx+ g′(x, t) = h(x),

(4.93)

where h(x) is an integration function to be determined, while g(x, t) = G20δφ+G4ϕΛδϕ. Thus

integrating Eq. (4.93) yields:

g(x, t) = G20δφ+G4ϕΛδϕ = f(t) sechx+ sechx
∫

coshx h(x)dx . (4.94)

Then, by combining the tt− and xx− equations, the functions f(t) and h(x) are determined,

f(t) = C1et + C2e
−t , h(x) = C3 tanhx+ C4 ,

→ g(x, t) = (C1et + C2e
−t) sechx+ C3 + C4 tanhx .

(4.95)

Here, Ci’s are integration constants. Then, the expression for the metric perturbation δφ can

be easily obtained:

δφ =
C1et + C2e

−t

G20

sechx+ C3
G2ϕ + 2ΛG4ϕ

G20(G2ϕ + 4ΛG4ϕ)
+ C4 tanhx . (4.96)

At this point we are ready to calculate how the horizon changes when considering the above

perturbations on the metric. The horizon is a null hypersurface that can be defined as follows:

gµν∇µφ∇νφ = 0 , (4.97)



92 CHAPTER 4. EXTREMAL BLACK HOLES IN MODIFIED GRAVITY

By introducing (4.84) and (4.96) in (4.97), the following relation is obtained:

C2
1e

4t + C2
2 −

(
C2

4 + 2C1C2 cosh 2x
)
e2t + 2C1C4e3t sinhx+ 2C2C4et sinhx = 0 , (4.98)

which relates the x−coordinate and the t−coordinate at the horizon:

x = log

[
C4 +

√
4C1C2 + C2

4

2C1

e−t
]
. (4.99)

Hence, the perturbation (4.96) on the metric at the horizon leads to:

δφh =
1

G20

[
C3
G2ϕ + 2ΛG4ϕ

G2ϕ + 4ΛG4ϕ

+
√

4C1C2 + C2
4

]
, (4.100)

and consequently, the perturbation at the horizon remains constant. By the Nariai metric (4.83),

one can identify the radius of the horizon when it is perturbed as:

rh =
e−δφh

√
Λ

=
e
− 1

G20

[
C3

G2ϕ+2ΛG4ϕ
G2ϕ+4ΛG4ϕ

+
√

4C1C2+C2
4

]
√
Λ

. (4.101)

Note that this expression is time independent, such that no anti­evaporation effect arises

when considering the restricted Horndeski Lagrangian (4.81) in Nariai spacetime. The only

effect is a shift of the horizon, which may increase or decrease depending on the values of the

integration constants (initial conditions) and on the functionsGi and their derivatives evaluated

at ϕ0 (Horndeski Lagrangian). In addition, if we set the integration constants to zero Ci = 0,

the radius turns out to be rh = 1/
√
Λ, i.e., the radius for the horizon in the Nariai spacetime.

Moreover, by calculating the perturbation on the scalar field δϕ through (4.94), it yields:

δϕ(x, t) =
2C3

G2ϕ + 4ΛG4ϕ

. (4.102)

Hence, the scalar field perturbation does not propagate but just introduces a perturbation on

the effective cosmological constant, which explains the absence of the anti­evaporation regime

and the shift of the horizon radius when considering perturbations on Nariai spacetime in the

framework of Horndeski gravity.

4.3.1 Non constant solutions with null coefficients

Until now, we have worked with constant solutions to the equations for the L2, L3 and L4 cases.

Nevertheless, the full set of solutions is not completely covered by the previous analysis. Firstly,
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by analysing the equations for theL2 Lagrangian given in Eq. (4.33), one couldwonder about the

special case in which the (in principle, non constant) coefficients of the equations become null.

With the study of this case in mind, let us rewrite the Einstein tensor for an Einstein manifold,

like the Nariai spacetime, as: Gµν = −Λgµν . This way, Eq. (4.33) acquires the form:

0 =

[
G2(ϕ,X) +

Λ

8πG

]
gµν +

∂G2(ϕ,X)

∂X
∂µϕ∂νϕ, (4.103)

and the scalar field equation is:

0 = 2G2ϕX(ϕ,X)X −G2XX(ϕ,X)∇µX∇µϕ−G2X(ϕ,X)□ϕ−G2ϕ(ϕ,X). (4.104)

So, as long as the G2 function satisfies the following conditions:

G2(ϕ0, X0) = − Λ
8πG

≡ −A ,

G2X(ϕ0, X0) = G2ϕ(ϕ0, X0) = G2ϕX(ϕ0, X0) = G2XX(ϕ0, X0) = 0 , (4.105)

the field equations above hold. A possible reconstruction of G2 is given by:

G2(ϕ,X) =
∑
n≥3

cn [g(ϕ,X)− C]n − A, (4.106)

in which the function g(ϕ,X) must satisfy g(ϕ0, X0) = C, which becomes the field equation

for the scalar field. Some concrete examples of this can be found, but the main issue here is the

possibility of solutions with ϕ0 ̸= constant. In principle, this fact will affect the perturbations

and change our conclusions since we had considered a background scalar field as a constant in

order to solve the system of the perturbations above. For this case, the perturbation equations

are:

δ

(
8πG

[
gµνG2(ϕ,X) +

∂G2(ϕ,X)

∂X
∂µϕ∂νϕ

])
= δGµν , (4.107)

which under the constraints (4.105) at first order yield:

δGµν = −Λδgµν . (4.108)

As the perturbations on the Einstein tensor remain the same, the following system of equa­

tions for δφ(x, t) is obtained:

(tt) δφ′′ + tanhxδφ′ + sech2xδφ = 0 ,

(xx) δφ̈+ tanhxδφ′ − sech2xδφ = 0 ,

(tx) δφ̇′ + tanhxδφ̇ = 0 .

(4.109)
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The general solution of this system of equations is:

δφ(x, t) =
(
C1et + C12e

−t) sechx+ 1

2
C3 tanhx , (4.110)

where Ci are integration constants.

A similar analysis can be applied for the Lagrangians L3 and L4. For the former, the back­

ground equation can be expressed as:

−1
2
Λgµν = 8πG [G3ϕ (gµν∇αϕ∇αϕ− 2∇µϕ∇νϕ)

+G3X

(
−∇µϕ∇νϕ□ϕ− gµν∇αϕ∇βϕ∇αϕ∇βϕ+ 2∇αϕ∇(µϕ∇ν)∇αϕ

)]
.

(4.111)

Then, we may impose that each term of the right hand side of this equation is expressed as

follows:

G3ϕ (gµν∇αϕ∇αϕ− 2∇µϕ∇νϕ) = k1gµν ,

G3X

(
−∇µϕ∇νϕ□ϕ− gµν∇αϕ∇βϕ∇αϕ∇βϕ+ 2∇αϕ∇(µϕ∇ν)∇αϕ

)
= k2gµν ,

(4.112)

where ki are constants. Nevertheless, the first condition leads to:

∇µϕ∇νϕ ∝ gµνf(x) , (4.113)

with f(x) being a function of the coordinates to be determined. By inspecting the tt− and xx−

equations one finds

ϕ̇2 = −1

2

1

Λ coshx
f(x) , ϕ′2 =

1

2

1

Λ coshx
f(x) . (4.114)

This does not guarantee a real solution forϕ(x, t). Hence, one can not find general conditions

on the function G3 and the system of equations has to be analysed step by step, as was done in

Section 4.2.2.

The case for L4 is initially similar to L2. The background Eq. (4.69) holds by imposing:

G4(ϕ0, X0) = − 1

16πG
, (4.115)

G4X(ϕ0, X0) = G4ϕ(ϕ0, X0) = G4ϕX(ϕ0, X0) = G4XX(ϕ0, X0) = 0 , (4.116)

G4XXX(ϕ0, X0) = G4XXϕ(ϕ0, X0) = G4Xϕϕ(ϕ0, X0) = G4ϕϕϕ(ϕ0, X0) = 0 . (4.117)

As above, this can be satisfied by:

G4(ϕ,X) =
∑
n≥4

cn [g(ϕ,X)− C]n − 1

16πG
, (4.118)
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where g(ϕ0, X0) = C. Nevertheless, all the coefficients of the perturbation equation (4.88)

become also null for any background solution ϕ0, such that one has a degenerated equation that

does not pose a well defined problem.

For the case forL2 with non­constant solutions using (4.110), the perturbation on the horizon

radius (4.101) is easily obtained as:

rH =
e−

1
2

√
C2

3+16C1C2

√
Λ

, (4.119)

which, as in the previous case, leads to a constant such that no instability occurs.

Therefore, in both cases, the scalar field perturbation does not propagate but just introduces

a perturbation on the effective cosmological constant, which explains the absence of the anti­

evaporation regime and the shift of the horizon radius when considering perturbations on Nariai

spacetime in the framework of Horndeski gravity.

4.4 Conclusions

Along this chapter we have analysed several aspects of Schwarzschild­de Sitter black holes,

and particularly its extremal case when both horizons, the cosmological and the black hole ones,

coincide at the same hypersurface of the spacetime, the so­called Nariai metric. In addition, we

have focused on the framework of Horndeski gravity as a modified gravity model, showing that

the existence of such type of solutions when Horndeski Lagrangians are considered can be easily

achieved by the induction of an effective cosmological constant, which naturally arises when

considering a constant scalar field for some of the Horndeski terms. Take into account that this

case is different fromGRwith a cosmological constant since the constant Horndeski terms can be

perturbed unlike perturbations in the cosmological constant that do not exist. However, we have

also found that, not only a constant scalar field implies a Nariai spacetime as a solution of the

gravitational field equations, but also a non­constant scalar field can reproduce Schwarzschild­

de Sitter extremal black holes when considering the appropriate functions on the gravitational

Lagrangian. However, this result may not satisfy the generalised Birkhoff’s theorem as for

Brans–Dicke­like theories [275, 276, 277], since, despite the fact that Nariai spacetime is a

static metric, the scalar field may become non­static, as explained in Section 4.3.1.
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By considering perturbations on the background scalar field, which is assumed constant,

the induced perturbations on the metric turn out to be time dependent, which modifies the static

regime of the metric, inducing an exponential expansion, a natural solution when consider­

ing an effective cosmological constant. Nevertheless, the linear regime just induces a slight

modification on the horizon radius, keeping it constant. Contrary to other frameworks where

perturbations on the Nariai spacetime have been considered [228, 229, 230, 231], which repro­

duce the so­called anti­evaporation regime, where the radius of the horizon may grow with time,

this effect seems to be absent for the type of Horndeski Lagrangian analysed here. One obvi­

ously expects to find a non­constant scalar field perturbation by going beyond the linear regime,

which will consequently induce the anti­evaporation regime. In addition, a non­constant scalar

field (and no­null coefficients) for the background is also expected to produce such phenomena

(turning on G3(ϕ,X) in to (4.81) as an example without modifying the speed of gravitational

waves), as perturbations on its propagation will naturally induce effects on the horizon radius,

making the Nariai metric unstable.



Chapter 5

Wormholes in modified gravity

In the previous chapter we have spoken about black holes. However, there are other interesting

spacetimes (spherically symmetrical too) that exhibit other types of exotic objects like worm­

holes to test modified gravity and the new phenomenology associated with new theories. The

consideration of extended gravity theories has the power to introduce changes into some of these

extremal gravitational phenomena that have been devised in the original framework of GR.

In the present chapter we shall investigate the implications on the existence of traversable

wormholes from the consideration of an extended gravity prescription. In addition, a detailed

study of the Energy Conditions for the matter content that holds this special framework will

be performed. Summarizing, with this chapter we intend to understand new behaviours of the

matter in modified gravity for another kind of extremal objects: wormholes.

Wormholes can be considered as tunnels from one point of spacetime to another one. If

these tunnels are able to be crossed by an observer, we will name them traversable wormholes.

Historically, the study of wormholes adopts the inverse starting point of GR since the spacetime

is firstly built to end up finding the stress­energy tensor components which holds them. Some

important properties that a traversable wormhole should have are [298]:

• By definition, a wormhole must have a throat which connects two (asymptotically flat)

regions of the spacetime.

• A horizon is not permitted, since in that case the two­way travel is not possible.

• The tidal gravitational forces should be minimal to avoid the spaghettification effect,

97
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which would kill any crossing observer.

• It should be possible to cross the wormhole in a finite and reasonably small time (both for

the traveler, and for who await them).

• The solution must be perturbatively stable.

• The wormhole should be possible to assemble in this Universe, i.e. it must need much

less energy or time than the total mass or age of the Universe.

• The stress­energy tensor that supports the wormholes should be reasonable. For example,

along this section, we shall consider an anisotropic distribution of matter threading the

wormhole described by the following stress­energy tensor Tµν

Tµν = (ρ+ pt)Uµ Uν + pt gµν + (pr − pt)χµχν , (5.1)

where Uµ is the four­velocity, χµ is the unit spacelike vector in the radial direction, i.e.,

χµ = δµu/
√
guu, ρ(u) is the energy density, pr(u) is the radial pressure measured in the

direction of χµ, and pt(u) is the transverse pressure measured in the orthogonal direction

to χµ. Following the Hawking­Ellis classification (Section 1.3.2), this is a type I stress­

energy tensor whose NEC inequality (recall Section 1.3.3) is:

ρ+ pi ≥ 0 with i = r, t (5.2)

We will focus on this condition because, as we already saw, if NEC is violated, then all

other conditions will be violated as well.

In order to simplify the calculations and have a tractable spacetime along this chapter, we

are going to consider both spherically symmetric and static metric given by:

ds2 = −f(u)dt2 + g(u)du2 +R2(u)dΩ2, (5.3)

where dΩ2 = dθ2 + sin2 θdϕ2 is the linear element of the unit sphere, and the metric functions

f(u), g(u) and R(u) are functions of the radial coordinate u. The coordinate choices used in

metric (5.3) are often called “Buchdahl coordinates” [299, 300, 301]. Note that one possesses

a freedom in choosing the radial coordinate, consequently allowing one to fix the form of one

of the metric functions f(u), g(u) or R(u), which will be considered below. Here the radial
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coordinate lies in the range u ∈ (−∞,+∞), so that two asymptotically flat regions exist, i.e.,

u → ±∞, and are connected by the throat. The function R(u) possesses a global positive

minimum at the wormhole throat u = u0, which one can set at u0 = 0, without a loss of

generality. Thus, the wormhole throat is defined as R0 = min{R(u)} = R(0).

With the purpose of avoiding event horizons and singularities throughout the spacetime,

one also imposes that the metric functions f(u) and g(u) are positive and regular everywhere.

Taking into account these restrictions, namely, the necessary conditions for the minimum of the

function, imposes the flaring­out conditions [298, 302], which are given by:

R′
0 = 0 , R′′

0 > 0 . (5.4)

However, the flaring­out condition in General Relativity entails the violation of the null en­

ergy condition (NEC) [303]. Recall that the latter is defined as Tµνkµkν ≥ 0, for any null vector

kµ [304, 305], and matter violating the NEC has been denoted as exotic matter. Nevertheless,

it has been shown that these violations may be minimized using several procedures, such as the

cut­and­paste techniques in the thin­shell formalism, where the exotic matter is concentrated at

the junction interface [306, 307, 308, 309, 310, 311, 312, 313, 314, 315]. In fact, the problem

is improved with evolving traversable wormholes, where it has been demonstrated that these

time­dependent geometries may satisfy the energy conditions in arbitrary finite intervals of time

[316, 317], and recently specific dynamical four­dimensional solutions were presented that sat­

isfy the null andweak energy conditions everywhere and everywhen [318, 319] in the framework

of modified gravity.

In fact, modified theories of gravity are an interesting avenue of research to explore traversable

wormholes, where these compact objects possess a richer geometrical structure than their gen­

eral relativistic counterparts. In this context, it has been shown that the NEC can be satisfied

for normal matter threading the wormhole throat, where it is the higher order curvature terms

that sustain the wormhole [320, 321, 322, 323, 324, 325, 326, 327, 328]. For this reason, in this

chapter we are going to study this framework for an example of modified gravity, the so­called

action­dependent Lagrangian theories, which are presented throughout the next section.
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5.1 Action­dependent Lagrangian theories

These sort of theories have recently been proposed arising from a non­conservative gravitational

theory, and tentatively denoted as action­dependent Lagrangian theories [329]. They emerge

from the question: what would happen if the Lagrangian (from which the action is built up)

were a function of the action? Herglotz tried to solve this question by generalizing the Action

Principle [330, 331]. The Action Principle starts from the action S which is defined as the

integral of the Lagrangian L(t, x(t), ẋ(t)) as follows:

S =

∫ tb

ta

dtL(t, x(t), ẋ(t)), with x : R → RN , (5.5)

where x = (x1, x2, ..., xN) represents the N generalized coordinates as functions of time. Then,

the Action Principle postulates that the path taken by the system between times ta and tb and

configurations x(ta) and x(tb) is the one for which the action is stationary (no change) to first

order, i.e.

δS = 0 , (5.6)

which can be compared with the GR action in an analogous way. Note that stationary action

is not always a minimum, but only for sufficiently short, finite segments in the path. Applying

variations in the one­dimensional case:

δS =

∫ tb

ta

dt

[
∂L
∂x

δx+
∂L
∂ẋ

δẋ

]
=

∫ tb

ta

dt

[
∂L
∂x

− d

dt

∂L
∂ẋ

]
δx+

∂L
∂ẋ

δx

∣∣∣∣tb
ta

(5.7)

one obtains the classic Euler­Lagrange equation:

∂L
∂x

− d

dt

∂L
∂ẋ

= 0 . (5.8)

However, the proposed problem here is different and reads:

Ṡ(t) = L(t, x(t), ẋ(t),S(t)), t ∈ [a, b] , (5.9)

S(ta) = sa, x(ta) = xa, x(tb) = xb, Sa, xa, xb ∈ R . (5.10)

For this case the application of variations returns us:

δṠ(t, x(t), ẋ(t),S(t)) = ∂L
∂x

δx+
∂L
∂ẋ

δẋ+
∂L
∂S

δS , (5.11)
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where we have suppressed the dependence on t of δx, δẋ and δS to simplify notation, and whose

solution is [332]:

λ(tb)δS(tb)− δS(ta) =
∫ tb

ta

dtλ(t)

[
∂L
∂x

δx+
∂L
∂ẋ

δẋ

]
, (5.12)

where:

λ(t) = exp
[
−
∫ t

ta

dτ
∂L(τ)
∂S

]
. (5.13)

Taking into account that δS(ta) = δS(tb) = 0 and integrating by parts the second term of Eq.

(5.12), one obtains:∫ tb

ta

dt

[
λ(t)

∂L
∂x

− d

dt

(
λ(t)

∂L
∂ẋ

)]
δx+ λ(t)

∂L
∂ẋ

δx

∣∣∣∣tb
ta

= 0 . (5.14)

Since δx is an arbitrary function and δx(ta) = δx(tb) = 0, one can eliminate the last term.

In addition, because the function λ(t) is differentiable and different from zero, the generalized

Euler­Lagrange equation for this case is:

∂L
∂x

− d

dt

∂L
∂ẋ

+
∂L
∂S

∂L
∂ẋ

= 0 , (5.15)

which encompasses the classical case for a non action­dependent Lagrangian, by vanishing

the last term. In addition, this new term usually introduces the dissipative phenomenology.

Once we have presented the point of view of classical mechanics, we are going to focus on the

gravitational framework, where the Lagrangian will depend on several independent variables

x1, x2, ..., xd and we will consider a curved spacetime with an associated metric gαβ defined on

a domain Ω ⊂ Rd and a boundary δΩ. Then, the classical and usual gravitational action is:

S =

∫
Ω

ddx
√
−gL(xµ, gαβ, ∂µgαβ) , (5.16)

which we want to generalize toward the Herglotz problem. For this purpose, firstly one can

suppose that there is a differentiable vector field sµ, and that δΩ is an orientable Jordan surface

with normal nµ such that:

S(δΩ) =

∫
ddx

√
−gL(xµ, gαβ, ∂µgαβ) =

∫
Ω

ddx
√
−g∇νs

ν =

∫
δΩ

dd−1x
√
|h|nνsν , (5.17)

where h is the determinant of the induced metric over δΩ by Stokes’ theorem, and ∇νs
ν =

L(xµ, gαβ, ∂µgαβ). Now, in view of these previous ideas, and following the previous steps for
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classical mechanics, we will generalize it as follows:

∇νs
ν = L(xµ, gαβ, ∂µgαβ, sµ) , xµ ∈ Ω ,

S =

∫
δΩ

dd−1x
√

|h|nνsν , (5.18)

which generalizes the Action Principle. As in Eq. (5.15), there will be a dissipative effect. The

novel feature when comparing with previous implementations of dissipative effects in grav­

ity is the possible arising of such phenomena from a least action principle, so that they are of a

purely geometric nature. Applications to this model have also been explored, namely, in cosmol­

ogy [333], braneworld gravity [334], cosmic string configurations [335], the late­time cosmic

accelerated expansion and large scale structure [336], and static spherically symmetric stellar

solutions [337], amongst others.

