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Me gusta que desbarren. Ese es el inico privilegio de

que goza el ser humano sobre los demas organismos.
Desbarrando se puede llegar hasta la verdad. Porque
desbarro, soy un ser humano. A ninguna verdad se ha
llegado nunca sin haber errado antes catorce veces, o quiza
ciento catorce veces, y eso es un honor hasta cierto punto.
Pero el caso es que nosotros ni siquiera somos capaces de
desbarrar por cuenta propia. Dime sandeces, pero que sean

de tu propia cosecha y soy capaz de darte un beso.

Crimen y Castigo de Fiédor Dostoievski

“If you talk to a man in a language he understands, that
goes to his head. If you talk to him in his own language, that

goes to his heart.”

Nelson Mandela
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Resumo e palavras-chave

A Relatividade Geral ¢ um dos pilares atuais da Fisica. Esta teoria consegue explicar a gravidade
a escala do Sistema Solar, mas ndo sd, ja que nos oferece um modelo cosmolédgico quando ¢
aplicada a evolugdo do Universo. Nao obstante, quando tentamos explicar essas escalas maiores

e as suas observagdes, aparecem algumas perguntas desafiantes.

A primeira questao resulta da observacao acelerada do Universo que, na Relatividade Geral,
¢ resolvida (ou “remediada”) mediante a introducdo de uma componente material com pressao
negativa, que produz um efeito repulsivo. No entanto este tipo de matéria viola algumas das
condi¢des de energia quenormalmente devem ser satisfeitas pela matéria. O exemplo mais con-

hecido e importante € o da constante cosmoldgica usualmente representada por A.

A segunda questdo diz respeito a considera¢do da matéria escura. Esta nova componente ¢
necessaria para conseguirmos explicar alguns fendmenos como o da formagao das estruturas no
Universo ou o achatamento das curvas de velocidade de rotagao das estrelas a volta do centro
das galaxias. Porém, esta matéria, que apenas se manifesta gravitacionalmente, ndo foi ainda
detetada diretamente através da sua interagdo com a matéria que conhecemos dos laboratorios e

das experiéncias.

No proposito de resolvermos ou percebermos melhor estes problemas, um caminho pos-
sivel ¢ o de irmos além da Relatividade Geral e investigarmos modificagdes da teoria de Albert

Einstein. E este o ponto de partida da presente tese.

A nossa primeira etapa neste estudo ¢ dedicada a possibilidade de haver um acoplamento
dindmico entre um campo escalar e a geometria. Desta maneira, comecamos focando-nos em
teorias escalar-tensoriais, que generalizam a teoria de Brans-Dicke e que nos fornecem um en-
quadramento perfeito para analisar a possibilidade do acoplamento gravitacional dado por G,

constante gravitacional, ser substituido por um campo escalar dinamico, ¢. O trabalho em que

Xiil
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se baseia este Capitulo 2 da tese, foi publicado em:

* What if Newton’s Gravitational Constant Was Negative?
Ismael Ayuso, José P. Mimoso, Nelson J. Nunes, Galaxies 7, (2019) 1, 38;
arXiv: 1903.07604 [gr-qc].

Estuda-se um mecanismo cosmologico que possibilite definir o sinal da constante gravita-
cional efetiva, G. O principal resultado que se obtém ¢ a descoberta de que modelos com um
potencial quadratico estabilizam naturalmente o valor de GG no ramo positivo da evolugdo. Esse
processo € acompanhado por inflacdo de de-Sitter e assim um relaxamento para a Relatividade
Geral ¢ também alcangado.

Prosseguindo nesta via de modificagdo da gravidade no dominio das teorias escalar-tensoriais,
ou seja de teorias da gravitagdo ndo-minimamente acoplada, generalizamos a agdo do Capitulo
2 mediante um acoplamento mais geral entre a gravidade e o campo escalar adicional. Isso
permite-nos estudar de que modo essa extensao pode afetar o acoplamento com o modelo padrao

das particulas. Esta questao ¢ abordada no Capitulo 3, baseado no artigo publicado:

* Nonminimal scalar-tensor theories
Ismael Ayuso, Jose A.R. Cembranos, Physical Review D101, (2020) 4, 044007;
arXiv: 1411.1653 [gr-qc].

Neste artigo mostramos que os estados perturbativos destas teorias sdo dados por dois mo-
dos massivos de spin-0, além de um estado sem massa de spin 2. Este ultimo modo pode ser
identificado com o campo do gravitao.

No que se segue, ainda no quadro das teorias escalar-tensoriais, consideramos a teoria de
Horndeski que constitui a teoria métrica da gravidade mais geral com um unico campo escalar
adicional, a desempenhar um papel gravitacional, que evita a instabilidade de Ostrogradsky e
resulta em equacdes de campo de segunda ordem. Estudamos o buraco negro descrito pelo
espago-tempo de Nariai nesta teoria. Este buraco negro ¢ caraterizado por ser o caso extremo
do buraco negro Schwarzschild de-Sitter quando os dois horizontes, cosmolédgico e de acontec-
imentos, coincidem na mesma superficie. A motivagdo para este estudo decorre deste tipo de
objetos nos oferecer um enquadramento apropriado para se testar a nova fenomenologia das teo-

rias de gravidade modificada de Horndeski. Para entendermos melhor tanto os buracos negros
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como o Lagrangiano de Horndeski, estudamos o fenomeno designado por anti-evaporagdo. O

Capitulo 4 ¢ baseado na publicagdo:

* Extremal cosmological black holes in Horndeski gravity and the anti-evaporation
regime
Ismael Ayuso, Diego Saez-Chillon Gomez, Universe 6, (2020) 11, 210;
arXiv: 2004.10139 [gr-qc].

Mostramos que, em alguns casos do Lagrangiano de Horndeski e ao contrario do que sucede
notras teorias de gravidade modificadas, o raio do horizonte permanece estavel quando pertur-
bagdes de ordem linear sdo consideradas.

Uma maneira totalmente diferente de modificar a gravidade ¢