As an example, we will study the complete set of field equations considered in the action­

dependent Lagrangian theory proposed by Matheus J. Lazo in [329] which is based on the fol­

lowing total Lagrangian

L = Lg + Lm = (R− λµs
µ) + Lm , (5.19)

where the Einstein­Hilbert Lagrangian is extended with the geometrical sector dealing with the

additional dissipative term λµs
µ, while Lm is the Lagrangian of the matter fields. As we already

said, the field sµ is an action­density field, which disappears after the variation of the action

such that the modification to the GR counterpart is given by the four­vector λµ only. Note that

λµ may be considered as a background four­vector that plays the role of a coupling parameter

associated with the dependence of the gravitational Lagrangian upon the action. In the majority

of the works considered above, it is assumed to be constant, however, in a more general scenario,

one may assume it to be a coordinate­dependent four­vector.

In order to deduce the equations of motion for this specific case following [329], we will

introduce the relation: R = −(L̃ − L) where L̃ = gµν(Γσµσ,ν − Γσµν,σ) and L = gµν(ΓσµνΓ
ρ
σρ −

ΓρµσΓ
σ
νρ), where Γσµν are the Christoffel symbols following the definitions given in Eq. (1.5) and

Eq. (1.6). In addition, we can write the relation:∫
Ω

ddx
√
−gL̃ = 2

∫
Ω

ddx
√
−gL+ surface term , (5.20)
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so that one is able to write the effective Lagrangian equivalent to (5.19), from a point of view

of the action, as follows:

Leff = −L− λµs
µ + Lm . (5.21)

However, although both −
∫
Ω
ddx

√
−gL and

∫
Ω
ddx

√
−gR are equivalent action functions

in the Hamilton variational principle sense, they are not equivalent for the Herglotz variational

problem, since their Lagrangian functionals differ by a total derivative term, and we will have

two different theories [338]: on the one hand the one given by Eq. (5.19), and on the other hand

the one written in Eq. (5.21). Along this chapter we will study the second one as historically it

was the first to appear.

Then, applying metric variations on the action associated with the Lagrangian of Eq. (5.21)

one obtains:

δS =

∫
Ω

ddx
[
−δ
(√

−gL
)
− δ

(√
−gλµsµ

)
+ δ

(√
−gLm

)]
. (5.22)

Using the identity ∂σ
√
−g =

√
−gΓασα, one gets (∇νs

ν)
√
−g = ∂ν(s

ν
√
−g), and from Eq.

(5.17) the variation on the action also can be written as:

δS = δ

∫
Ω

ddx
√
−g∇νs

ν =

∫
Ω

ddx∂νδ(
√
−gsν) . (5.23)

Consequently, writing together Eq. (5.22) and Eq. (5.23):∫
Ω

ddx
[
∂νδ(

√
−gsν) + δ

(√
−gL

)
+ λµδ

(√
−gsµ

)
− δ

(√
−gLm

)]
= 0 , (5.24)

wherewe have taken into account thatλµ is a four­vector that does not depend on themetric. This

equation should be satisfied independently of the domain, which together with the redefinition

θν = δ(sν
√
−g) lets us obtain the analogous differential equation to Eq. (5.11):

∂νθ
ν = −δ(

√
−gL) + δ(

√
−gLm)− λνθ

ν , (5.25)

whose solution is:

θν(xµ, gαβ, gαβ, µ, s
µ) = Aν(xµ, gαβ, gαβ, µ, s

µ)e−λγx
γ

, (5.26)

where

∂νA
ν =

[
−δ(

√
−gL) + δ(

√
−gLm)

]
eλγx

γ

. (5.27)
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At this point, some considerations regarding the boundary need to be introduced. First of all, it

is necessary to think about the boundary condition, which means that the metric is fixed at the

extremes/boundary and therefore variations of it at the boundary vanish δgαβ(δΩ) = 0. On the

other hand, recalling Eq. (5.17):

δS = 0 =

∫
dd−1x

√
|h|nν(δsν) , (5.28)

since the surface δΩ, and in consequence
√
|h|, are independent of variations of the metric.

Therefore:

δ(sν)(δΩ) = 0 . (5.29)

Following this with the boundary condition δgαβ(δΩ) = 0 and from the definition θν = δ(sν
√
−g),

one can say:

θν |δΩ = Aν |δΩ e
−λγxγ = 0 . (5.30)

So, Aν is identically zero over the boundary δΩ and using the Stokes’ theorem:

0 =

∫
Ω

ddx∂νA
ν =

∫
δΩ

dd−1x
Aν√
−g

|h| = 0 . (5.31)

Rewriting this last equation with Eq. (5.27), one obtains:∫
Ω

ddx
[
−δ(

√
−gL) + δ(

√
−gLm)

]
eλγx

γ

= 0 , (5.32)

and expanding this as we would do in GR, considering δ
√
−gLm = −κ2

√
−gTµνδgµν :

−
∫
Ω

ddx
[
Γαµνδ(g

µν
√
−g),α−Γαµαδ(g

µν
√
−g),ν

+
(
ΓβµαΓ

α
νβ − ΓβαβΓ

α
µν

)
δ(gµν

√
−g) + κ2

√
−gTµνδgµν

]
eλγx

γ

=

∫
Ω

ddx
√
−g
[
Rµν −

1

2
gµνR +Kµν −

1

2
gµνK − κ2Tµν

]
eλγx

γ

δgµν

−
∫
Ω

ddx
[(
Γαµνδ(g

µν
√
−g)− Γνµνδ(g

µα
√
−g)

)
eλγx

γ]
,α = 0 , (5.33)

whereKµν = λαΓ
α
µν − 1

2
(λνΓ

α
µα + λµΓ

α
να). Once more, the last term vanishes by the boundary

condition and the equations of motion will be:

Gµν + Zµν = κ2Tµν , (5.34)
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where κ2 = 8π along this chapter, since we will take G = c = 1 in order to simplify the results

interpretation, Gµν is the Einstein tensor, and we have grouped the new phenomenology in Zµν

defined as:

Zµν = Kµν −
1

2
gµνK . (5.35)

The quantity Kµν (and its trace K) represents the geometric structure behind the dissipative

nature of the theory. Note that the limit of a vanishing λµ restores the dissipationless feature of

GR.

Thus, motivated by the existence of static spherically­symmetric compact objects analysed

in [337], we extend this analysis to the context of wormhole physics, for which, firstly we are

going to present the most general restrictions on static and spherically symmetric wormhole

geometries imposed by the geometrical structure of the action­dependent Lagrangian theory,

to end up considering a plethora of specific solutions of action­dependent Lagrangian induced

wormhole geometries.

5.2 General restrictions on wormhole geometries

Now, rather than to write out the full gravitational field equations (5.34) for the metric (5.3),

let us note that the only non­zero components of the Einstein and the stress­energy tensor are

the diagonal terms. Then, the non­diagonal part of the additional tensor Zµν , defined by Eq.

(5.35), also provides additional information on the geometrical structure of the solutions of the

theory, namely, that Zµν = 0 for µ ̸= ν. More specifically, the non­diagonal components of the

symmetric tensor Zµν place restrictions on the form of the four­vector λµ.

The independent components of the tensor Zµ
ν = Kµ

ν − 1
2
δµνK are given by

Zu
t = −λt[fg

′R− g(f ′R− 4fR′)]

4fg2R
, Zu

u =
λθ
R2

cot θ, (5.36)

Zu
θ = −λθ(fg)

′

4fg2
− λu

2g
cot θ, Zu

ϕ = −λϕ(fg)
′

4fg2
, (5.37)

Zθ
θ = Zϕ

ϕ =
λu(Rf

′ + 2fR′)

2fgR
, (5.38)

Zθ
ϕ =

λϕ
2R2

cot θ, Zθ
t = − λt

2R2
cot θ, (5.39)

Zt
t =

2λuR
′

gR
+
λθ
R2

cot θ, Zt
ϕ = 0 . (5.40)
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From Zθ
ϕ = Zθ

t = 0 one readily extracts the restrictions λϕ = λt = 0. Taking into account

the assumption of the static and spherically symmetric character of the spacetime, the field equa­

tions should only depend on the radial coordinate, so that from the diagonal Zu
u component, one

readily verifies that λθ ∝ (cot θ)−1, or more specifically λθ = λ(u)/(cot θ) (one may consider

the simple case λ(u) = λ0 = const). We emphasize that this result was also obtained in [337].

Note that if one were to consider λθ = 0, then the condition Zu
θ = 0 would impose that λu = 0,

taking us trivially back to GR. Analogously, in order for Zt
t to only depend on the radial coor­

dinate, from Zu
θ = 0 this imposes that λu = 0 and consequently places a further constraint on

the metric functions, namely, (fg)′ = 0.

Thus, the additional information on the geometrical structure of the theory, which imposes

that the non­diagonal components of the symmetric tensor Zµν vanish, imposes the following

condition on the four­vector λµ:

λµ =

(
0, 0,

λ(u)

cot θ
, 0

)
, (5.41)

and the additional geometric tensorZµ
ν takes the diagonal formZµ

ν = (λ(u)/R2) diag(1, 1, 0, 0).

Furthermore, from the constraint on the metric functions (fg)′ = 0, we can consider, without a

loss of generality, the following choice:

f(u) = g−1(u) = A(u). (5.42)

5.3 Specific solutions of action­dependent Lagrangian induced

wormhole geometries

The analysis outlined in the previous section imposes that the static and spherically symmetric

configuration of metric Eq. (5.3) in the theory given by Eq. (5.21), can be written as

ds2 = −A(u)dt2 + A−1(u)du2 +R2(u)dΩ2 , (5.43)

where, as before, the wormhole throat is defined as R0 = min{R(u)} = R(0), and, in order to

avoid event horizons and singularities throughout the spacetime, one imposes that the function

A(u) is positive and regular everywhere. These restrictions impose the flaring­out conditions,

translated as Eq. (5.4).
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As the metric function A(u) is positive and regular for ∀u, it is useful to analyse its deriva­

tives at the throat u = 0. In particular, the sign of A′′
0 determines the type of extrema of A(u),

i.e., it is a minimum if A′′
0 > 0 and a maximum if A′′

0 < 0. The maximum (minimum) of A(u)

corresponds to a maximum (minimum) of the gravitational potential, so that in the vicinity of

a maximum (minimum) the gravitational force is repulsive (attractive). Thus, the wormhole

throat possesses a repulsive or an attractive nature that depends on the sign of A′′
0.

Now, taking into account the modified Einstein equation (5.34), the spacetime metric (5.43),

and the stress­energy tensor (5.1), the gravitational field equations are finally given by:

8πρ = −2ARR′′ + AR′2 + A′RR′ − 1

R2
− λ(u)

R2
, (5.44)

8πpr =
AR′2 + A′RR′ − 1

R2
+
λ(u)

R2
, (5.45)

8πpt =
A′′R + 2AR′′ + 2A′R′

2R
. (5.46)

Adding Eqs. (5.44) and (5.45), yields the following relation

R′′|R0 = −4πR

A
(ρ+ pr)|R0 , (5.47)

and using the condition at the throatR′′
0 > 0, one verifies that in these specific action­dependent

Lagrangian theories the NEC is generically violated at the throat, i.e., (ρ+ pr)|R0 < 0.

Taking into account the field equations (5.44)–(5.46), one has three independent equations

with six unknown functions of the radial coordinate u, namely, ρ(u), pr(u), pt(u), A(u), R(u)

and λ(u). There are several strategies that one may now follow. More specifically, one may

consider specific choices for the components of the stress­energy tensor, and then solve the field

equations to determine the metric functions and λ(u); one may also take into account a plausible

stress­energy tensor profile by imposing equations of state pr = pr(ρ) and pt = pt(ρ), and

close the system by adequately choosing the energy density, or any of the metric functions. In

alternative to this approach, one may use the reverse philosophy usually adopted in wormhole

physics by simple choosing specific choices for the metric functions and λ(u), and through

the field equations determine the stress­energy profile responsible for sustaining the wormhole

geometry. In the following, we will adopt several of the strategies outlined above, and a mixture

thereof, to obtain specific exact solutions of wormhole spacetimes induced by these action­

dependent Lagrangian theories.
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5.3.1 Specific wormhole solutions: Ellis­Bronnikov solution

λ=0 (GR)

λ=u1/3

λ= u

λ=u

λ=u3/2

-15 -10 -5 0 5 10 15
-0.06

-0.04

-0.02

0.00

0.02
ρ(u)

λ=0 (GR)

λ=-u1/3

λ=- u

λ=-u

λ=-u3/2

-15 -10 -5 0 5 10 15

-0.04

-0.03

-0.02

-0.01

0.00

0.01

0.02

ρ(u)

λ=0 (GR)

λ=u1/3

λ= u

λ=u

λ=u3/2

-15 -10 -5 0 5 10 15

-0.04

-0.03

-0.02

-0.01

0.00

0.01

0.02

pr(u)

λ=0 (GR)

λ=-u1/3

λ=- u

λ=-u

λ=-u3/2

-15 -10 -5 0 5 10 15
-0.06

-0.04

-0.02

0.00

0.02
pr(u)

Figure 5.1: The plots depict the specific case of the Ellis­Bronnikov wormhole configuration with a = 1, for convenience,
and for different choices of the function λ(u). Depending on the sign of λ(u), one obtains a plethora of specific symmetric
or asymmetric solutions. Note that for λ(u) ∼ ±u, one obtains asymmetric solutions, where the energy density is negative at
the throat and in the positive (negative) branch of u, but becomes positive in the negative (positive) branch; the radial pressure
exhibits the inverse qualitative behavior.

Using an appropriate parametrization, we can present a solution by taking into account the

reverse philosophy of solving the modified field equations. It means that firstly we build the

spacetime and only after the kind of matter which sustains it is discovered, as follows [339]:

R(u) = e−α(u)
√
u2 + a2, A(u) = e2α(u), (5.48)

with the factor α(u) defined as

α(u) =
(m
a

)
arctan

(u
a

)
, (5.49)

wherem and a are two free parameters. Thus, the spacetime metric is given by

ds2 = −e2αdt2 + e−2α
[
du2 + (u2 + a2)dΩ2

]
. (5.50)

Following the previous definition of the wormhole throat, which is situated at u0 = 0, we

readily obtain R′(0) = −m/a, so that the condition R′(0) = 0 imposes m = 0. Note that
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these conditions imply that the solution reduces to the well­known Ellis­Bronnikov wormhole

spacetime [340, 341, 342]. It was proposed and constructed in 1973 by Ellis [343] and Bron­

nikov [344] independently. Both used a phantom scalar field source in GR which gives a static,

spherically symmetric, geodesically complete, horizonless spacetime and with the peculiarity of

a throat (called a “drainhole” by Ellis) connecting two asymptotically flat regions.1 This does

indeed simplify the analysis, such that α(u) = 0, A(u) = 1, and

R′′(u0) =
1

|a|
> 0 . (5.52)

In addition to this, Eqs. (5.44)­(5.46) yield the following stress­energy profile:

ρ(u) = −(a2 + u2)λ(u) + a2

8π (a2 + u2)2
, (5.53)

pr(u) =
(a2 + u2)λ(u)− a2

8π (a2 + u2)2
, (5.54)

pt(u) =
a2

8π (a2 + u2)2
. (5.55)

For the specific case of λ = 0, where the four­vector λµ vanishes, this solution simply reduces

to the general relativistic Ellis­Bronnikov stress­energy components. However, for the general

case, one still needs to impose one more condition to close the system, and in the following

we consider specific choices for the function λ(u). Equations (5.53)–(5.54) yield the following

relation:

ρ(u) + pr(u) = − a2

4π (a2 + u2)2
, (5.56)

which states that the NEC is violated throughout the entire spacetime, and is independent of the

function λ(u). Therefore, one could take the specific case of λ(u) = 0 which corresponds to

GR and Eq. (5.56) would still hold true. Consequently, this kind of modified gravity in the case

of Ellis­Bronnikov wormhole does not improve the violation of NEC.

We are only interested in asymptotically flat solutions, so taking into account the limit of

Eq. (5.53), one finds

lim
u→∞

ρ(u) ∼ − lim
u→∞

λ(u)

u2
. (5.57)

1The usual form of the Ellis­Bronnikov wormhole is:

ds2 = −dt2 +
dr2

1− a2

r2

+ r2dΩ2 (5.51)

under the reparametrization: r2 = u2 + a2.
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For instance, assuming a power law solution for λ(u) ∼ uα, the asymptotic flatness condition

imposes that α < 2, and from the regularity of the stress­energy components we have α ≥ 0,

so that the parameter lies in the range 0 ≤ α < 2. One may perform a similar analysis with the

radial pressure pr(u), but with a change in the sign for the limit. Note that the tangential pressure,

pt(u), is independent of λ(u), possesses a maximum value at the throat, pt(u = 0) = (8πa2)−1,

and tends to zero with increasing u.

Several choices for the function λ(u) are depicted in Fig. 5.1. Depending on the sign of λ(u),

one obtains a plethora of specific symmetric or asymmetric solutions. More specifically, for the

case of λ(u) ∼ ±u, one obtains asymmetric solutions where the energy density is negative at the

throat and in the positive (negative) branch of u, but becomes positive in the negative (positive)

branch, while the radial pressure possesses the inverse qualitative behavior, as is transparent

from Fig. 5.1. Thus, it is possible to alleviate the negative energy densities needed to thread this

wormhole configurations, relative to GR. The wormhole solutions obtained with λ ̸= 0 possess

a richer structure than their general relativistic counterparts.

5.3.2 Specific stress­energy profile

We now consider the strategy of specifying the profile of the energy density and radial pressure

given by:

ρ(u) = ρ0

(
a2

a2 + u2

)α
, (5.58)

pr(u) = p0

(
a2

a2 + u2

)α
, (5.59)

with α > 0, so that both components tend to zero at spatial infinity. In addition to this, we close

the system by considering the specific choice for the metric function

R(u) =
√
a2 + u2 . (5.60)

Note that Eqs. (5.58) and (5.59) can be written as pr = ωρ, with ω = p0/ρ0. Thus, this case

is formally equivalent to choosing Eq. (5.60), one of Eqs. (5.58) or (5.59), and the equation of

state pr(u) = ωρ(u).
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Figure 5.2: Results for the specific stress­energy profile given by (5.58) and (5.59) with a2 = −1/(4πρ0(1 + ω)) and α = 2.
The upper plots are for the case ρ0 = 1 (ω < −1), and the lower plots for ρ0 = −1 (ω > −1).

The gravitational field equations (5.44)­(5.46) provide the following solutions:

A(u) = −4πa2ρ0(ω + 1)

(
a2

a2 + u2

)α−2

, (5.61)

λ(u) = 1 + 4πρ0
[
2a2ω − (2α− 5)u2(ω + 1)

]( a2

a2 + u2

)α−1

. (5.62)

As before, one should impose the asymptotic flatness condition, namely,

lim
u→±∞

A(u) → 1 , (5.63)

and taking into account that A(u) should be positive and regular ∀u, implies the following two

stringent restrictions:

α = 2 , and 4πa2ρ0(1 + ω) = −1 , (5.64)

where the second condition imposes:

ρ0(1 + ω) < 0 . (5.65)

This implies two specific cases depicted in Fig. 5.2: (i) ρ0 > 0 and ω < −1, so that, taking into

account the equation of state ω = p0/ρ0, implies a negative radial pressure at the throat; or (ii)
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ρ0 < 0 and ω > −1, so that p0 > 0 for −1 < ω < 0, and p0 < 0 for ω > 0. Therefore, for the

throat in both cases:

(ρ+ pr)|u=0 = (1 + ω)ρ0 < 0 , (5.66)

violating the NEC. Relative to the analysis at the throat, note that the wormhole conditions are

satisfied, namely, R′(u0) = 0 and R′′(0) = 1/|a| > 0. In addition to this, for the imposition

of the asymptotic flatness condition, namely, α = 2, we readily obtain A(u) = 1, so that

A′(u0) = A′′(u0) = 0.

5.3.3 Black bounce solutions

Recently, a number of novel regular “black­bounce” spacetimeswere explored [345, 346]. These

are specific geometries where the “area radius” always remains non­zero, thereby leading to a

“throat” that is either timelike (corresponding to a traversablewormhole), spacelike (correspond­

ing to a “bounce” into a future Universe), or null (corresponding to a “one­way wormhole”).

The regularity, the energy conditions, and the causal structure of these models were analysed

in detail in Refs. [345, 346]. The main results are several new geometries with two or more

horizons, with the possibility of an extremal case. Motivated by these novel solutions, in this

subsection we shall analyse specific generalized “black­bounce” wormhole geometries induced

by action­dependent Lagrangian theories.

Simpson–Visser black­bounce spacetime

In this section, we consider a specific black bounce geometry, which is denoted as the Simpson­

Visser solution [346, 314, 345]. Consider the following parameters, which were presented in

Ref. [345]:

R(u) =
√
u2 + a2, A(u) = 1− 2m√

u2 + a2
. (5.67)

Note that the Schwarzschild solution is recovered if we take the limit a→ 0.

This spacetime possesses several interesting properties [345]. First, for a > 0 the ge­

ometry is everywhere regular, which can be verified as R(u) is never zero, and is regular,

as is A(u). Now, one has several cases: (i) if 0 < a < 2m, two horizons exist, namely,
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Figure 5.3: The plots depict the Simpson­Visser black bounce solution, for the specific choicesm = 1, a = 3. Note that one
may obtain wormhole configurations with an entirely positive energy density throughout the spacetime, for negative values of
the function λ(u), and positive radial pressures in the negative branch of the u­axis. As before, it is transparent from the plots
that these compact objects possess a richer geometrical structure than their general relativistic counterparts. See main text for
more details.

u± = ±
√

(2m)2 − a2, where u+ is positive and u− is negative; this solution corresponds to

a regular black hole spacetime, where the core consists of a bounce located at u = 0; (ii) if

a = 2m, a wormhole exists with a throat located at u = 0; this is an extremal null throat,

which can only be crossed from one region to another, so that the wormhole is only one­way

traversable; (iii) finally, if a > 2m, a two­way traversable wormhole exists, that possesses a

timelike throat located at u = 0. Thus, only the case (iii) for a > 2m interests us here. For

specific details about these three cases, see Refs. [345, 346].

Taking into account the choices for the metric functions (5.67), the field equations (5.44)­

(5.46) provide the following stress­energy profile:

ρ(u)SV = − 1

8π

[
a2
(√

a2 + u2 − 4m
)

(a2 + u2)5/2
+

λ(u)

a2 + u2

]
, (5.68)

pr(u)SV =
(a2 + u2)λ(u)− a2

8π (a2 + u2)2
, (5.69)

pt(u)SV =
a2
(√

a2 + u2 −m
)

8π (a2 + u2)5/2
, (5.70)
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respectively. The asymptotic limits of the energy density and the radial pressure are given by:

lim
u→±∞

ρ(u)SV ∼ − lim
u→±∞

pr(u)SV ∼ − lim
u→±∞

λ(u)

a2 + u2
. (5.71)

As before, if we assume a power law for λ(u) ∼ uα, the asymptotic flatness condition and

the regularity of the stress­energy components impose that 0 ≤ α < 2; note that the tangential

pressure pt(u) → 0 for u→ ±∞, and possesses a maximum at the wormhole throat, i.e., pt(u =

0) = (a−m) /(8πa3), and is positive throughout the spacetime as we are only considering the

condition a > 2m.

Several choices for the function are depicted in Fig. 5.3. Depending on the sign of λ(u),

one obtains a plethora of specific symmetric or asymmetric solutions. Note that these compact

objects possess a richer geometrical structure than their general relativistic counterparts. It is

transparent from Fig. 5.3 that one may obtain wormhole configurations with an entirely positive

energy density throughout the spacetime, for negative values of the function λ(u). In addition,

for λ = −u, it is also possible to obtain positive radial pressures in the negative branch of the

u­axis. However, the NEC is always violated at the wormhole throat and everywhere, as can be

checked:

ρ(u)SV + pr(u)SV = −
a2
(
−2m+

√
a2 + u2

)
4π (a2 + u2)5/2

< 0, ∀u, when a > 2m. (5.72)

Black bounce II

Another black bounce spacetime that exhibits interesting properties is given by the following

specific metric functions [346]:

R(u) =
√
u2 + a2, A(u) = 1− 2mu2

(u2 + a2)3/2
. (5.73)

Note that by solving for the roots of the function A(u) = 0, we have that: (i) for a < aext =

4m/(3
√
3), there are four real solutions, namely, (u+, uC ,−uC ,−u+), which are symmetrical

to each other, where u+ corresponds to the event horizon and uC to a Cauchy horizon; (ii) for

a = aext, we have two real solutions (u+,−u+); and (iii) for a > aext, no real value exists. See

[346] for more details. Thus, in order to have a traversable wormhole solution, whereA(u) > 0,

only the specific case for a > aext interests us here.
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Figure 5.4: The plots depict the stress­energy profile for the black bounce II solution, given by the metric function (5.73), where
for numerical convenience we have assumed the following choices for the parameters: m = 1, a = 1. Recall that the parameters
are restricted by the condition a > 4m/(3

√
3). As before these wormhole configurations possess a far richer internal structure

than their general relativistic counterparts, and depending on the sign of λ(u), specific symmetric or asymmetric solutions are
obtained. However, here the tangential pressure at the wormhole throat, pt(u = 0) = (a− 2m) /(8πa3), takes negative values
for the parameter range 4m/(3

√
3) < a < 2m, and positive values for a > 2m.

For this case, the gravitational field equations (5.44)­(5.46) yield the stress­energy profile,

given by the following relations:

ρ(u) = − 1

8π

[
a2 (a2 + u2)

3/2 − 8ma2u2

(a2 + u2)7/2
+

λ(u)

a2 + u2

]
, (5.74)

pr(u) =
1

8π

[
−a

2 (a2 + u2)
3/2

+ 4ma2u2

(a2 + u2)7/2
+

λ(u)

a2 + u2

]
, (5.75)

pt(u) =
a2u2

(√
a2 + u2 + 5m

)
+ a4

(√
a2 + u2 − 2m

)
8π (a2 + u2)7/2

, (5.76)
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respectively, which are depicted in Fig. 5.4 for specific choices of the model parameters.

Assuming, once again, a power law for λ(u) ∼ uα, we have that 0 ≤ α < 2 by the asymp­

totic flatness condition and the regularity of the stress­energy components, as before. Also, as

before, these wormhole geometries induced by action­dependent Lagrangian theories possess

a far richer internal structure than their general relativistic counterparts, and depending on the

sign of λ(u), specific symmetric or asymmetric solutions are obtained. Let us refer the reader to

Fig. 5.4 for a qualitative behaviour of the stress­energy profile; recall that taking into account

the parameter range, the condition a > 4m/(3
√
3) is considered. Here the tangential pressure

at the wormhole throat is given by pt(u = 0) = (a− 2m) /(8πa3), and takes negative values

for 4m/(3
√
3) < a < 2m, possessing a minimum at the throat, and positive values for a > 2m;

note that pt(u) → 0 for u→ ±∞ and from the plot it is easy to check that the NEC is violated at

the throat. In fact, the value of ρ(u)+ pr(u) does not depend on the chosen λ(u), thus obtaining

the same value that for GR.

Black bounce III

Finally, we consider another black bounce solution explored in [346], that also exhibits interest­

ing properties, given by

R(u) =
√
u2 + a2 , (5.77)

and the mass function:

M(u) = m

(
R(u)

u

)(
2

π

)n
arctann

(u
a

)
, (5.78)

so that the metric function A(u) is given by

A(u) = 1− 2M(u)

R(u)
= 1− 2m

u

(
2

π

)n
arctann

(u
a

)
. (5.79)

In the limit (a, n) → 0 we regain the Schwarzschild solution. However, one can fix n and

regulate the presence of horizons by adjusting a. For instance, consider n = 1, where the

extreme case is given by aext = 4m/π [346].

The causal structure, for the specific case of n = 1, is the following: (i) for a > aext,

we obtain the traditional two­way traversable wormhole; (ii) for a = aext, we have a one­way

wormhole geometry with an extremal null throat; (iii) for a < aext, we have one horizon located
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Figure 5.5: The plots depict the stress­energy profile for the black bounce III solution, given by the functions (5.77) and (5.79),
for the case n = 1, where a > aext, so that there are no event horizons. We have chosen the following values for the parameters:
m = 1 and a = 2. Note that for these solutions, the negative energy densities are improved, and one may also obtain positive
radial pressures for positive values of the function λ(u).

in each Universe, where one may propagate through this event horizon, located at u = u+, in

order to reach the spacelike “bounce” hypersurface at u = 0, before “bouncing” into a future

version of our own Universe. Thus, we are only interested in the case a > aext, for n = 1, where

there are no event horizons.

Taking into account the metric functions (5.77) and (5.79), the gravitational field equations

(5.44)­(5.46) provide the following stress­energy components:

ρ(u) = − 1

8π

{
a2

(a2 + u2)2

[
1− 2m

ua

(
2

π

)n (
arctan

(u
a

))n−1 (
a arctan

(u
a

)
+ nu

)]
+

λ(u)

a2 + u2

}
,

(5.80)



118 CHAPTER 5. WORMHOLES IN MODIFIED GRAVITY

pr(u) =
1

8π

{
2ma

u (a2 + u2)2

(
2

π

)n (
arctan

(u
a

))n−1 [
a arctan

(u
a

)
− nu

]
+

(
a2 + u2

)
λ(u)− a2

(a2 + u2)2

}
,

(5.81)

pt(u) =
a2

8π(a2 + u2)2

{
1− m

au3

(
2

π

)n (
arctan

(u
a

))n−2
× (5.82)

×
[
2
(
a3 + 2au2

) (
arctan

(u
a

))2
− 2nu

(
a2 + u2

)
arctan

(u
a

)
+ a(n− 1)nu2

]}
.

respectively. Here, we will only consider, for simplicity, the specific case of n = 1 and a > aext.

If we consider, as before, a power law for λ(u) ∼ uα, the asymptotic flatness and regularity

conditions impose 0 ≤ α < 2. Once again, one obtains a wide variety of solutions, both

symmetric and asymmetric, which are depicted in Fig. 5.5. The advantage of these solutions

consists essentially in that they ameliorate the negative energy densities for negative values of the

function λ(u). However, positive values of the function λ(u) allow positive radial pressures, as

is transparent in Fig. 5.5. The tangential pressure tends to zero at spatial infinity, i.e., pt(u) → 0

for u → ±∞, and possesses a maximum at the throat, as depicted in Fig. 5.5. Also as before,

the NEC condition is violated and does not depend on the chosen λ(u).

5.4 Conclusions

Along this chapter, we have explored wormhole geometries in the recently proposed action­

dependent Lagrangian theories [329], that are obtained through an action principle for action­

dependent Lagrangians by generalizing the Herglotz variational problem for several independent

variables. In this way, two new frameworks have been introduced: on the one hand, wormholes

as an important kind of spacetime, and on the other hand, action­dependent Lagrangian theo­

ries as another example of modified gravity theories. An interesting feature of these theories as

compared with previous implementations of dissipative effects in gravity is the possible arising

of such phenomena from a least action principle, so they are of a purely geometric nature. It

was shown that the generalized gravitational field equation essentially depends on a background

four­vector λµ, that plays the role of a coupling parameter associated with the dependence of the

gravitational Lagrangian upon the action, and may generically depend on the spacetime coor­

dinates. In the context of wormhole configurations, we have used the “Buchdahl coordinates”,

and found that the four­vector is given generically by λµ =
(
0, 0, λ(u)cot θ , 0

)
. In addition to this
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restriction, the spacetime geometry is also severely constrained by the condition gttguu = −1,

where u is the radial coordinate.

More specifically, the field equations (5.44)–(5.46) impose a system of three independent

equations with six unknown functions of the radial coordinate u, namely, ρ(u), pr(u), pt(u),

A(u), R(u) and λ(u). Thus, one possesses several strategies to solve the system of equations.

For instance, one may consider a plausible stress­energy tensor profile by imposing equations

of state pr = pr(ρ) and pt = pt(ρ), and close the system by adequately choosing the energy

density, or a specific metric function. However, one may also adopt the reverse philosophy

approach usually used in wormhole physics, by simply choosing specific metric functions and

λ(u), and, through the field equations, determine the stress­energy profile responsible for sus­

taining the wormhole geometry. Here, we have found a plethora of specific asymptotically

flat, symmetric and asymmetric, solutions with power law choices for the function λ(u), for

instance, by generalizing the Ellis­Bronnikov solutions and the recently proposed black bounce

geometries, amongst other solutions. We have checked that these compact objects possess a far

richer geometrical structure than their general relativistic counterparts. Unfortunately, we have

not been able to find no­violation of the NEC condition for these spacetimes in the proposed

action­dependent Lagrangian. It would be interesting to investigate time­dependent spacetimes

as outlined in [318, 319] in order to explore the energy conditions. To this effect, one could

consider that the metric functions in the line element (5.3) are now also time­dependent. This

would imply a non­zero Einstein tensor Gt
u component, which would consequently yield the

presence of flux terms. Using the modified Einstein filed (5.34), one could then expect that

Zt
u ̸= 0, which would modify the structure of λµ, implying a non­zero time­component, i.e.,

λt ̸= 0.

In addition, let us recall that we have studied the action given by Eq. (5.21) (Leff) and not

by Eq. (5.19) (L), which would be equivalent in absence of the term λµs
µ, but are different in

the Herglotz variational problem. The case with Leff is interesting because of the advantage of

taking a Lagrangian that depends only on first­order derivatives of the metric, but it also has

the disadvantage that Leff is not a scalar density, which will result in a set of equations valid

for specific referential frames fixed a priory. This is the reason why the geometrical term Kµν

is not covariant. Consequently, a new different theory arises by studying Eq. (5.19) (L) as an

actual scalar density that will end up giving truly tensorial equations that do not require us to
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fix the coordinate system. The problem in this second case, studied in [338], is the necessity

of imposing new boundary conditions for the variational problem as a consequence of second

order derivatives of the metric.



Chapter 6

From the theory to observations: MCMC

Until now, this work has been essentially theoretical. However, as physicists, it is impossible

to look for new theories without looking at Nature, i.e. at observations. For this reason, in

this chapter we are going to focus on this point, introducing the Statistical Inference and the

Markov Chain Monte Carlo (MCMC) which will be useful tools to fit the free parameters of a

cosmological model and compare its probability of existing in opposite to other ones.

6.1 Statistical Analysis

We will start the chapter reviewing some notions about probability. It is usual to find two differ­

ent approaches: On the one hand, there is the classical and usually called “frequentist” approach,

based on the reproducibility of an experiment, and where the probability of an event is defined

from its frequency as an outcome after many; on the other hand, there is the Bayesian approach,

in which probability expresses a degree of belief in a proposition, from the available knowledge

of the experimenter.

In Cosmology, where there is a unique (enormous) sample (such that it is not possible to

“repeat” an experiment) the second statistical approach will be much more successful.

Some definitions will be needed in this chapter:

• P (A): probability that the proposition A is true;

• P (A,B) ­ joint probability: probability that both propositions, A and B, are true;

121
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• P (A|B) ­ conditional probability: probability that A is true given the proposition B is

already true.

These three concepts are related by Bayes’ theorem:

P (A|B)P (B) = P (A,B) = P (B|A)P (A) . (6.1)

In cosmology, when a model is studied, there are two types of “propositions”: the set of ex­

perimental data, d; and the set of free theoretical parameters to be adjusted, θ. Consequently,

Bayes’ theorem is translated into:

P (θ|d) = P (d|θ)P (θ)
P (d)

. (6.2)

where:

• P (θ|d) is the so­called the posterior probability which tells us the probability that a spe­

cific set of values for θ are realized given the collected data d;

• P (d|θ) is generally called the likelihood probability, and it is the conditional probability of

obtaining a specific data set dwhen the free parameters of the model are fixed at the value

θ. It is more commonly written as L(d|θ) or simply L(θ) to stress that it is a function of

the model parameters;

• P (θ) is the probability of having specific (set of) value(s) of θ and which will be called

the prior distribution.

• P (d) is the probability of having the data d, denoted as the evidence.

Then, it is generally verified that measurements follow a normal distribution around their

actual values since one must take into account that, from an experimental point of view, one

measures data with mistakes and interference caused by uncontrollable phenomena.

Our next step will be the introduction of the Maximum Likelihood Principle (MLP) which

tells us that given the likelihood L(θ), in order to fit the parameters θ, one must choose the

values of θ that maximise L(θ), since they are the most likely ones for the observational data d.

In order to exemplify this, we are going to suppose that our measurements {x1, x2, ..., xn} have

a Gaussian (or normal) distribution around the actual values. Then, the unknown parameters in
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the distribution would be the mean of the distribution µ, and the standard deviation σ, and the

likelihood function takes the form:

L(x|µ, σ) =
N∏
i=1

1√
2πσ

exp
(
−1

2

(xi − µ)2

σ2

)
, (6.3)

where each factor is clearly the Gaussian probability of obtaining a specific xi given a µ and a

σ. It is usual to find this likelihood written as:

L(x|µ, σ) ∝ exp
(
−1

2
χ2

)
(6.4)

where χ2 is the chi­square and is defined as:

χ2 = −2 logL(x|µ, σ) =
N∑
i=1

(xi − µ)2

σ2
. (6.5)

Now, we are going to think about a cosmological model. On the one hand, we have the measure­

ments xi and the standard deviation, which is usually given by the observational or experimental

error (note that a smaller σ is translated into a tighter Gaussian around the true value). On the

other hand, we have the value of the parameter µ which we want to fit. Following the MLP, one

should maximize L(x|µ, σ), or equivalently minimize χ2 i.e:

∂χ2

∂µ
= 0 → 2

σ2

(
N∑
i

xi −Nµ

)
= 0 → µ =

∑N
i xi
N

, (6.6)

which obviously is the mean of the distribution (as one could anticipate by the name). Sor­

rowfully, this is the simplest case which is one­dimensional and with the same σ2 for all mea­

surements, and real life is more complex with various parameters to fit. In order to give an

idea about this, imagine a function which depends on the several parameters which we want to

fit d(θ) = d(x, y, ..., z), and in addition we have several experimental measurements of that

function with different errors. Then the definition of the χ2 is:

χ2(θ) ≡
∑
i

(
dobsi − di(θ)

σobsi

)2

, (6.7)

and if we have different magnitudes measured that, in addition, are usually correlated among

each other by the covariance matrix C we find:

χ2(θ) ≡
[
dobs − d(θ)

]T C−1 [dobs − d(θ)
]
, (6.8)
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where T means transpose. If the parameters are uncorrelated, then the covariance matrix will

be diagonal with the form Cij = δijσ
2
i . Therefore, minimizing Eq. (6.8), we have a way to find

the parameters θ that best reproduce the observational data sample.

Coming back to Eq. (6.2), we have defined P (θ) as the probability of having certain values

of θ. It is called the prior distribution, and usually written as Π(θ). Then, the prior distribution

introduces our previous knowledge about the parameters to fit, with the possibility of giving

more probability to some values, or prohibiting other ones. Thus, we are able to introduce

physical, mathematical or previous experimental information. It can also be useful to define a

specific range of the free parameters.

Last but not least in Eq. (6.2), we have the term P (d) which is the probability of having the

data d, i.e. this term gives us an idea about how likely it is to obtain the data d from a model. In

other words, this term quantifies how much the model is capable of yielding the experimentally

measured data and consequently it will be a very important tool in order to compare different

models. To calculate this, we should resort to Bayes’ theorem once again, taking into account

that: ∫
P (θ|d)dθ = 1 , (6.9)

since the sum or integral of the conditional distribution for all possible values of θ has to be

normalized to 1. Consequently:

P (d) = E(d) =
∫
P (d|θ)P (θ)dθ =

∫
L(d|θ)Π(θ)dθ , (6.10)

which is usually called the Evidence. Indeed, we can also learn about the reliability of the model

by invoking the evidence E , also dubbed marginal likelihood or integrated likelihood, since it

estimates the support of the (measured) data d for a given model M, once all possible values

for the parameters θ have been considered. The evidence is generally recognized as the most

reliable statistical tool for model comparison in cosmology [347], provided that wide­enough

priors are chosen.

Consequently, after the redefinitions made in this section, we can translate Bayes’ theorem

as:

P (θ|d) = L(d|θ)Π(θ)
E(d)

. (6.11)
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6.2 MCMC

In the previous section, we have presented a short theoretical and statistical introduction of

fundamental concepts that we will use. Yet we need to ascertain how to translate them in practice

when the system is complex, with several parameters and measurements that, in addition, are

correlated with each other. Even though there are several methods to minimize the χ2, we are

going to focus on the Markov Chain Monte Carlo algorithm (MCMC).

The starting idea is that one could build an n­dimensional grid in the space of the n free

parameters, evaluating the χ2 at each point and finding the point corresponding to its minimum.

However, then the result would depend on the resolution of the grid (separation between points).

Additionally, the number of the total points grows enormously with the dimension of the grid

following the rule: resolutionn (where the resolution is the number of points for each parameter,

considering it is the same for all). Therefore, although the idea is not negligible, it has to be

improved to get a real and valid method. It is at this point that MCMCs come to rescue us. The

purpose of this algorithm is to build a sequence of points in the space of parameters (instead of

a grid) whose distribution will depend on the posterior probability distribution function (pdf).

This way the parameter space is explored in a more efficient way. A MCMC is composed of

two separated pieces: On the one hand the Markov Chain, and on the other hand, a Monte Carlo

method.

In order to define a Markov Chain, one should imagine a sequence of random variables

{θ0,θ1, ...,θn}. We will say that this is a Markov Chain if the probability of the (t + 1)­th

element depends only on the value of its predecessor element, i.e. the (t)­th element, and not on

the previous ones. Its main property is that aMarkov chain converges to a stationary state, which

will not change again with t and consequently the elements, from this state, will be samples from

the target distribution P (θ|d)

The jump from one point to another has a probabilistic nature, and consequently, to define

a Markov Chain, one must define the transition probabilities T (θt,θt+1) which provide the

probability of going to point θt+1 from point θt. A sufficient condition to build a Markov Chain

is the detailed balance condition [348]:

P (θt|d)T (θt,θt+1) = P (θt+1|d)T (θt+1,θt) . (6.12)

On the other hand, Monte Carlo methods are computational techniques that make use of
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random numbers [349], or with other words, they are a broad class of computational algorithms

that rely on repeated random sampling in order to obtain numerical results.

At this point, we are going to combine both procedures in theMetropolis­Hastings algorithm,

which will be used in our following work. Let us expose it following [348] and explain each

step of the algorithm:

• We need a starting point θ0, with its associated posterior probability P (θ0|d).

• Define a proposal distribution q(θ0,θ1) which will propose the next candidate point θ1

of the Markov Chain.

• Define the function:

α ≡ min
(
P (θ1|d)q(θ1,θ0)

P (θ0|d)q(θ0,θ1)
, 1

)
. (6.13)

• We generate a random value u from the uniform distribution [0, 1).

• If u < α, we will accept the new candidate point θ1, add it to the chain and move to this

point which will be the new θ0, (and reject it in the opposite case and going back to define

a new proposal point).

• Repeat the process from the second item as many times as one wishes, where θ0 → θt

and θ1 → θt+1.

We are going to focus on the case inwhich the distribution q satisfies the symmetry condition,

i.e. q(x, y) = q(y, x) and consequently:

α ≡ min
(
P (θ1|d)
P (θ0|d)

, 1

)
. (6.14)

This particular case is that of the Metropolis algorithm. Let us analyze the logic behind it. It is

clear that if the new candidate point is more likely, then P (θ1|d) > P (θ0|d), and consequently

α = 1, u < α and we will accept the point. Otherwise, α = P (θ1|d)/P (θ0|d) which gets

smaller as the difference P (θ1|d) < P (θ0|d) gets bigger and therefore the probability of taking

this as a new point will decrease. However, onemaywonder why there is the possibility of taking

a point such that P (θ1|d) < P (θ0|d). The reason is to allow the algorithm some of freedom to

explore new points in the parameter space and analyze a bigger sample. Otherwise we might
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find ourselves “stuck” in a minimum too early in the chain, and not explore the parameter space

truthfully. The transition probability for the Metropolis algorithm is given by:

T
(
θt,θt+1

)
= q

(
θt,θt+1

)
α
(
θt,θt+1

)
, (6.15)

which satisfies the detailed balance condition (6.12).

6.2.1 Model selection

Hitherto, we have seen how we can choose the free parameters of a model, i.e. we have spoken

about different values always for the same model. However, the most important part of this

study is to compare different models and have enough tools to choose between all them. In

other words, the essential task of this subsection will be to provide a way to assess which model

(with its constraints) is the most probable one to support the observations. However, there is not

a unique criterion, and we have different approaches, but they provide similar conclusions.

As a first approach, one could consider the comparison of the minimum value of χ2 obtained

for each model. This seems logical because the lower χ2 the better the model to fit the data, and

consequently the more likely to be generating the observations. However, this approach is only

suitable to compare models with the same number of degrees of freedom, i.e. with the same

number of parameters to fit. Of course, if we take a model with infinite free parameters, we

will able to reproduce exactly observations due to the freedom of the model, but that does not

mean to have a good model. In order to solve this caveat, and to be able to compare models with

different number of parameters, the reduced χ2 is defined as:

χ2
red =

χ2

DoF
=

χ2

Ndata − k − 1
, (6.16)

where Ndata is the number of points in the data and k is the number of free parameters. Con­

sequently, for a same χ2, the lower k the lower χ2
red and vice­versa. A normal value for χ2

red

should be around 1. If χ2
red << 1 the model fits the data too easily and a possible reason is that

the errors overestimated.

The other approach which will be presented here is the Evidence, which was introduced in

Eq. (6.10). The advantage of this approach is that this quantity does not need to be compared

with other models, i.e. it estimates the power of a model and the goodness of fit. For model
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comparison, one can define the Bayes factor as the ratio of the evidences of two different models:

Bij =
Ei
Ej
. (6.17)

where the sub­index denotes the evidence of each model. In gross terms if Bij > 1, i.e Ei > Ej
for the measured data d, then the modelMi is preferred over modelMj .

However, it is difficult to quantify howmuch better (or worse) is one scenario as compared to

the other. Jeffreys’ Scale [350] is typically adduced in this regard. According to that criterion,

if lnBij < 1, the evidence in favor of the model Mi is not significant; if 1 < lnBij < 2.5,

the evidence is substantial; if 2.5 < lnBij < 5, it is strong; and if lnBij > 5, it is decisive.

Nevertheless, Jeffreys’ scale is not completely flawless, as discussed in [347].

From a practical point of view, the computation of the Evidences, Eq. (6.10), in this work has

been performed with the nested sampling algorithm [351]. This algorithm is based on breaking

up the prior volume into a large number of “equal mass” points, and ordering them by increasing

likelihood. Then, one is able to calculate the Evidence as a one­dimensional integral, in which

the integrand is positive and decreasing.

6.3 Observational data and cosmological observables

In this section we have a double task in mind. On the one hand, we are going to speak about

the samples of data which we will use for the MCMC, and on the other hand, we will look at

some cosmological observables, which are essential to understand the samples of data. In order

to make this as pedagogical as possible, we will focus on every sample and from there we will

see which parameters are needed.

In this work we will use 4 kinds of data:

• Type Ia Supernovae with Pantheon data;

• The expansion rate data from early­type galaxies as cosmic chronometers with Hubble

data;

• Cosmic Microwave Background shift parameters from Planck 2018;

• Baryon Acoustic Oscillations data.
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However, before proceeding to the characterization of these samples, we introduce important

definitions about the distances which will be useful for all them.

6.3.1 Distances in Cosmology

The metric shown in (1.18) can be expressed in hyperspherical coordinates under the change:

dχ2 =
dr2

1− kr2
, (6.18)

with the form:

ds2 = −c2dt2 + a2(t)
[
dχ2 + S2

κ(χ)dΩ
2
]
, (6.19)

where S2
κ is defined depending on the value of κ:

S2
κ =


sin(χ) for κ = 1

χ for κ = 0

sinh(χ) for κ = −1

. (6.20)

Take into account that in this chapter we are concerned with observable measurements, and

we do not normalize the speed of light in order to analyze the actual measured parameter. Then,

from metric (6.19), the definition of the distance of the path followed by a photon is defined by

ds2 = 0 without radial deviation, dΩ = 0, and consequently: cdt = −a(t)dχ. Performing the

integration:

Dc ≡ χ = c

∫ t0

tf

dt′

a(t′)
, (6.21)

one is able to calculate the distance χ followed by the photon from t0 to tf . This distance is the

so­called comoving distance, because it does not change in time due to the expansion, since an

a(t) term has been factored out of the definition. However, the physical distance will be given

by l =
√
a2(t)χ2, in which obviously the expansion of the Universe plays an important role.

In addition, recall that the conformal time is defined as dη = dt/a(t), which transforms the

FLRW metric into its conformal representation:

ds2 = a2(η)
[
−c2dη2 + dχ2 + S2

κ(χ)dΩ
2
]
. (6.22)
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So we get a coordinate system in which the expansion of the Universe is a common factor of the

coordinates and consequently this does not affect their relation. Consequently, we can guarantee

that in the conformal mesh two time lapses of an emitted pulse are equivalent:

dη0 = dηe , (6.23)

which is translated into:

dt0
a(t0)

=
dte
a(te)

, (6.24)

and if we think of a photon flux and associate this time lapse with its frequency, t0 with the

reception and te with the emission, we obtain:

νe
ν0

=
a(t0)

a(te)
. (6.25)

This same procedure can be applied with the wavelength λ:

dχ0 = dχe → λ0
a(t0)

=
λe
a(te)

. (6.26)

Considering a(t0) as the scale factor at the present time, which from now on we normalize

a(t0) = 1, we define the redshift as:

z =
λ0 − λe
λe

=
1

a(te)
− 1 , (6.27)

which can be used as a variable to study the evolution of the Universe, analogously to t or the

scale factor a(t), with the important property of being much easier to measure. At this point,

one could redefine the comoving distance using the redshift1:

Dc ≡ χ = c

∫ z

0

dz
H(z)

. (6.28)

Alternatively, we can define a luminosity distance in the followingway: imagine for example

a light bulb in a room with luminosity L, which is the total energy emitted per unit time, and

that, from our position, we measure a flux F . Then, taking into account that the emitted energy

1A good reader could say that there is an error of the sing, but this is because χ as defined in (6.21) is χf − χ0 where χ0 is
the starting point of the photon and χf is the receptor point, however we are interested into the modulus distance so in (6.28),
where we are the receptor at χf = 0, we can eliminate this sing
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is always the same, but that it must be spread over the area of a sphere that gets bigger as the

distance from the source increase, we conclude that:

F =
L

4πd2
, (6.29)

where d is the distance from us to the light bulb. Then one can apply this same reasoning for a

star, defining the luminosity distance as:

DL =

(
L

4πF

)1/2

, (6.30)

but, from a cosmological point of view (and for a Universe which is expanding), we should

think that d or DL is a little more difficult to calculate due to the expansion. For this purpose

we are going to think that a star, at r = r1 and t = t1, emitted an energy pulse during dt1 and

we, observers at r = 0, t = t0, measurement it during the lapse time dt0 (all this in the FLRW

metric). Then, the total energy for a sphere of radius r1 will be:

Ldt1
dt0

a(t1)

a(t0)
, (6.31)

and consequently, the flux F :

F =
Ldt1
dt0

a(t1)

a(t0)

1

4π(r1a(t0))2
=

L

4π((1 + z)r1)2
, (6.32)

where once again we have taken a(t0) = 1, the definition of the redshift 1 + z = 1/a(t) and

dt0/a(t0) = dt1/a(t1). Therefore, the conclusion is that the distance d or DL is defined as:

DL = (1 + z)r , (6.33)

where r is the so­called transverse comoving distance, which takes into account the spatial cur­

vature k and which can be written in terms of comoving distance χ using Eq. (6.20). As an

example, the simplest case in which k = 0, which implies r = χ, gets the following definition

of the luminosity distance:

DL = (1 + z)

∫ z

0

c dz′

H(z′)
, for k = 0 , (6.34)

Another possible cosmological ruler is the angular diameter distance DA. In this case, it

is supposed to know about the physical transverse size of the object l and the angular size α
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occupied by it in the sky. Then, using trigonometry and considering a small α it is possible to

define the angular diameter distance as:

DA =
l

α
. (6.35)

In addition, from the metric (1.18), the physical length of a distance when all coordinates remain

constant except for the angle θ is:

l = a r dθ , (6.36)

where a corresponds to the scale factor at the redshift of the observed object, and the variation

of the angle θ corresponds to the sized angle α. Consequently, DA reads:

DA =
r

1 + z
=

DL

(1 + z)2
. (6.37)

Take into account that all these distances depend on the model via H(z) and consequently

on their free parameters θ, such that it is possible to write explicitly this dependence H(z) ≡

H(z,θ), which will be remarked during the next subsection where the samples of data are in­

troduced.

6.3.2 Pantheon Supernovae data

The idea here is to use the Type Ia Supernovaes (SNeIa) as standard candles. This is because we

are able to know their intrinsic brightness and consequently one can estimate their distance. Let

us remark that this, which could seem very simple, is sometimes a hard task to calibrate and must

be supported by closer standard candles, developing a cosmic distance builder. Consequently,

errors in a closer object are propagated to a farther object. In this case, SNeIA are calibrated

using Cepheids, that are calibrated using parallax distance measurements [352, 353]. This last

one is the main method of measurements for the closest objects.

Therefore like we already said, for SNeIa the important observable from which information

is extracted is brightness, which can be mathematized with the magnitudes. The apparent mag­

nitude m is the received flux F by an observer of a celestial body compared with a zero­point

as follows:

m = −2.5 log10

(
F

F0

)
, (6.38)
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where historically the reference zero­point is the flux of the star Vega2. The absolute magnitude

M is defined analogously but using the intrinsic luminosity L of the object (and consequently it

does not depend on the position of the observer):

M = −2.5 log10

(
L

L0

)
, (6.39)

where in this case L0 is defined so that M = m if the object were located at a distance of 10

pc. This allows us to introduce the distance modulus µ defined as the difference between the

apparent and the absolute magnitude:

µ = m−M = 5 log10

(
DL(pc)

10pc

)
= 5 log10DL(Mpc) + 25 . (6.40)

From a practical point of view, we will express this as:

m = 5 log10DL +M , (6.41)

where DL is the Hubble­constant free luminosity distance and M is the nuisance parameter

which represents some combination ofM of a fiducial SNeIa and the Hubble constant. Then,

one can construct∆m = mtheo(θ)−mobs, wheremtheo(θ) is the theoretical apparent magnitude

of a star for a specific model with parameters θ. At this point it may be thought that a possible

χ2
SN is

χ2
SN = (∆m)T ·C−1

SN ·∆m , (6.42)

where CSN is the total covariance matrix. However, the latter would contain the nuisance pa­

rameterM, which in turn is a function of the Hubble constant, the speed of light c and the SNeIa

absolute magnitude. In order to circumvent this dependency, χ2
SN is marginalized analytically

with respect toM as in [354], thus obtaining a new χSN estimator of the form:

χ2
SN = (∆m)T ·C−1

SN ·∆m+ ln
S

2π
− k2

S
, (6.43)

where S is the sum of all entries of C−1
SN , which gives an estimation of the precision of the data

and is independent of θ, and k is ∆m but weighed by a covariance matrix as follows:

k = (∆m)T ·C−1
SN . (6.44)

In this case, we will consider one of the latest Type Ia Supernovae (SNeIa) compilations

[355], which contains the observational values ofm for 1048 SNeIa at redshift 0.01 < z < 2.26.
2Consequently, this star has an apparent magnitude m = 0. A negative magnitude corresponds to a brighter object (for an

observer on the Earth), and a positive magnitude to a less bright object.



134 CHAPTER 6. FROM THE THEORY TO OBSERVATIONS: MCMC

6.3.3 Hubble data

Early time passively evolving galaxies have some peculiar features in their spectra which have

been shown to correlate with their evolving stage. Thus, direct astrophysical measurements can

estimate their differential ages at different redshifts and this can finally be related to the Hubble

parameter [356, 357, 358]. Then, this sample is essentially a compilation of 31 values of H(z)

for 0.07 < z < 1.965 [359, 360] to assist us in fitting the free parameters of a possible theoretical

setting through the construction of a χ2
H as follows:

χ2
H =

31∑
i=1

[H (zi,θ)−Hobs(zi)]
2

σ2
H(zi)

, (6.45)

where Hobs(zi) is the observed value at zi, σH(zi) are the observational errors, and H (zi,θ) is

the value of a theoretical H for the same zi with the specific parameter vector θ.

6.3.4 Cosmic Microwave Background data

It is common practice to condense Cosmic Microwave Background (CMB) data into the so­

called shift parameters [361] when examining the evolution of the cosmological background.

This set of three quantities basically informs us about the position of the first peak in the tem­

perature angular power spectrum through the ratio between its position in the model one wants

to analyze and that of an SCDM model (Standard Cold Dark Matter). The set of shift parame­

ters is formed by the exact expression of that quadrature ratio (an approximate yet quite accurate

expression) and the normalized density fraction of baryons:

R(θ) ≡
√

ΩmH2
0

r(z∗,θ)

c
, la(θ) ≡ π

r(z∗,θ)

rs(z∗,θ)
, ωb ≡ Ωbh

2, (6.46)

recalling that r(z,θ) is the transverse comoving distance to z, and rs(z∗,θ) is the comoving

sound horizon, defined as:

rs(z∗,θ) =

∫ ∞

z∗

cs(z
′)

H(z′,θ)
dz′, (6.47)

where cs is the sound speed, and z∗ means the redshift at which the last scattering occurs [362],

i.e. the redshift at the photon­decoupling. It is given by the expression:

z∗ = 1048
[
1 + 0.00124(Ωbh

2)−0.738
] [

1 + g1(Ωmh
2)g2
]
,
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where

g1 = 0.0783(Ωbh
2)−0.238

[
1 + 39.5(Ωbh

2)−0.763
]−1

,

g2 = 0.560
[
1 + 21.1(Ωbh

2)1.81
]−1

.

In addition, the sound speed cs is defined by the expression [363]:

cs(z) =
c√

3(1 + R̂b(1 + z)−1)
, (6.48)

which obviously depends on the baryon density and its temperature as:

R̂b = 31500Ωbh
2

(
TCMB

2.7

)−4

. (6.49)

where h = H0/100.

Finally, we are able to construct the χ2
CMB estimator for these three parameters like:

χ2
CMB = (∆FCMB)T ·C−1

CMB·∆FCMB, (6.50)

where∆FCMB is a vector formed by the difference between experimental data and theoretical­

model predictions of those three quantities mentioned above [361]. In this case, we will use for

the experimental data the sample provided by Planck 2018 data release [364].

Let us recall that the shift parameters depend on the position of the CMB acoustic peaks,

which are functions of the geometry of the model considered. For that reason, they can be used

to discriminate between different models or different values of the free parameters θ, which

include Ωb in this case. A complete and detailed description of these parameters and those that

follow can be found in [364, 365].

6.3.5 Baryon Acoustic Oscillations data

The last set of data addresses Baryon Acoustic Oscillations (BAO), which are fluctuations in the

density of visible baryonic matter as a consequence of acoustic density waves in the primordial

plasma. Accordingly, there is a distance associated with the maximum distance that acoustic

waves could travel through this medium until the plasma cooled at the recombination moment,

where it became a soup of neutral atoms and the expansion of plasma density waves stopped

and they got frozen. That being so, the mentioned distance can be used as a standard ruler.
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We will use five sets of data, collected by different observational missions. Let us give now

relevant details.

• WiggleZ: these are data coming from the WiggleZ Dark Energy survey [366], which are

evaluated at redshifts zw = (0.44, 0.66, 0.73) as shown in Table 1 of [367]. Following

that work, we will consider two quantities: the acoustic parameter given by

A(z,θ) = 100
√

Ωmh2
DV (z,θ)

cz
, (6.51)

and the Alcock­Paczynski distortion parameter:

F (z,θ) = (1 + z)
DA(z,θ)H(z,θ)

c
, (6.52)

whereDA is the angular diameter distance, andDV is the geometric mean of the longitu­

dinal (DA) and radial (c/H(z)) BAO modes, defined as

DV (z,θ) =

[
(1 + z)2D2

A(z,θ)
cz

H(z,θ)

]1/3
. (6.53)

Consequently, we have two observational parameters, i.e. A(zw) and F (zw), which can

be compared with the theoretical value drawn from the model under study with a specific

θ, allowing us to construct a new ∆Fw. In this case we define χ2
w as

χ2
w = (∆Fw)

T ·C−1
w ·∆Fw , (6.54)

where C−1
w is a matrix given in Table 2 of [367].

• BOSS: in this case, we consider the data from the SDSS­III Baryon Oscillation Spec­

troscopy Survey (BOSS) DR12 described in [368]. We proceed analogously to the Wig­

gleZ case but now we have zB = (0.38, 0.51, 0.61), whereas the fundamental parameters

are

DM(z,θ)
rfids (zd)

rs(zd,θ)
, H(z,θ)

rs(zd,θ)

rfids (zd)
, (6.55)

whereDM(z) = r(z), rs(zd,θ) denotes the sound horizon defined as Eq. (6.47) but eval­

uated at the dragging redshift zd, and rfids (zd) is the same parameter but calculated for

a given fiducial cosmological model and it is equal to 147.78 Mpc in this specific case.
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Clearly, the first step involves calculating the redshift of the drag epoch zd, which can be

done considering the following approximation, like in [369]:

zd =
1925(Ωmh

2)0.251

1 + 0.659(Ωmh2)0.828
[
1 + b1(Ωbh

2)b2
]
, (6.56)

where b1 and b2 are factors calculated as follows:

b1 = 0.313(Ωmh
2)−0.419

[
1 + 0.607(Ωmh

2)0.6748
]
, (6.57)

b2 = 0.238(Ωmh
2)0.223 . (6.58)

Once more, we will define:

χ2
B = (∆FB)

T ·C−1
B ·∆FB , (6.59)

where∆FB is the difference between the observational data and the resulting value for θ,

and C−1
B is the inverse of the covariance matrix given in Table 8 of [368].

• eBOSS: the extended Baryon Oscillation Spectroscopy Survey (eBOSS) gives us one

more data point [370]:

DV (z = 1.52) = 3843± 147
rs(zd)

rfids (zd)
Mpc . (6.60)

Our function χ2
eB gets a simpler expression that in other cases, as the matrix notation is

not necessary, and we simply have

χ2
eB =

∆F2
eB

σ2
eB

, (6.61)

where σ2
eB is the error in the datum.

• BOSS­Lyman α: another set of data is Quasar­Lyman α Forest from SDSS­III BOSS

DR11 [371], which contributes two new data points to the analysis:

DM(z = 2.34,θ)

rs(zd,θ)
= 36.98+1.26

−1.18 , (6.62)

c

H(z = 2.34,θ)rs(zd,θ)
= 9.00+0.22

−0.22 , (6.63)

and its χ2 is defined as: χ2
BL = (∆FBL)

TC−1
BL∆FBL.
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• Finally, we consider the voids­galaxy cross­correlation data from [372]. This set gives us

two new data points at z = 0.57 which are

DA(z = 0.57,θ)

rs(zd,θ)
= 9.383± 0.077 , (6.64)

H(z = 0.57,θ)rs(zd,θ) = (14.05± 0.14)
103 km

s
, (6.65)

and the same usual definition applies to χ2
vg = (∆Fvg)

TC−1
vg ∆Fvg.

6.4 Summary

In this section we have presented the statistical analysis needed to study a cosmological model

focusing on the MCMC methodology. In addition, we have featured some tools for a correct

model selection (among the vast expanse of possibilities) which are the most usual ones without

great differences between them. In this way, some important concepts are the likelihood L(θ)

related with the chi­squared χ2, the priors Π(θ), the evidence E(d), and the Bayes factor Bij .

From a practical viewpoint, we have also shown the specific Monte Carlo method we use, based

on the Metropolis­Hastings algorithm.

Besides, we have exposed several samples of data based on SNeIa, cosmic chronometers,

CMB and BAO and the methodology to build the important χ2 in order to be able to fit the free

parameters of a cosmological model through the MCMC.

Hence, with all this information, we are now able to study the proposed cosmological mod­

els. In fact, this will be the main purpose of the next section, where we will study some examples

of cosmological models based on modified gravitational theories.



Chapter 7

f(Q) theories and their observational

constraints.

Until now, we have considered modified theories of gravity that change or add terms to the

gravitational action. However, another more ambitious approach from a mathematical and ge­

ometrical point of view is to treat the connection as a new degree of freedom. As a matter of

fact a spacetime can be built from its metric tensor gµν , that provides the prescription to measure

distances, and its affine structure determined by the connection Γαµν , that governs how objects

move about the manifold. As we will see, this consideration in GR does not lead to any new

phenomenology, but on the contrary it does so in the cases of modified gravity theories.

In this chapter, among the different starting points considered in the vast literature on mod­

ified gravity theories, we will embrace that of the metric­affine geometry, that generalizes the

Riemannian geometry approach adopted in GR.

The connection then becomes a non­standard free variable at the same level as themetric, and

hence it is not necessarily of the Levi­Civita type. Broadly speaking, this freedom in the features

of the connection brings a rich phenomenology related to the transformations that objects of

physico­mathematical nature undergo in a displacement [373, 374].

Thiswill be translated into the study of some cosmologicalmodels based on the non­metricity

scalar [375], a quantity that measures how the length of a vector changes when it is transported,

and which will be defined shortly. The motivation behind this chapter is that in recent years a lot

of interest has been gathered by f(Q) theories, which are new candidates to replace Einstein’s

139
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prescription for gravity. In addition, these theories give us a particularly illustrative framework

to apply the knowledge acquired in the previous chapter. This will eventually be translated into

observational constraints and fittings for some examples we shall address here. So, we will re­

sort to observational tests to draw conclusions about the (statistical and physical) reliability of

some specific models.

7.1 Introduction

As we anticipated, our final purpose of this section will be the study of f(Q) theories. However,

it is not possible to delve into these theories without a brief previous study of the connection, and

of its role both in GR and in modified gravity theories. Provided that the connection will not be

(so to speak) geometrically trivial, we must define two further fundamental objects conveying

additional information about it which is relevant [376]. The first one is the torsion, which stems

from the antisymmetric part of the connection:

Tαµν ≡ Γαµν − Γανµ , (7.1)

and which obviously vanishes for any symmetric connection, i.e. Γαµν = Γανµ. From a pictorical

point of view, it can be seen as the following diagram:

Tαµν

Concretely, the torsion measures the difference between the parallel transport of the blue

vector along the green vector and the parallel transport of the green vector along the blue vector.

If there is no torsion, we will say that this is a torsionless connection, i.e. Tαµν(Γ) = 0 and

consequently, the parallelogram will be closed.

The second fundamental object will be the non­metricity tensor:

Qαµν ≡ ∇αgµν , (7.2)
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which informs us about the failure of the connection to be metric, and which can be represented

as:

Qαµν

since non­metricity informs us about the change of the length of vectors when they are parallel

transported. Thus, if the connection is metric compatible, i.e. Qαµν(Γ, g) = 0, the length of

vectors is conserved, and we will say that this is a metric space.

Both objects allow us to define the proper decomposition of any general connection [376,

373] as:

Γαµν = { αµν}+Kα
µν + Lαµν , (7.3)

where { αµν} is the usual Christoffel symbol,Kα
µν is called the contortion, and Lαµν is the disfor­

mation. The last two are built from the torsion and the non­metricity respectively as follows:

Kα
µν =

1

2
Tαµν + T α

(µ ν) , (7.4)

Lαµν =
1

2
Qα

µν −Q α
(µ ν) . (7.5)

The disformation will be the relevant quantity for this chapter, as it measures how much the

symmetric part of the (general) connection deviates from the Levi­Civita connection { αµν}.

Let us remark an important change of notation to be in agreement with the literature: when

we are not in the framework of metric­affine theories, it is usual to express the Christoffel sym­

bols as Γαµν , and in fact this is true because the contortion and disformation vanish; however,

when we wish to study the connection as a free parameter we must distinguish the Christoffel

symbols from the general connection. Summarizing, the definitions of the Riemann tensor in

Eq. (1.4) and the Ricci tensor in (1.5) tensors are still valid, but, Eq. (1.7) will no longer be

valid, i.e:

Γσµν ̸= 1

2
gσα (∂νgµα + ∂µgαν − ∂αgµν) = { αµν} . (7.6)
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In addition, it is also possible to have a connectionwhose Riemann tensor vanishes, (Rα
βµν(Γ) =

0). In this casewewill say that the connection is not curved or, in others words, that the spacetime

is flat. The curvature measures the change of direction of a vector which has undergone parallel

transport along a closed curve.

In order to show this concept, we will use the famous example of a sphere, like the Earth,

where if we consider a tangent vector at, say, the upper pole, and we parallel transport it along

the closed triangle path whose sides are maximum circles, and hence geodesics of the sphere,

we will obtain a change in direction between the start and end vector, as illustrated below.

R
α βµ

ν

In flat spaces, vectors do not rotate when they are parallel transported and one gets a better

notion of parallelism at a distance. The theories formulated in these frameworks are referred to

as teleparallel due to a well­defined notion of parallelism1 as a consequence of the vanishing of

total curvature [381, 382, 373].

Equipped with this information, we write the Einstein­Hilbert action as:

SGR =
1

16πG

∫
d4x

√
−gR({}), (7.7)

where R({}) is the curvature scalar that results from a specific choice of the Levi­Civita con­

nection in the definition of the Riemann tensor of Eq. (1.4), which follows from considering a

Riemannian geometry. It is usual to find in many works that this action has the special property

of producing the same equations of motion when it is promoted to the metric­affine formalism.

However, this sentence is only true under some assumptions that will be explained here.

For this purpose, we recast Eq. (7.7) in terms of the general scalar of curvatureR(Γ), instead

ofR({}), and we study this “alternative action” in the metric­affine formalism for other possible
1As a bonus, this formulation can be regarded as a “translational gauge theory” [377, 378, 379, 380].
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kinds of geometries, together with the matter content:

S =
1

16πG

∫
d4x

√
−gR(Γ) +

∫
d4xLmat (g,Γ,Ψ) . (7.8)

Consequently, we should define similar tensors to the metric formalism for variations with

respect to the connection. For the gravitational sector it is:

P αβ
µ =

1√
−g

δ (
√
−gR)

δΓµαβ
, (7.9)

which is the Palatini tensor with 64 components and 60 of them are independent components

(because it is identically traceless P αβ
α = 0). For the matter sector it is:

∆ αβ
µ = − 1√

−g
δLmat

δΓµαβ
, (7.10)

which is usually called hypermomentum tensor. Then, the equations of motion read:

G(µν) = 8πGT̃µν (7.11)

P αβ
µ = 8πG∆ αβ

µ , (7.12)

where T̃µν has to be defined at constant Γ. In the Palatini approach, a simpler case when we

consider that matter is only coupled to the metric and not to the connection, the hypermomen­

tum vanishes (∆ αβ
µ = 0), and Eq. (7.12) gives us 60 constraints among the 64 independent

components of the connection. In fact, these constraints can be summarized by the following

form of the connection, which is a result of P αβ
µ = 0 [383, 35]2:

Γµβα = { µ
αβ} −

1

2
gγνQαγνδµβ = { µ

αβ}+
1

3
T γγαδ

µ
β . (7.13)

Then, there are 4 additional degrees of freedom which cannot be determined by the field

equations but they can be related with either Qµ
µν or T

β
βα. Consequently, imposing one of

these two terms to vanish is enough to produce a consistent theory where the connection will be

defined by the Christoffel symbols, recovering the usual GR.

Summarizing, if GR is our gravitational theory, both formalisms are able to provide the

same equations of motion after some constraints to close the system. Nevertheless, this is but an

exception of GR, it will not be true for theories of modified gravity in general, and yet it can be
2Notice the important change in the definition of the Riemann tensor of these works which induces some changes in Eq.

(7.13)
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used to our advantage. Indeed, incorporating the connection as a new d.o.f. on the framework

of modified gravity opens a complete new range of theoretical paths to explore.

Coming back to the case of flat spaces or to the notion of teleparllelism, one is able to relate

the three components of the decomposition of the connection. This fact will have important

consequences as it allows the possibility of rewriting General Relativity as a theory based on

the torsion, or on the non­metricity when we take either the contortion or the disformation to

vanish respectively. Because the purpose of this chapter is the study of theories based on the

non­metricity, along the next section, we will analyze the latter case, which is the so­called

Symmetric Teleparallel Gravity. It is characterised by the fact that the connection is torsionless,

and consequently symmetric. In any case the underlying reasoning is exactly the same as for

the other case based on the torsion, and with a vanishing non­metricity.

7.2 Symmetric Teleparallel Gravity

As we anticipated, Symmetric Teleparallel Gravity encompasses all theories where there is nei­

ther torsion Tαµν = 0, nor curvature Rα
βµν(Γ) = 0. Our immediate goal is to construct an

equivalent theory to General Relativity, but based on the non­metricity. Such a theory is denoted

as Symmetric Teleparallel Equivalent General Relativity (STEGR) [373]. For this purpose, we

need to ascertain how the Riemann tensor is transformed by a general shift of the connection of

the form Γ̂αβµν = Γαµν +Ωα
µν where Ωα

µν is an arbitrary tensor which encodes the transforma­

tion. Specifically

R̂α
βµν(Γ̂) = Rα

βµν(Γ) + T λµνΩ
α
λβ + 2∇[µΩ

α
ν]β + 2Ωα

[µ|λ|Ω
λ
ν]β , (7.14)

where ∇ is the covariant derivative associated to Γ. Upon inspection of the latter, one ends up

realising the existence of a theory that is fully equivalent to GR (as obtained from the Levi­

Civita connection), but otherwise coming only from the disformation (i.e., from the part of the

connection related to the non­metricity)3. This requirement translates into Γ = {}, T λµν = 0

and Ωα
µν = Lαµν . If we replace those expressions in Eq. (7.14) it becomes

Rα
βµν(Γ̂) = Rα

βµν({}) + 2∇{}
[µL

α
ν]β + 2Lα[µ|λ|L

λ
ν]β , (7.15)

3Note that in this theory the torsion plays no role whatsoever.
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where the super­index in ∇{} specifies the covariant derivative defined from the Levi­Civita

connection.

At this step, we resort to the parallel condition of a flat spacetime that is given by the con­

straint Rα
βµν(Γ̂) = 0, which reduces the connection to the Weitzenböck form [384, 385]. Con­

sequently, in this symmetric teleparallel framework [386], it is possible to write the Riemann

tensor based on the Levi­Civita connection through the non­metricity tensor,Qαµν . Casting fur­

ther light into this, one may perform a contraction of Eq. (7.15), which can be used to rewrite

R({}) (the piece we eventually need to show the equivalence at the Lagrangian level):

0 = R({}) +∇{}
α

(
Qα − Q̃α

)
+

1

4
QαβγQαβγ −

1

2
QγαβQαγβ −

1

4
QαQα +

1

2
Q̃αQα , (7.16)

where Qα = Q µ
α µ and Q̃α = Qµ

αµ.

It is convenient now to simplify the latter expression by defining the non­metricity scalarQ

as4:

Q =
1

4
QαβγQαβγ −

1

2
QγαβQαγβ −

1

4
QαQα +

1

2
Q̃αQα . (7.18)

Therefore, for symmetric (torsionless) and flat constraints we get:

R({}) = −Q−∇{}
α (Qα − Q̃α) , (7.19)

where∇{}
α is a total divergence term. Continuing with this lengthy scheme we can verify that, if

we take the scalar of curvature obtained from the Levi­Civita connection appearing in Eq. (7.7)

and we replace it with Eq. (7.19), we do as a matter of fact build a theory that is equivalent to

GR up to a total derivative in the action, which, in any case, does not contribute to the equations

of motion:

SGR =
1

16πG

∫
d4x

√
−gR({}) = − 1

16πG

∫
d4x

√
−gQ = SSTEGR . (7.20)

Thus, the STEGR theory and GR are equivalent frameworks of gravity, but formulated with

R and Q respectively. Obviously, cosmological models following from these two settings are

4However, the most general even­parity second order quadratic form of the non­metricity is:

Q =
c1
4
QαµνQ

αµν − c2
2
QαµνQ

µαν − c3
4
QαQ

α +
c4
2
QαQ̃

α + (c5 − 1)Q̃αQ̃
α , (7.17)

which is a generalisation of Eq. (7.18) that gets recovered by setting c1 = c2 = c3 = c4 = c5 = 1.
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completely identical, and cosmological observations would not offer any hints as to which is the

underlying theory. However, we are now in a position that allows us to go one step beyond, and

build f(Q)models close enough to GR to make sense, but at the same time, different enough so

that small modifications could ideally be spotted. In this sense we want to stress that theories

stemming from actions based onQ have only began to be explored in what regards observations.

For instance, previousworks like [387] adopted amore phenomenological perspective by putting

forward expressions for f(Q) directly as functions of the redshift with some parameters which

cannot be readily associated to a specific matter/energy content. Of course, both routes are

complementary, and for this reason, we feel that continuing to explore statistical examinations

of the free parameters of f(Q) cosmologies in the light of astrophysical data could help us

discuss the suitability of f(Q) in general.

7.3 f (Q) cosmologies

Following the justification offered in the previous sections, and similarly to f(R) theories, we

are able to generalize the STEGR action to rise it to the modified gravity field with the action:

S =

∫
d4x

√
−g
[
−1

2
f(Q) + LM

]
, (7.21)

where STEGR is directly recovered for f(Q) = Q/8πG. Analogously to [388], we can work in

the coincident gauge as the preferred reference system, which allows us to use a null connection,

i.e.

cgΓ
α
µν = 0 → ∇αgµν = ∂αgµν . (7.22)

Besides and as usual, we will consider a spatially flat FLRW spacetime (1.18), as the ho­

mogeneous and isotropic standard spacetime to describe the Universe at large scales. However,

because we have already chosen the coincident gauge, we should not forget the lapse function

N(t), since the diffeomorphism gauge symmetry is lost when we choose the coincident gauge

(7.22), and consequently the time parametrization cannot be chosen arbitrarily [389]. Explicitly

the metric will read:

ds2 = −N2(t)dt2 + a2(t)
[
dx2 + dy2 + dz2

]
. (7.23)
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Using the definition of the non­metricity scalar (7.18), we are going to calculate it term by term.

For this purpose it is important to remark that metric terms only depend on time and consequently

∂αgµν → δtα∂tgµν :

QαβγQ
αβγ = gαµgβωgγν(∂αgβγ)(∂µgων) = − 1

N2
gβωgγν(∂tgβγ)(∂tgων)

= − 1

N6
(−2NṄ)2 − 3

1

N2

1

a4
(2aȧ)2 = −4

Ṅ2

N4
− 12

ȧ2

N2a2
, (7.24)

QαβγQ
βαγ = gβµgαωgγν(∂αgβγ)(∂µgων) = gttgttgtt(∂tgtt)(∂tgtt) = −4

Ṅ2

N4
, (7.25)

QαQ
α = gµλ∂α(gλµ)g

αϵgων∂ϵ(gων) = − 1

N2

[
gµλ∂t(gµλ)

]2
= − 1

N2

(
4
Ṅ2

N2
+ 36

ȧ2

a2
+ 24

Ṅ ȧ

Na

)
, (7.26)

Q̃α = gµλQµλα = − 1

N2
∂t(gtα) , (7.27)

QαQ̃
α = gµλ∂α(gλµ)g

αϵ

(
− 1

N2

)
∂t(gtϵ) =

1

N4
gµλ∂t(gλµ)∂t(gtt)

= −4
Ṅ2

N4
− 12

ȧṄ

aN3
. (7.28)

Finally, putting together all these terms with the coefficients given in the definition of Q, Eq.

(7.18):

Q = 6
H2

N2
. (7.29)

Note that the terms with time derivatives of the lapse function N(t) cancel each other. In

addition, if we study the action of the linear case f(Q) ∝ Q and its equations of motion, we will

see that, for the specific definition of Q with its coefficients given in (7.18), the lapse function

N(t) does not play any role, and the equations will be satisfied for any choice of it [389]. This

fact only occurs for the specific prescription of the non­metricity scalar given in (7.18) and this

will not always be true for the general expression of the non­metricity scalarQ, given in (7.17).

However, one wonders what happens to a general function of f(Q)? In order to answer this, let

us write the gravitational part of (7.21) with the result of Eq. (7.29):

Sg = −1

2

∫
d3xdtN(t)a3(t)f

(
6

ȧ2

N2(t)a2(t)

)
, (7.30)

and we take the time reparameterization: t→ χ(t), N(t) → N(t)/χ̇(t):

Sg = −1

2

∫
d3xχ̇(t)dt

N(t)

χ̇(t)
a3(t)f

(
6

1

a2(t)

χ̇2(t)

N2(t)

ȧ(t)2

χ̇2(t)

)
, (7.31)
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recovering the initial action of Eq. (7.30). Therefore, f(Q) theories let us fix a particular lapse

function, because they retain this residual time­reparameterization invariance, despite having

already used diffeomorphisms to select the coincident gauge. Therefore, and for the sake of

simplicity, we will take this into our advantage and choose N(t) = 1. After this great simplifi­

cation, the cosmological equations become:

6fQH
2 − 1

2
f = ρ , (7.32)

(12H2fQQ + fQ)Ḣ = −1

2
(ρ+ p) , (7.33)

where in this case the sub­index denotes derivatives with respect to Q. Also, from now on the

presence or the absence of the cosmological constant is encoded in ρ which takes into account

all the matter species we wish to have, in a similar way to ρm and ρr under the definition:

ρΛ ≡ Λc2/(8πG). Examination of this system of equations shows that we can reproduce exactly

the GR background behaviour using its Friedmann equation H2
GR = 8πGρ/3 as in (1.21):

QfQ − 1

2
f =

3H2
GR

8πG
=

Q

16πG
. (7.34)

Solving this differential equation, one obtains an f(Q) theory which mimics General Relativity:

f(Q) =
1

8πG

(
Q+M

√
Q
)
, (7.35)

whereM is a constant which can be interpreted as a mass scale [388]. The analogy between the

particular case withM = 0 and GR should not be surprising at all, because it corresponds to the

STEGR framework which was already discussed in the previous section. But theM ̸= 0 case

represents a whole class of theories with the same background as GR, whose differences do not

show up at the background level, although they do at the perturbation level [390].

An alternative route is to put forward an ansatz for f(Q) that includes Eq. (7.35) as a partic­

ular case in the hope that this analytical extension will let us integrate Eq. (7.32) and Eq. (7.33),

but with some differences in the phenomenology at the background level. With this in mind,

we are going to propose some cosmological models created from different f(Q) theories in the

next sections.
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7.4 Extended mimetic GR theory from f (Q)

In this section, we are going to study the model proposed in [388], which is characterized by:

f(Q) =
1

8πG

[
Q− 6λM2

(
Q

6M2

)α]
, (7.36)

where λ and α are dimensionless parameters and M ̸= 0. Interestingly, different values of α

can be chosen to construct solutions depicting new early or late Universe behaviours. It is clear

that for the values α = 1/2 and λ = −1/
√
6 one recovers the exact function of the mimetic

General Relativity (7.35), and the case λ = 0 will recover General Relativity at all levels. From

Eq. (7.36) and using Eq. (7.29), the Friedmann equation (7.32) can be integrated to yield

H2

[
1 + (1− 2α)λ

(
H2

M2

)α−1
]
=

8πG

3
ρ . (7.37)

Note that from this last expression of the Hubble function one is able to recognize an identical

background evolution to that of GR for either λ = 0, or α = 1/2, as expected. In addition, the

case for α = 1 follows the same dynamics as GR after a redefinition of G.

In this section, though, we will follow [388] and set the focus on the α = −1 case, which

leads to a solution with two possible branches:

H2
± =

4πG

3
ρ

(
1±

√
1− 27λM4

(4πGρ)2

)
, (7.38)

where ρ is the sum of all energy densities (as customary it will be regarded as positive). The

correction with respect to the GR case becomes larger as ρ decreases, so the new degree of

freedom plays the effective role of dark energy. Note the considerable level of non­linearity

at play in Eq. (7.38). As we already anticipated, in order to be able to exploit the predicting

capabilities of an assortment of cosmological data sets, we consider that our Universe’s evolution

is driven by the three usual kinds of matter­energy: cosmic dust, radiation and a cosmological

constant.

The explicit presence of a cosmological constant might seem redundant or unnecessary, as

we rather want to explore geometric corrections that mimic its effect. However, it will become

clear that, as far as statistical comparisons are concerned, the presence of such a term renders

the whole analysis far more palpable.
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Additionally, the whole lot of standard matter­energy fields will satisfy the continuity equa­

tion (1.27):

ρ̇ = −3H(ρ+ p) , (7.39)

With our choices of (barotropic) matter and additionally to the evolution of the energy densities

(1.28), one is able to express:

ρi(at)

ρi(a0)
=
a
−3(1+ωi)
t

a
−3(1+ωi)
0

=
1

a
3(1+ωi)
t

, (7.40)

where a0 is the normalized scale factor at the present time, and at is the scale factor at some time

t. In addition, using (1.23) we can define Ωi at the present time as:

Ωi(a0) =
8πG

3H2
0

ρi(a0) . (7.41)

In order to save notation, and as usual in the literature, from now onwe do not write the argument

a0 of Ωi when it is referred to at the present time, i.e. Ωi(a0) ≡ Ωi (and this argument will be

explicitly written at a different a(t)). At the end of the day, we obtain the important definition:

ρi(at) =
3H2

0

8πG
Ωi(1 + z)3(1+ωi) , (7.42)

in which we can include the parametrization of the cosmological constant as we already said in

the previous section. Specifically, for the three components usually considered, namely dust­

matter (ωm = 0), radiation (ωr = 1/3), and cosmological constant (ωΛ = −1):

ρm(z) =
3H2

0Ωm

8πG
(1 + z)3, ρr(z) =

3H2
0Ωr

8πG
(1 + z)4, ρΛ =

3H2
0ΩΛ

8πG
, (7.43)

with the sum of the three defining ρ:

ρ(z) =
3H2

0

8πG

[
ΩΛ + Ωm(1 + z)3 + Ωr(1 + z)4

]
, (7.44)

where we let ΩΛ, Ωm and Ωr stand for current values of the fractional densities of the three

cosmological fluids comprising our matter­energy lot. Under this whole set of prescriptions, the

way to recover the ΛCDM setting, for the positive branch, is to take

H2
+|ΩQ=0 = H2

ΛCDM ≡ 8πG

3
ρ(z) , (7.45)



7.4. EXTENDED MIMETIC GR THEORY FROM F (Q) 151

where ΩQ must encode all the new phenomenology. To calculate it, we can resort to usual “nor­

malization” of the Hubble parameter, which will also allow us to lighten the notation whenever

possible:

E(z = 0) =
H±(z = 0)

H0

= 1 . (7.46)

This gives us the ligature

−M
4λ

H4
0

=
1

3
(1− ΩΛ − Ωm − Ωr) ≡

ΩQ

3
, (7.47)

which can be seen to hold for both branches (obviously, the standard ΛCDM normalization

condition follows from choosingΩQ = 0). Besides, we will say thatΩΛ,Ωm andΩr are primary

parameters, in contrast to ΩQ which is a derived one.

In addition, let us remark a peculiarity from the previous normalization. When it is carried

out for the positive branch, one of the intermediate steps is:√
1− 12λM4

H4
0 (ΩΛ + Ωm + Ωr)2

=
2− ΩΛ − Ωm − Ωr

ΩΛ + Ωm + Ωr

. (7.48)

Because the left hand side of this equation is positive, the right hand sidemust be positive as well.

Therefore, it is also necessary to impose the condition 0 < ΩΛ+Ωm+Ωr < 2, and this condition

lets ΩQ take negative values. By contrast, a healthy behaviour enabling the normalization in the

negative branch would demand either ΩΛ + Ωm + Ωr > 2 or ΩΛ + Ωm + Ωr < 0 (clearly the

second condition makes no sense physically).

After these convenient remarks, we can use Eq. (7.47) to rewrite the Hubble function as a

function of the free parameters that will be fitted at a later stage in this section:

H2
± =

H2
0

2

[
ΩΛ + Ωm(1 + z)3 + Ωr(1 + z)4

](
1±

√
1 +

4ΩQ

[ΩΛ + Ωm(1 + z)3 + Ωr(1 + z)4]2

)
,

(7.49)

recalling that ΩQ will be constrained by the ligature (7.47).

Up to this point, we have kept our discussion as general as possible, but in the remainder

we will consider the positive branch only, because the negative one depicts a Hubble parame­

ter which decreases as z increases, and therefore seems quite unlikely to match observational

evidences.
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Obviously, at high redshifts the contribution of ΩQ becomes negligible and one recovers the

usual ΛCDM Hubble parameter, as we have already mentioned. However, at the asymptotic

future one rather has

lim
ρm,ρr→0

H2
+ =

1

2
H2

0

[
ΩΛ +

√
Ω2

Λ + 4ΩQ

]
, (7.50)

and for the extremal case without a cosmological constant, i.e. ΩΛ = 0, we have H2
ds =

H2
0

√
ΩQ.

It is clear that in order to guarantee the physicality of our expression in this particular regime,

we should impose more restrictive conditions (which are translated into priors), as for instance

the positivity of ΩQ for the case without cosmological constant, or Ω2
Λ > −4ΩQ for the general

case. This subject is related to the possible appearance of sudden cosmological singularities.

Interestingly, if such singularities were to occur, then the above physicality conditions would no

longer be necessary, as the singularity would happen earlier than the asymptotic future above

considered. Again, the parameter space could be restricted through priors to preclude such

singular behaviour. However, we will rather let data speak for themselves, and see whether ob­

servations end up favouring parameter values capable of causing trouble in the negative redshift

region (where they really offer no control).

From awider perspective, one could also wonder about the particular case of the f(Q)model

studied in this section that follows from setting ΩΛ = 0, thus letting the effects of non­metricity

account entirely for the dark energy sector allowing us to waive the presence of a cosmological

constant or any other form of dark energy altogether. Although this scenario might seem too

optimistic, we will examine it too.

7.4.1 MCMC analysis and results

The connection between theory and observations arises from the possibility to write useful pre­

scriptions for cosmological applications. In this case, we have been able to compute the Hubble

parameter analytically for a class of non­metricity spacetime geometries [388], which we have

decided to call here the extended mimetic GR theory.

The main objective of this section is to perform a statistical analysis in order to obtain the

tightest possible constraints on the parameters of the f(Q) model given in the positive branch

of (7.49) and under the previous assumptions of matter­energy content, to be able to describe
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the cosmological background. Results will shed some light as to whether non­metricity effects

are compatible with observations, thus opening a new window of interest on the possibility

of an underlying modified gravity description of our Universe. Interestingly, the GR limit of

the modified gravity framework will be easily recognisable, thus allowing for a neat statistical

analysis.

The tests will be implemented using anMCMC code [391, 392] (see Section 6), which, upon

minimization of a total χ2, will produce proficient fits of the values of Ωm, h, ΩΛ, ΩQ and Ωb;

and, by the same token, this analysis will also produce selection criteria permitting us to draw

unimpaired conclusions. In order to narrow down our conclusions we will combine the different

background astrophysical probes of known statistical relevance exposed in Section 6.3.

However, we should refer some more statistical considerations before applying the MCMC.

Let us bring back the prior concept at this point. Recall that the prior distribution encodes the

previous knowledge about the probability that a free parameter takes a certain value. Therefore,

our results are forced to be obtained under the assumption of some priors, which give some room

to modified gravity features, enforce the choice of the right branch and preclude nonphysical

behaviour and pronounced departures from the well established standard evolution (the ΛCDM

golden pattern). For this case, the flat priors will be:

• 0 < Ωr < Ωb < Ωm,

• 0 < h < 1,

• 0 < Ωm + ΩΛ + Ωr < 2.

Thus, we can appreciate that the first two priors have the purpose of obtaining a model close

to ΛCDM, whilst the last one is the mathematical condition to guarantee the physicality of the

Hubble parameter. We stress again that according to our earlier discussion, and in view of these

priors, ΩQ can be either positive or negative.

In addition, it seems logical that we prefer priors that have the least possible influence in

our results, i.e. we want to guarantee a certain framework but without forcing the fit of the

parameters to any given value. This is the reason why we have taken flat priors, where the

probability of a parameter is the same within a range of values, and zero outside of it.

Once we have laid the groundwork of the MCMC for this cosmological model, we will only
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have to apply the algorithm. The convergence of the results is checked by applying the MCMC

three times with 50.000, 100.000 and 200.000 iterations respectively, after which we check if

the jump factors are small enough and almost do not change in the last two chains, and if the

form of the posterior probability is sufficiently Gaussian.

We will also perform the same study (with the same previous knowledge, i.e. the same

priors, whenever possible) for the ΛCDM model and for the f(Q) model but imposing ΩΛ = 0

to check whether this scenario is capable of reproducing the observations without the need of a

cosmological constant. Of course, it is not possible to apply the last prior in the ΛCDM model

where Ωm+ΩΛ +Ωr = 1, being this the only difference as far as the priors are concerned. The

scenario of f(Q) with ΩΛ = 0 would be of interest as to avoid the problems associated with the

cosmological constant. Although some insight into this particular setting can be easily drawn

from the more general f(Q) one, we treat it in full so that our conclusions are more complete

and precise.

Consequently, at the end of the day, we will able to compare the three models/cases and

say something about the preferred one. Recall that the cosmological data used in the MCMC

analysis for an observational scrutiny of both ΛCDM and the f(Q) given by Eq. (7.49) are Type

Ia Supernovae with Pantheon data, the expansion rate data from early­type galaxies as cosmic

chronometers with Hubble data, Cosmic Microwave Background shift parameters from Planck

2018, and Baryon Acoustic Oscillations data. With the purpose of being as pedagogical as

possible, wewill show theMCMC fittings for each set of data separately with their respectiveχ2,

and the sum of all them which build the total χ2. Then we will find the values of the parameters

which minimize each of those individual contributions (with the pertinent errors) in order to

appreciate the contribution of each data set, and after this we will repeat the procedure but using

the total χ2.

However, strictly speaking, our “best fits” will be drawn from the median of the posterior, so

that we account for deviations from perfect Gaussianity, which will also be reflected in asym­

metrical errors. Thus, even though we will loosely talk about “best­fits”, the remark we just

made will have to be taken into account at all times. Our best fits report of the (three) models

are arranged in Table 7.1, so as to make the conclusions readier to be drawn. Let us emphasize

that ΩQ is a characteristic parameter of the f(Q) scenario, a signature of it that does not appear

at all in the ΛCDM setting.
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Table 7.1: MCMC best fits and errors. Quantities in italic correspond to secondary parameters.

Pantheon Hubble CMB BAO Total

Ωm

ΛCDM 0.298+0.022
−0.021 0.327+0.066

−0.056 0.316+0.007
−0.007 0.320+0.016

−0.015 0.323+0.005
−0.005

f(Q)ΩΛ ̸=0 0.337+0.075
−0.073 0.341+0.070

−0.060 0.346+0.092
−0.080 0.323+0.020

−0.017 0.325+0.007
−0.007

f(Q)ΩΛ=0 0.400+0.024
−0.024 0.350+0.057

−0.049 0.238+0.006
−0.006 0.348+0.016

−0.016 0.285+0.004
−0.004

Ωb

ΛCDM − − 0.0491+0.0006
−0.0006 0.063+0.012

−0.031 0.0496+0.0004
−0.0004

f(Q)ΩΛ ̸=0 − − 0.057+0.014
−0.012 0.081+0.019

−0.036 0.0501+0.0010
−0.0010

f(Q)ΩΛ=0 − − 0.0371+0.0005
−0.0005 0.042+0.011

−0.021 0.0407+0.0004
−0.0004

h

ΛCDM − 0.678+0.031
−0.031 0.675+0.005

−0.005 > 0.65 0.670+0.003
−0.003

f(Q)ΩΛ ̸=0 − 0.674+0.039
−0.054 0.645+0.090

−0.071 > 0.62 0.667+0.007
−0.007

f(Q)ΩΛ=0 − 0.703+0.029
−0.030 0.777+0.007

−0.007 > 0.70 0.730+0.004
−0.004

ΩΛ

ΛCDM 0.701+0.021
−0.022 0.673+0.056

−0.066 0.684+0.007
−0.007 0.680+0.015

−0.016 0.677+0.005
−0.005

f(Q)ΩΛ ̸=0 0.43+0.47
−0.49 0.64+0.59

−0.60 0.87+0.43
−0.57 1.11+0.21

−0.18 0.701+0.054
−0.053

f(Q)ΩΛ=0 − − − − −

ΩQ

ΛCDM − − − − −

f(Q)ΩΛ ̸=0 0.23+0.42
−0.40 0.03+0.58

−0.61 −0.22+0.65
−0.52 −0.43+0.18

−0.22 −0.027+0.057
−0.058

f(Q)ΩΛ=0 0.599+0.023
−0.024 0.650+0.049

−0.057 0.762+0.006
−0.006 0.651+0.016

−0.016 0.715+0.004
−0.004

χ2

ΛCDM 1035.77 14.49 0.001 16.55 1072.19

f(Q)ΩΛ ̸=0 1035.72 14.40 0.005 11.34 1072.01

f(Q)ΩΛ=0 1036.48 14.53 0.003 51.34 1207.96

χ2
red

ΛCDM − − − − 0.98

f(Q)ΩΛ ̸=0 − − − − 0.98

f(Q)ΩΛ=0 − − − − 1.10

BiΛCDM

ΛCDM − − − − 1

f(Q)ΩΛ ̸=0 − − − − 0.76

f(Q)ΩΛ=0 − − − − 3 · 10−30

lnBiΛCDM

ΛCDM − − − − 0

f(Q)ΩΛ ̸=0 − − − − −0.27

f(Q)ΩΛ=0 − − − − −68
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Figure 7.1: Contour plots for the ΛCDM model (left column) and the f(Q) model with ΩΛ ̸= 0 (right column) with the
following color scheme: green ­ SNeIa, yellow ­ Hubble data, orange ­ Planck 2018 CMB, blue ­ BAO data, black ­ all sets of
data. As SNeIa are (of course) unable to fix the value h, their contours are missing from those plots where constraints on h is
shown; for the same reason, both SNeIa and Hubble contours are absent from plots showing constraints on Ωb.
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Figure 7.2: Contour plots for the f(Q) model with ΩΛ ̸= 0 with the following color scheme: green ­ SNeIa, yellow ­ Hubble
data, orange ­ Planck 2018 CMB, blue ­ BAO data, black ­ all sets of data.

For additional discernment, we present the marginalized confidence contours directly as

drawn from the MCMC procedure providing our best fits. This supplies visual hints of the com­

plementarity of different data sets, their constraining power, and correlation among parameters.

The comparison of the contour plots for ΛCDM and f(Q)with ΩΛ ̸= 0 can be found in Fig. 7.1,

while specific results of the f(Q)model are presented separately in Fig. 7.2. Finally, results for

f(Q) with ΩΛ = 0 are shown in Fig. 7.3. For each individual data set or data set combination

we draw the contours by choosing two shades of a single colour, and we let the dark and light

hues represent the 1σ and 2σ regions respectively.

One of the main conclusions of the MCMC analysis is that in the case of f(Q) with ΩΛ ̸= 0

the combination of data sets yields a tiny negative value of ΩQ. Specifically it lies in a signif­

icantly wide uncertainty range that makes it compatible with a null value at the 1σ level (see

Table 7.1 and the black contour in Fig. 7.2). This compatibility with a vanishing ΩQ applies

for all the separate data sets except for BAO, which not only bet on a larger negative value

only compatible with ΩQ = 0 at the 2σ level, but also exhibit much lower errors (at least twice

smaller) than other probes. The large uncertainty in ΩQ can undoubtedly be associated to that

in ΩΛ. It is visually manifest that the two parameters are mutually quite (anti)correlated for all

data sets, as the inclination of the contours is very close to −45◦. This significant negative cor­

relation, expected from Eq. (7.47), makes the large degree of uncertainty in the ΩΛ induce the

same behaviour on ΩQ. Interestingly, the negative best fit value of ΩQ hints at the interest of
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exploring and characterizing sudden future singularities in these models.

A second outcome is that, independently of the values of ΩΛ and ΩQ, the fits of the other

two parameters, Ωm and h, are very similar in the f(Q) and ΛCDM scenarios. This makes

sense considering previous arguments, since shifts inΩΛ are reabsorbed intoΩQ and vice­versa,

affecting quite little the rest of parameters. A reflection of this fact are the very similar χ2 values

displayed by both models in Table 7.1.

But we may also note that, although the ΛCDM and f(Q) with ΩΛ ̸= 0models yield similar

best fits of Ωm and ΩΛ, the distinctive feature encoded in ΩQ changes quite significantly the

correlations between those two parameters (see the bottom row of Fig. 7.1).

However the behaviour of Ωm and h is approximately similar in both models (see top row

of Fig. 7.1) in a broad sense and in particular in what concerns the correlation among the two

parameters. Still there is a noticeable difference, which is the quite larger uncertainty on Ωm as

associated with CMB data in the case of f(Q) with ΩΛ ̸= 0. We infer accordingly that the roles

ofΩm and h seem to be quite similar at low redhifts, but the same does not apply at high redhifts

for what Ωm is concerned.

Recalling the Bayes factors, the conclusion is (again) that, within the current data sets, we

are not able to distinguish one model from the other. This reasoning is obviously drawn from a

background examination, a perturbative one might propound more refined pieces of information

(some results along this route were sketched in [388]).

We now may come back to the possibility of imposing ΩΛ = 0. Fig. 7.2 provides insight on

this matter as it shows that ΩΛ is enormously correlated with ΩQ; for that reason that parameter

could in principle take the role of the cosmological constant, and thus gives the same evolution.

In such case though the model would be irreducible to ΛCDM, as it can be seen inspecting

Eq. (7.49). However, a look at the contours of Fig. 7.2 that corresponds to ΩΛ = 0 suggests that

this value is clearly disfavoured. Nevertheless, we perform a direct MCMC analysis to confirm

such concerns.

The strong tension among all single data sets in this restricted scenario becomes manifest

in Fig. 7.3. Paradoxically, the CMB constraints are much better than those derived in the f(Q)

case with ΩΛ ̸= 0, but they require an abnormally low value for Ωm which is not consistent

with any of the other probes considered. Moreover, although the single χ2 are comparable with

those from other frameworks, we must note that BAO impose very poor constraints, and that
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Figure 7.3: Contour plots for the f(Q) model with ΩΛ = 0 using the following color scheme: green ­ SNeIa; yellow ­ Hubble
data; orange ­ Planck 2018 CMB; blue ­ BAO data; black ­ all sets of data.

the best χ2 fit coming from the joint use of all the probes is much larger. If we finally look at

the values of the Bayes factors, we can see how this scenario is frankly statistically disfavoured

with respect to the other cases.

7.4.2 Cosmographic parameters

It is useful to examine other quantities which offer a clearer picture of the evolutionary features

of the particular FLRW spacetime under study. In fact, once constraints on Ωm, h, ΩΛ, ΩQ and

Ωb are obtained through our MCMC procedure, we can also draw inferences on the well­known
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cosmographic parameters, which follow from the Taylor expansion of the scale factor:

a(t) = a0

[
1 +H0∆t−

q0
2
H2

0∆t
2 +

j0
3!
h30∆t

3 +
s0
4!
h40∆t

4 +O
(
∆t5
)]

. (7.51)

In the latter we have defined∆t = t− t0 while q0, j0 and s0 are the so­called deceleration, jerk

and snap parameters respectively evaluated at t0 (present time) [393, 394]. Explicit expressions

to evaluate them at any given t (or refshift z) are:

q(t) = −aä
ȧ2

→ q(z) = −1 + (1 + z)
E ′(z)

E(z)
, (7.52)

j(t) =
a2 ˙̈a

ȧ3
→ j(z) = (1 + z)2

E ′′(z)

E(z)
+ q2(z) , (7.53)

s(t) =
a3¨̈a

ȧ4
→ s(z) = −(1 + z)j′(z)− 2j(z)− 3q(z)j(z) , (7.54)

where in this case the dot and the prime denote differentiation with respect to cosmic time and

z respectively.

Thus, following these expressions and using the results of the MCMC, we can compute

the cosmographic parameters deceleration q0, jerk j0, and snap s0 to add more elements to the

comparison between the kinematics of the two models, where the sub­index 0 means the value

at the present time. Table 7.2 summarizes our findings: All best fits share a small uncertainty

which is much larger in the f(Q) case than in the ΛCDM case. In addition, the values for the

f(Q) model fall completely within the 1σ region of their respective counterparts in the former

ones.

Table 7.2: Best fits of the cosmographic parameters.

q0 j0 s0

ΛCDM −0.515+0.007
−0.007 1.000186+2·10−6

−2·10−6 −0.454+0.021
−0.021

f(Q)ΩΛ ̸=0 −0.499+0.040
−0.035 0.973+0.053

−0.081 −0.453+0.029
−0.039

Finally, to close the analysis of this model, we confront once again our modified gravity

scenario with the ΛCDM model by rewriting it as a model fuelled by dark matter, radiation and

dark energy following for instance [395, 396, 397, 398], by setting

peff = weffρeff , (7.55)
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and

H2 = H2
0

[
Ωm(1 + z)3 + Ωr(1 + z)4

]
+

8πG

3
ρeff . (7.56)

If we combine the last two expressions with the continuity equation, Eq. (7.39), we finally write

the general expression:

weff(z) =
2(1 + z)

d lnE(z)
dz

− E−2(z)Ωr(1 + z)4 − 3

3(1− E−2(z) [Ωm(1 + z)3 + Ωr(1 + z)4])
. (7.57)

The explicit expression ofweff for our modified gravity model is too complicated for it to convey

readily usable information, so we resort to plot it as a function of a in Fig. 7.4, using the best fit

values coming from the MCMC analysis. In addition, we are able to calculate the value of weff

at the present day for the f(Q) model consistent with the MCMC results:

weff|z=0 = −0.987+0.032
−0.027 (7.58)

Once again we find an indication that the best fit values of the parameters of our model are very

similar to those of ΛCDM, in fact, weff = −1 is perfectly inside the 1σ interval.
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Figure 7.4: Evolution of weff as function of a. The solid line is the value as drawn from the best fit, whilst the dashed lines
mark the boundaries of the confidence interval.
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7.4.3 Conclusions about the extendedmimeticGR theory from f(Q)model

Recent works in the field have been inspired by the realization that, in the symmetric teleparal­

lel framework, the GR Lagrangian density can be written5 by basically replacing the scalar of

curvature built from the Levi­Civita connection with the non­metricity Q.

The former framework can be generalized upon replacement ofQwith a specific f(Q) given

by Eq. (7.35), which reproduces the GR background behavior (and the ΛCDM model when we

consider dust, radiation and the cosmological constant). Interestingly, the fact that this new

setup is not exactly that of GR might have implications at the perturbative level, which is (also)

beyond our specific concerns.

The particular action considered at this level allows us to make progress towards yet another

form for f(Q) that becomes the core of this section. We present it in Eq. (7.36) and it lets

us derive an exact expression for the Hubble parameter under some parameter specifications.

The grand picture is then that it resembles the standard evolution and therefore is worthing to

be observationally tested. To that end we resort to the MCMC method to constraint the free

parameters in the theory, and compare the values obtained with those of the ΛCDM scenario.

Our main conclusion is that the parameter which encodes the difference between the two

evolutions at the background level is very close to zero when all data sets are combined. This

parameter, which we have dubbed ΩQ, gets positive best fit values for some data sets while it is

negative for others, but in all cases the errors make the best fit perfectly compatible with a null

value; thus an overall smaller best fit (almost zero value) is the most admissible consequence.

The same conclusion follows from the Bayesian evidence: According to the Jeffreys’ scale no

model is preferred over the other.

A complementary study of the cosmographic parameters yields values which, once more,

only reflect the striking similarity of the best fits between ΛCDM and our f(Q). Notice in this

respect that, for the modified gravity model, these parameters are more poorly constrained as

their complexity penalizes error propagation. Finally, and for the sake of further interpretation

of the kind of evolution our best fit scenario depicts, we have computed the corresponding weff.

As expected, the value is very close to −1.

For all these reasons we have seen that a yet another (promising/intriguing) cosmological

5Up to small details which are not really relevant at a summary level of discussion
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candidate to become an alternative to ΛCDM cannot be considered a real challenger, at least at

the background level.

7.5 Building up modified gravity models based on f (Q)

One of the great features of the Friedmann equation (7.32) is that it allows us to write the energy

density ρ as a function of Q to mimic some models of modified gravity as follows:

QfQ − 1

2
f = b(Q) . (7.59)

So, we can propose generic b(Q) functions so that the latter equation can be integrated, similarly

to the case where we mimicked the background of General Relativity (7.34) showed in the

previous section. As Eq. (7.59) is a first order non­homogeneous ordinary differential equation,

it is not difficult to reduce its solution to a quadrature for any ansätz:

f(Q) =
√
Q

∫
b(Q)

Q3/2
. (7.60)

Although this formal result may in principle serve as a guidance to propose other ansätze, we

just regard it as anecdotal information, because only judicious choices of f(Q), combined with

(7.32), render results which are invertible, and thus lead to expressions of H2 as explicit func­

tions of ρ.

This strategy sets off by proposing a form of b(Q) which, upon integration of Eq. (7.59),

produces an explicit expression of f(Q) that we insert back into (7.32). Then, using Eq. (7.29)

we finally can relate H2 to ρ through an implicit equation. In general these equations will not

be solvable for H , thus making it very complicated to significantly progress, as we already

discussed. Fortunately, an array of cases can be found where this difficulty is overcome.

In this section, we are going to present two new such scenarios based on DGP models of

modified gravity, and examine them. Those two cases will be found by putting forward ansätze

for f(Q)which include the General Relativity as a particular case (b(Q) = Q/16πG), and assess

whether this may prove a promising route.

However, let us briefly introduce at this point the DGP models independently of the f(Q)

bodywork to understand them in the framework of modified gravity. These models are based

on one of the extensions of gravity that we have not yet analyzed in depth: extra­dimensions.
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We should start this brief introduction by saying that DGP refers to the authors of this model:

G. Dvali, G. Gabadadze, and M. Porrati, who introduced the theory in [399] with the action:

S = − 1

2κ2

∫
d5X

√
GR(5) −

1

2µ2

∫
d4x
√

|g|R +

∫
d5X

√
GLm , (7.61)

for a D = (4 + 1) dimensional theory with a 3­brane embedded in the total 5­dimensional

spacetime, and where κ2 = 8πG(5), µ2 = 8πG(4) beingG(5) andG(4) the gravitational coupling

constants, GAB is the 5D metric with the 5D scalar of curvatureR(5), and where capital letters

run from 0 to 5, and gµν is the induced metric on the brane with the scalar of curvature R.

In addition, we will introduce the 5D metric:

ds2 = gABdxAdxB = gµνdxµdxν + b2dy2

= −N2(t, y)dt2 + a2(t, y)γijdxidxj + b2(t, y)dy2 , (7.62)

where y is the new coordinate of the fifth dimension and γij is a maximally symmetric 3­

dimensional metric where k = −1, 0, 1 parametrizes the spatial curvature as in the FLRWmetric

(1.18). Moreover, we will assume that the brane is the hypersurface defined by y = 0. Then,

the 5D Einstein equations read:

RAB − 1

2
R(5)gAB = κ2SAB , (7.63)

where SAB is the combination of the stress­energy tensor TAB from Lm with the scalar of curva­

ture of the brane (the second term in (7.61)). The stress­energy tensor TAB can be decomposed

into two parts: one from the bulk content and another one from the brane. Assuming that the

stress­energy tensor of the bulk is that of a cosmological constant, we can write:

TAB
∣∣
bulk

= diag (−ρB,−ρB,−ρB,−ρB,−ρB) , (7.64)

TAB
∣∣
brane

=
δ(y)

b
diag (−ρb, pb, pb, pb, 0) , (7.65)

where ρB is a constant and ρb and pb depend only on time. In addition, it is usual to assume that

there is no flow of matter along the fifth dimension, i.e. T05 = 0. Then, using Israel’s junction

conditions [400, 401] which relate the jump of the derivative of the metric across the brane to the

stress­energy tensor inside the brane to be continuous, and using for that the extrinsic curvature

tensor. Then, we obtain the generalized Friedmann equation [402]:

ϵ

√
H2 − κ2

6
ρB − C

a(y = 0)4
+

k

a(y = 0)2
=

κ2

2µ2

(
H2 +

k

a2(y = 0)

)
− κ2

6
ρb , (7.66)
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where ϵ = ±1 is the sign of the jump of the function da/dy across y = 0, corresponding to the

two possibilities with different embeddings of the brane into the bulk spacetime, C is a constant

of integration, and the Hubble parameter H has to be defined as:

H =
ȧ(y = 0)

a(y = 0)N(y = 0)
. (7.67)

Then, if we take C = 0, and consider that the bulk cosmological constant ρB vanishes, we

get

H2 +
k

a(y = 0)2
− 2ϵ

κ2

√
H2 +

k

a(y = 0)2
=
µ2

3
ρb , (7.68)

which, for the flat case k = 0, simplifies into:

H2 − 2ϵ
G(4)

G(5)
H =

8πG(4)

3
ρb . (7.69)

This equation for the Hubble parameter will be one of the fundamental pieces throughout the

next section.

7.5.1 DGP cosmologies from f(Q) actions

Coming back to (7.59), the choice b(Q) ∝ Q would be responsible for the appearance of the

prescriptive H2 term in the left hand side (lhs) of the Friedmann equation [388, 403]. For this

reason it may be expected that adding a term proportional to
√
Q will make an H term appear

alonsgide H2, thus leading to the sort of modified Friedmann equation characterizing several

modified gravity scenarios.

Let us show this is indeed the case by proposing

b(Q) =
1

16πG

(
α
√
Q+ βQ

)
(7.70)

in Eq. (7.59), where α and β are arbitrary constants. This equation can be integrated to give:

f(Q) =
1

16πG

(
α
√
Q logQ+ 2βQ

)
, (7.71)

where we have set to zero an integration constant, that would give us a term proportional to
√
Q

as in General Relativity again, which really does not induce any background dynamics. Using

the form that the Friedman equation takes for this f(Q) setting, and translating the non­metricity
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scalar into the Hubble factor through the (above mentioned and) known relation Q = 6H2, we

arrive at

H
(√

6α + 6βH
)
= 16πGρ . (7.72)

Alternatively, if we opt for a more enlightening rendering of the same relation, we can write

H2 +
α√
6β
H =

8πG

3β
ρ . (7.73)

An exact GR framework is recovered for the simultaneous choice α = 0, β = 1. In addi­

tion, we obtain the solution proposed by the DGP model in Eq. (7.69) if β = 1, and α =

−2ϵ
√
6G(4)/G(5). So we have just connected two theories, independent in principle, based on

extra dimensions and on the non­metricity scalar. The α < 0 case is self accelerated, i.e accel­

eration will occur even if its only matter content would not produce acceleration on its own, for

instance cosmic dust [404]. In opposite, the α > 0 case is not self­accelerated, but needs dark

energy on the brane. We will try to explore both models simultaneously, as long as it is possible

while fixing β = 1, and to study both theories (with the same H parameter) together following

a way similar to that of Section (7.4).

With this purpose, we solve either of the former two expressions forH and select the branch

that corresponds to an expanding Universe (H > 0) to conclude:

H =

√
6

12

(√
α2 + 64πGρ− α

)
. (7.74)

Let us now make the same typical assumption for the matter­energy content of the previous

section, in which it is described by a sum of the barotropic fluids of cosmic dust, cosmological

constant and radiation (ρ = ρm + ρr + ρΛ), and where each one of them satisfies separately the

standard conservation equation: ρ̇i + 3H(1 + wi)ρi = 0, where the additional assumption of

simple equations of state mediated by constant wi parameters has been made as well.

In addition, we are able to draw some easy conclusions about the behaviour of the model,

following [404], and assuming the physical condition ρm, ρr, ρΛ ≥ 0, since upon differentiation

of Eq. (7.73), we obtain:

Ḣ = −4πG

3
(3ρm + 4ρr)

(
1− α√

α2 + 64πGρ

)
, (7.75)

from where it is clear that Ḣ < 0 regardless of the sign of α.
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As the Universe expands the linear term inH appearing in Eq. (7.73) ceases to be negligible

as compared to the quadratic one, and the f(Q) effects cannot be waived any longer. Actually,

a screening of the cosmological constant arises, and an effective dark energy turns out to offer a

good description. For this, we will use Eq. (7.56) or its equivalent equation expressed in terms

of ρ:

H2 =
8πG

3
(ρm + ρr + ρeff) , (7.76)

which allows us to define:

ρeff = ρΛ −
√
6αH

16πG
. (7.77)

Here ρeff offers a convenient way to encode the modification in a general relativistic fashion,

together with an effective equation of state parameter weff:

ρ̇eff + 3H(1 + weff)ρeff = 0 . (7.78)

Combining Eq. (7.78) and Eq. (7.77) we arrive at

(1 + weff) =

√
6αḢ

48πGρeffH
, (7.79)

which can be evaluated using the reformulation

ρeff = ρΛ +
α

32πG

(
α−

√
α2 + 64πGρ

)
. (7.80)

It can be seen that for α < 0 a phantom behaviour is excluded (as a consequence of ρeff being

positive, which gets translated into weff > −1), whereas for α > 0 there is no such guarantee.

The following necessary step consists in recasting our expressions as functions of redshift,

thus paving the way for an observational analysis. Using the definition of ρ as a function of the

redshift expressed in Eq. (7.44), as well as6

ΩQ ≡ α

2
√
6H0

, (7.81)

we arrive at the expression

E(z) =
√

ΩΛ + Ωm(1 + z)3 + Ωr(1 + z)4 + Ω2
Q − ΩQ , (7.82)

6Alternative definitions of this parameter so that dimensionally/aesthetically would stand on the same grounds as, say, ΩΛ

will force the need to consider sign duplicities and square roots which will induce less transparency in the geometry of the space
of parameters and will complicate unnecessarily the codes to perform observational tests.
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recalling the prescription H(z) = H0E(z). It is obvious then that the following applies for H

as given by Eq. (7.82):

lim
ΩQ→0

H2 = H2
0

[
ΩΛ + Ωm(1 + z)3 + Ωr(1 + z)4

]
, (7.83)

recovering then the ΛCDM case. Furthermore, from Eq. (7.82) it can be seen that the non­

metricity features encoded in the parameter ΩQ are somewhat screened: explicitly, the choice

Ωm = ΩΛ = Ωr = 0 gives a null H function for any value of ΩQ.

On the other hand, the customary normalization condition E(z = 0) = 1 enforces an extra

condition:

ΩQ =
1

2
(Ωm + ΩΛ + Ωr − 1) . (7.84)

Note that (from Eq. (7.82) once again) a positive ΩQ value will slow down the expansion

as compared to the ΛCDM case, whereas a negative one will exert the contrary effect. An

alternative way to see this is to check that for α < 0 the effective dark energy term is bigger than

a bare cosmological constant, as Eq. (7.77) suggests. In any case, an observational inference of a

large absolute value ofΩQ would be extremely unexpected if we take into account the mounting

evidence of a Universe extremely agreeable with the ΛCDM behaviour.

7.5.2 DGPish cosmologies from f(Q) actions

Wemay explore other routes compatible with a b(Q) ∝ Q behaviour in an appropriate limit and

thus leading to the standard H2 term on the left hand side of the Friedmann equations, while

reproducing a different behaviour in other regimes. We propose now a new case inspired by our

first case, which explicitly stems from the assumption:

b(Q) =
1

16πG

√
γQ+ β2Q2 , (7.85)

where γ and β are, in principle, two arbitrary constants, even though from early lessons we may

anticipate that we will have to fix β = 1 along the road. Upon integration of Eq. (7.59) we

arrive at:

f(Q) =

Q
√
u(Q)

(√
u(Q)−√

γ arctanh
(√

u(Q)
√
γ

))
8πG

√
Qu(Q)

, (7.86)
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where u(Q) = γ + β2Q. Keeping our discussion general for the time being, and following the

same recipe as before, we obtain

H
√
γ + 6β2H2 =

16πG√
6
ρ , (7.87)

whose solution for the positive branch of H2 is:

H2 =

√
γ2 + (32πGβρ)2 − γ

12β2
. (7.88)

Besides, if the physical branch is chosen, we can go further and write:

H =

√√
γ2 + (32πGβρ)2 − γ

2
√
3 β

. (7.89)

We can follow the same sequence of steps as for the previous case so as to shed some light

on the evolution of this model, where once again we assume ρ = ρm + ρr + ρΛ and β = 1.

Under this assumption and upon differentiation of Eq. (7.88) we obtain

Ḣ = −128π2G2(3ρm + 4ρr)ρ

3
√
γ2 + 1024π2G2ρ2

, (7.90)

which is definite negative under our hypotheses on the positivity of the various densities, regard­

less of the sign of γ. In this case, finding the explicit expression of ρeff is not so straightforward,

but we can find that it reads

ρeff = ρΛ +
3H

8πG

(
H −

√
γ + 6H2

√
6

)
. (7.91)

We then process our definitions and equations and eventually get:

(1 + weff) =
Ḣ
√
6
[√

γ2 + (32πGρ)2 − 32πGρ
]

48πGρeffH
√
γ + 6H2

, (7.92)

which can be evaluated using the reformulation:

ρeff = ρΛ − ρ+

√
γ2 + (32πG)2ρ2 − γ

32πG
. (7.93)

It is clear from Eq. (7.91) that for positive ρΛ andH we can guarantee ρeff > 0 if γ < 0 (for

the case with γ > 0 it is not possible to conclude the sign of ρeff), and whatever the sign of γ it

follows that Ḣ < 0. Consequently, we can conclude that 1 + weff < 0 for γ < 0 necessarily.
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Let us go on building from Eq. (7.89) by choosing again Eq. (7.44) as our expression for ρ

as a function of redshift. For this case the normalized Hubble function reads:

E(z) =

√√√√√(
ΩΛ +

8πG

3H2
0

(ρm + ρr)

)2

+ Ω2
Q − ΩQ , (7.94)

where now

ΩQ =
γ

12H2
0

, (7.95)

and from the normalization, we obtain

ΩQ =
1

2

[
(ΩΛ + Ωm + Ωr)

2 − 1
]
. (7.96)

Again, for our new expression describingH2 we see that the limit of Eq. (7.83) also happens

to recover GR for γ = 0.

7.5.3 MCMC analysis and results

We apply a MCMC for these two new cases as in the previous section to fit the free parameters

of both f(Q) models and the ΛCDM case. Once again, we will find the values of the free

parameters which maximize the posterior (probability density) produced by combining a prior

(probability density) with hypothetical Gaussian likelihoods associated with a χ2 function built

for each dataset and then a combined one through the product of likelihoods or the sum of χ2

(of course, priors can be combined as well). The only thing we should change here with respect

the previous section is the respective flat priors:

• 0 ≤ Ωm + ΩΛ + Ωr,

• 0 < (Ωm,ΩΛ, h) < 1,

• Ωm > Ωb > Ωr.

Take into account that the MCMC analysis for the ΛCDM is repeated because it should be

done in the same statistical background in order to be compared to the new cases. This lets

us draw conclusions about the statistical admissibility of our proposals. We can check that the

specific constraint of ΛCDM, Ωm + Ωr + ΩΛ = 1, does not violate any of the priors.
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Therefore, having presented the statistical course of action and having chosen the astrophys­

ical probes, we can set forth the results of our analysis. Throughout the discussion we will often

compare our findings to those in the ΛCDM case. The corresponding best fits along with those

of our two f(Q) models are shown on Table 7.3. Recall that the ΩQ parameter is a signature of

the f(Q) scenarios alone.

As in the previous model, the reason why we will explore individual χ2 values and their best

fits is that of the possibility of estimating the contribution of each data set to the final result and

conclusions. Besides, let us remember that our fits will be drawn from themedian of the posterior

probability to better expose deviations from perfect Gaussianity, and complementary and very

relevant information will be provided through confidence contours addressing again the separate

and joint data set analyses. They give us visual indications on data set complementarity, tightness

of constraints, and parameter correlation. As in the previous section, in the corresponding plots

(Figs. 7.5­7.6) we choose two different hues of several single colours to represent the 1σ (dark)

and 2σ (light) regions, and then we associate each single colour to an individual data set or data

set combination (see figure captions).

For the most standard parameters, that is,Ωm,Ωb and h, we conclude (mainly from Table 7.3

and Fig. 7.5) that best fits, uncertainty and data set complementarity are very much the same in

the three scenarios (ΛCDM, DGP and DGPish) . The most noticeable discrepancies arise when

CMB data are considered alone, but for the combination of data sets differences are minimal.

Stronger disagreements arise (mainly in the size of errors) in ΩΛ due to its blurring with the

new parameter ΩQ. In any case, it would be worth exploring the effects of generalizations of

our models with additional parameters, in particular if the generalizations give non­phantom

models; but we leave this for future prospects.

Now, even though ΩΛ belongs in the classical category of parameters, we must consider it

separately due to its non­trivial mixing with the new parameter. From the third row of Fig. 7.5

we notice that ΩΛ displays more uncertainty in the modified gravity models than in ΛCDM,

which again, we put down to the fact that ΩQ acts as ΩΛ somehow, which is otherwise obvious

from the Hubble function. In the DGPish case the uncertainty is way bigger than in the other two

cases, there is practical no correlation whatsoever among ΩΛ and Ωm as shown in the contours,

and the huge size of the errors makes us declare that ΩΛ is basically unconstrained in this case .

Along the same vein, the upper row on Fig. 7.6 tells us there is indeed a high correlation
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Table 7.3: MCMC best fits and errors along with other statistical estimators for ΛCDM, DGP, and DGPish models. Quantities
in italic correspond to secondary parameters.

Pantheon Hubble CMB BAO Total

Ωm

ΛCDM 0.297+0.023
−0.023 0.328+0.065

−0.056 0.316+0.007
−0.007 0.320+0.016

−0.015 0.323+0.005
−0.005

DGP 0.277+0.048
−0.051 0.316+0.076

−0.065 0.358+0.057
−0.053 0.301+0.019

−0.018 0.326+0.006
−0.006

DGPish 0.307+0.027
−0.026 0.326+0.066

−0.055 0.310+0.009
−0.014 0.320+0.016

−0.015 0.322+0.005
−0.005

Ωb

ΛCDM − − 0.0490+0.0006
−0.0006 0.057+0.010

−0.024 0.0496+0.0004
−0.0004

DGP − − 0.0557+0.0089
−0.0083 0.066+0.013

−0.027 0.051+0.001
−0.001

DGPish − − 0.0483+0.0009
−0.0021 0.056+0.010

−0.025 0.0494+0.0005
−0.0005

h

ΛCDM − 0.677+0.031
−0.031 0.675+0.005

−0.005 0.70+0.18
−0.15 0.670+0.003

−0.003

DGP − 0.673+0.030
−0.031 0.634+0.053

−0.045 0.69+0.17
−0.16 0.665+0.006

−0.006

DGPish − 0.682+0.032
−0.032 0.681+0.015

−0.008 0.70+0.18
−0.16 0.671+0.004

−0.004

ΩΛ

ΛCDM 0.702+0.022
−0.023 0.672+0.056

−0.065 0.684+0.007
−0.007 0.680+0.015

−0.016 0.677+0.005
−0.005

DGP 0.58+0.27
−0.32 0.53+0.30

−0.31 0.43+0.32
−0.28 0.38+0.18

−0.15 0.629+0.047
−0.047

DGPish 0.53+0.30
−0.31 0.50+0.32

−0.31 0.51+0.30
−0.31 0.64+0.19

−0.19 0.64+0.19
−0.19

ΩQ

ΛCDM − − − − −

DGP −0.07+0.16
−0.19 −0.08+0.17

−0.17 −0.10+0.13
−0.11 −0.161+0.093

−0.082 −0.022+0.022
−0.022

DGPish −0.16+0.29
−0.19 −0.16+0.32

−0.22 −0.16+0.29
−0.22 −0.04+0.20

−0.17 −0.04+0.20
−0.16

χ2

ΛCDM 1035.77 14.49 0.0013 16.55 1072.19

DGP 1035.75 14.50 0.0022 13.58 1071.20

DGPish 1035.77 14.33 0.016 16.55 1072.22

χ2
red

ΛCDM − − − − 0.98

DGP − − − − 0.98

DGPish − − − − 0.98

Bij

ΛCDM − − − − 1

DGP − − − − 1.16

DGPish − − − − 0.83

lnBij

ΛCDM − − − − 0

DGP − − − − 0.15

DGPish − − − − −0.18
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Figure 7.5: Contour plots for theΛCDMmodel (left column)DGP model (center column) andDGPishmodel (right column)
with the following color scheme: green ­ SNeIa, yellow ­ Hubble data, orange ­ Planck 2018 CMB, blue ­ BAO data, black ­ all
sets of data. As SNeIa are not (of course) able to fix the value h their contours are missing from those plots where constraints
on h are represented; for the same rationality, both SNeIa and Hubble contours are absent from plots showing constraints on
Ωb.
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Figure 7.6: Contour plots of the constraints on the parameterΩQ for theDGP model (left column) andDGPishmodel (right
column) with the following color scheme: green ­ SNeIa, yellow ­ Hubble data, orange ­ Planck 2018 CMB, blue ­ BAO data,
black ­ all sets of data.
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between ΩQ and ΩΛ. Note, however that the combination of all data sets gives a far smaller

contour in the DGP case, and therefore, as we have already stated, ΩQ is better fitted.

The conclusions on constraints on ΩQ and its role in relation to ΩΛ are strengthened by the

contour which confronts ΩQ with Ωm (see Fig. 7.6 again). In the DGPish case we get a very

large almost vertical contour, that is, a very narrow fit in Ωm is compatible with a very wide

range of ΩQ values, that is the modified gravity parameter ΩQ is almost blind to the matter

density. In contrast in the DGP case constraints are much more significant.

7.5.4 Cosmographic parameters and cosmodiagrams

Determining the values of parameters in the so­to­say “cosmographic spectrum” is quite a rel­

evant task given their implications for the evolution and final fate of the Universe as shown in

Sec. 7.4.2. For instance, we know that if (in the ΛCDM model) the cosmological constant had

become dominant earlier than it seems to have then structures would not have formed. Insights

into these matters may put us on the track of a solution of puzzles like the coincidence problem,

in the sense that it would be good to find some physical mechanism associating the beginning

of the dark ages with the onset of non­linear structures.

Our first task will go back to the previous discussion in which an effective dark energy

density ρeff and corresponding equation of state weff were defined. The explicit expressions for

the two cases considered are formidable and they really do not add readily usable information to

the discussion. For this reason we just rely on graphical representations of weff drawn from its

best fit and errors (see Table 7.4). The plots we thus obtain confirm our earlier conclusions for all

redshifts that in the DGP case (with α < 0) we are to expect a non­phantom behavior, whereas

in the DGPish case (with γ < 0) we have exactly the opposite, a purely phantom evolution.

Next wewill determine numerically the redshift value signaling the beginning of dark energy

domination: zeq. To this end we rest on our earlier definition of ρeff and we then define zeq

implicitly as:

ρeff(zeq) = ρm(zeq) . (7.97)

As discussed in [405], evidences of considerable dark energy proportions at z ∼ 1 or larger

would favor some scalar field based models, as for those redshifts the contribution of a cosmo­

logical constant to the matter­energy budget would be negligible. On the contrary, and according
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Figure 7.7: Evolution of weff as a function of the scale factor a for DGP (left panel) and DGPish (right panel) model. The
solid line is the value as drawn from the best fit, whilst the dashed lines mark the boundaries of the confidence interval.

0.24 0.26 0.28 0.30 0.32
0.50

0.55

0.60

0.65

Zeq

Zacc

Figure 7.8: Contours for the different redshift of the different models. ΛCDM (orange), DGP (blue) and DGPish (purple),
all them resulting from the values of the MCMC. The red line is the theoretical behaviour of the ΛCDM model, i.e. zacc =

−1 + 21/3(1 + zeq).
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to [405] again, a beginning of dark energy domination occurring at z ∼ 0.2 or lower seems to

indicate phantom dark energy. These assertions depend of course on the value of Ωm, and, in

general, the discussion may branch out into the specifics of the effects of the various parameters

entering our dark energy description.

Likewise, it might be interesting to learn not only when does dark energy domination begin,

but also when do its effects become manifest, that is, which is the redshift value for which

acceleration begins (zacc). This occurs when the so called deceleration parameter q vanishes:

q(zacc) = 0 . (7.98)

For ΛCDM, and provided that the contribution from radiation is considered to be negligi­

ble(at zeq and zacc), the pertinent expressions for the beginning of the acceleration q(zacc) = 0

(which implies zacc = −1 + (2ΩΛ/Ωm)
1/3) and the condition of the onset of dark energy dom­

ination ΩΛ = (1 + zeq)
3Ωm can be combined to conclude that zacc = −1 + 21/3(1 + zeq). In

addition, wewill able to calculate the deceleration parameter q and the jerk j following equations

(7.52) and (7.53) respectively. Sadly, once more for the f(Q) models, the explicit expressions

are too lengthy and convoluted to be worth presenting here, and again we report our findings

numerically and graphically.

In addition, it is customary to evaluate q and j at z = 0 along with equivalent values of the

other parameters in the (standard) cosmographic cascade. For this, we take into account that the

normalization condition can be used to eliminate from expressions the parameters that are less

convenient/important for our discussion. In the case of the effect of the f(Q) correction on the

deceleration factor and the jerk of each model we choose to eliminate ΩΛ. More specifically at

z = 0:

q0 = qΛCDM0 −


3

2
(3Ωm + 4Ωr)ΩQ +O(Q2) for the DGP model,

1

4
(3Ωm + 4Ωr) Ω

2
Q +O(Q3) for the DGPish model,

(7.99)

where qΛCDM0 = −1 +
1

2
(3Ωm + 4Ωr) ,
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j0 = jΛCDM0 −


1

4

[
24Ωr + (3Ωm + 4Ωr)

2
]
ΩQ +O(Q2) for the DGP model,

1

2

[
2Ωr − (3Ωm + 4Ωr)

2
]
Ω2
Q +O(Q3) for the DGPish model,

(7.100)

where jΛCDM0 = 1 + 2Ωr .

Using the latter expression we can compare analytically the deceleration factor for both

modified gravity models and a ΛCDM one with the same values of the parameters Ωm and

Ωr. As it can be noticed, for the DGP model with negative ΩQ, the deceleration parameter

gets bigger, i.e. q0 > qΛCDM0 and consequently the acceleration is smaller. However, for the

DGPish model the sign of ΩQ does not matter any more, the deceleration parameter will always

be smaller than in ΛCDM which gives comparably a more pronounced acceleration.

All the previous results are summarized in Table 7.4.

Table 7.4: Best fits and errors of the cosmographic parameters.

q0 j0 s0 weff zac zeq

ΛCDM −0.515+0.007
−0.007 1.000186+2∗10−6

−2∗10−6 −0.455+0.022
−0.022 −1 0.612+0.012

−0.012 0.280+0.009
−0.009

DGP −0.499+0.018
−0.017 0.994+0.006

−0.007 −0.480+0.033
−0.034 −0.989+0.012

−0.011 0.593+0.022
−0.022 0.278+0.010

−0.010

DGPish −0.523+0.010
−0.015 1.009+0.029

−0.008 −0.463+0.023
−0.025 −1.004+0.004

−0.012 0.614+0.012
−0.012 0.279+0.010

−0.009

7.5.5 Conclusions obout DGP and DGPish models

In this section we have analyzed two cosmological models stemming from modified gravity

proposals in the f(Q) arena. One of them has an evolution which is identical to that of the DGP

models, although the different Lagrangians they are derived from point out in the direction of
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differences at the level of perturbations, which are beyond our scope. The second model bears a

considerable resemblance to the former, and for that reason we have branded it as DGPish. We

offer some details regarding the prescription to generate new f(Q) cosmological models from

a few simple assumptions with some physical guidance.

Through the MCMC best fits of their free parameters, encoding the new features of the

models into a single parameter dubbed as ΩQ, and using selection criteria in a analogous way to

previous Section (7.4), we are able to discern whether these models can be viewed as contenders

to the ΛCDM evolution.

Results indicate a statistical preference of negligible values of ΩQ of both f(Q) models, so

much so for individual data as for data set combined. The only case in which ΩQ seems to be

most confortable a little away from zero is when the analysis is performed with BAO data for

the DGP model. All in all, the possible new phenomenology associated with the f(Q) features

finds room between possible evolutions for our Universe but does not seem to be preferred, at

least along the two routes we have explored. This fact gets reinforced by values we obtain for

the Bayesian evidence, which according to Jeffreys’ scale, tell us again these models are not

preferred over the ΛCDM one.

However the mildly better agreement on Ωm, Ωb and h values between the DGPish and the

ΛCDM suggests that perhaps a generalization with extra parameters could offer an even better

agreement while retaining some modified gravity character.

In addition, we have performed a cosmographic study with similar results which reflect the

striking similarity of the best fits between ΛCDM and our f(Q)models once more, with similar

or bigger errors due to their complexity, which penalizes error propagation.

Therefore, at the end of the day, both models are as good as ΛCDM at the background

level, but only when they fall upon ΛCDM, which is obvious but does not turn on the new

phenomenology. In other words, this new phenomenology is not necessary. Hence, neither

of these f(Q) models can be considered as better models, at least as far as the background

considerations.
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Chapter 8

General Conclusions

In this final chapter we present the major conclusions of our work. The main concern of the

present work are the possible benefits of considering modifications (or equivalently extensions)

of Einstein’s Theory of General Relativity. The study of extensions of the theory was addressed

soon after GRwas put forward, and was originally devoted to the search of a unification of gravi­

tation and electromagnetism; this endeavour was based on an aesthetic goal of also geometrising

electromagnetic forces, and was later extended to include the weak and strong nuclear forces as

well.

In this thesis we have investigated theoretical and observational issues of extensions of GR in

order to foster a better understanding of questions that should be addressed when we go beyond

GR. For instance, in the framework of GR the coupling between the geometry and matter is

conveyed by the Newton gravitational constant, and hence it does make a sense to ask ourselves

how this coupling became not only constant, but acquired the sign and value wemeasure. In fact,

if we consider scalar­tensor gravity the aforementioned endeavour finds a natural theoretical

framework to be addressed, as these theories are characterised by a dynamical evolution of the

coupling between geometry and matter.

In the literature it is not uncommon to find the idea that GR fails. However, from our view­

point this is a wrong approach, since almost all the extended gravity theories share the framework

of metric theories, that is the paradigm introduced by GR. Then, why do we find this idea of

failure in gravitational physics? Is it because we need to resort to two dark components in as­

trophysics and cosmology? Should we consider these dark components, as a problem with GR,

181
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or should we rather consider it as a problem with our understanding of the types of energy that

gravitate? The only actual argument is about the existence of singularities, which in general are

also not resolved in other metric theories. Moreover don’t we have singularities or infinities

throughout physics? For example: what happens at the location of charges?

Summing up, the simple goal of pushing the limits of the geometrization of physics (that

is the trademark of Einstein’s GR) is a sufficiently reasonable argument. This goal leads us to

a better understanding of the limits of GR, and also to ascertain whether any of its extensions

provides a better fit to some observational issues. What is done in this thesis is the tackling of

questions in this line of research.

Briefly recapping what we have done in this thesis, we recall that we started classifying the

possible forms of modifying gravity in possible 5 ways, most of themmotivated by the Lovelock

theorem. In this thesis we have sought to supply a wide analysis of almost all these ways,

covering several topics from theoretical issues (including extremal objects) to observational

tests.

One of the paths to go beyond GR involves the consideration of extra fields which are added

to the theory of gravity in different ways. In this class of theories we find the Brans­Dicke

theory, and more generally the Scalar­Tensor theories which we have studied in Chapters 2, 3,

and 4.

The first question we have addressed was the inspection of scalar­tensor theories starting out

with the possibility of a dynamical gravitational coupling instead of the usual “constant” G. It

is clear that this dynamics in the coupling gives us a whole new phenomenology that may con­

tribute to explain some problems as, for instance, the early inflation. However there is no doubt

that the coupling should end up with a positive value to reproduce gravity at human and solar

system scales. In Chapter 2 we obtained a simple mechanism to enforce this positiveness, which

consists in the introduction of a quadratic potential. Therefore, this potential attracts the grav­

itational coupling towards a positive value, with some exceptions that maintain an oscillatory

behaviour, but with a lower probability than without the potential.

Then, in Chapter 3 we have considered a more general kind of scalar­tensor theories charac­

terised by the generalization of the coupling between the scalar field, and the curvature scalar,

using a function of them J(φ,R) in the action. We have introduced the study of this kind of

theories, and their representation both on the Einstein Frame and on the Jordan Frame in order
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to analyse how the coupling with the matter is presented. The spectrum of this theory contains

two scalar degrees of freedom, together with a massless spin­2 state. The two scalar degrees of

freedom come from the introduction of a scalar field φ with a non­linear coupling to the Ricci

scalar (in the original Jordan Frame), whereas the massless spin­2 state can be related to the

standard mediator of Einstein gravity, and couples to matter like the standard GR graviton. The

scalar degree of freedom associated with the conformal factor couples to the trace of the stress­

energy tensor, and, as this parameterizes general scale transformations, it can be identified to

be a dilaton. However, the coupling of the other scalar field is model dependent and we should

specify the form of the function J(φ,R) to get conclusions.

In addition, in Chapter 3 we introduced the f(R) theory, more specifically in Section 3.2.

This class of gravity can also be framed as a theory with higher derivatives which is another

way of going beyond GR motivated by Lovelock’s theorem. However, for this specific theory

the Ostrogradsky’s instability is not present, since we showed that the f(R) theory is equivalent

to a specific scalar­tensor theory which is included in the Horndeski theory. In Section 3.3.2

we have studied this sort of theory including a scalar potential U(φ). After a conformal trans­

formation based on a new scalar field Φ in order to get the Einstein Frame, the conclusion was

that, in general, the resulting potential cannot be written as the sum of two individual potentials

associated with each of the fields. This fact means that the mass eigenstates cannot be identified

with φ or with Φ.

To finish our study of scalar­tensor theories, in Chapter 4 we have presented the Horndeski

theory, which is characterized by being the most general theory with an unique additional scalar

field without Ostrogradsky’s instability. We have applied this theory to black holes and more

specifically to the Nariai spacetime to observe whether the antievaporation effect occurs. We

have found solutions for some of the Horndeski terms, and we have focused on the cases for

which the speed of gravitational waves is equal to the speed of light. The perturbations of the

scalar field induce time dependent perturbations on the metric. However, these perturbations

just create a slight modification on the horizon radius, keeping it constant, which is translated

into the vanishing of the anti­evaporation effect.

Another theoretical scenario beyond GR are the Action­dependent Lagrangian theories stud­

ied in Chapter 5. These theories have been considered to study the impact of new theories of

gravity in what concerns wormholes, and the possibility of a modification of the energy con­
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ditions that are required. The effective theory studied here is characterized by the Lagrangian:

Leff = −L − λµs
µ + Lm , where sµ is a differentiable vector field or an action­density field

and L = gµν(ΓσµνΓ
ρ
σρ − ΓρµσΓ

σ
νρ), where Γσµν are the Christoffel symbols. The main result for

this kind of theories in wormholes is that the generalized gravitational field equation essentially

depends on the background four­vector λµ, which is given generically by λµ =
(
0, 0, λ(u)cot θ , 0

)
.

With respect to the energy conditions, unfortunately, we have not been able to find examples

with the non­violation of the NEC.

In the last chapters of the thesis, we have addressed the observational impact of modified

gravity theories introducing a statistical analysis, and the so­called MCMC machinery in Chap­

ter 6. The corresponding methods and tools were used to test three models based on the non­

metricity scalarQ, denoted f(Q)models, which introduce changes in the geometry correspond­

ing to yet another way of modifying gravity from Lovelock’s theorem. In this sense we have

studied changes in the connection in Chapter 7. On the one hand, we have shown that there is

an equivalent theory to GR at all levels (STEGR), and also an equivalent theory to GR, but just

at the background level (mimetic GR). On the other hand, we have studied some models with

new phenomenology associated withQ, in particular: extended mimetic GR, DGP, and DGPish

models. However, we found that the best fits of the latter models impose the vanishing of the

new phenomenology, and hence recover the background of GR.

In addition, we have also considered the case of the DGP theory in Section 7.5.1 based on

an extra­dimensional theory. This is yet another form of modifying gravity from Lovelock’s

theorem. In this section we have shown how the Hubble parameter of the DGP theory can be

obtained from a f(Q)model. The main characteristic of this class of theories is how the 3­brane

is embedded in a n­dimensional spacetime with the need of junction conditions in the border of

the brane.

Therefore, this thesis arises from the necessity of assessing the implications of going beyond

General Relativity. In this sense, we have studied and explored several (and different) theories

to better understand the phenomenology of some case studies representative of the main classes

of modifications. In other words, we have analyzed different approaches to Lovelock’s theorem

in order to improve the knowledge of fundamental, and mathematical aspects or objects, while

providing general view of the state of the art in gravity. To assess how extensions of gravity

may bring improvements with respect to GR, we have studied some of these theories in extreme
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frameworks such as wormholes and black holes.

But besides the investigation of theoretical issues, we kept in sight that the success of models,

is gauged by their success in fitting observations. With the purpose of obtaining observational

tests, we have used the MCMC machinery, and have found models that are as good as GR, but

not better, from a statistical point of view.

However, as a new generation of observational missions, namely the Euclid and the Lisa

missions, as well as new ground breaking telescopes like the James Webb and the Extremely

Large Telescope (ELT), will come soon into play, this brings new auspicious prospects to im­

prove our current observations, and thus present a real possibility of better scrutinising modified

gravity theories.
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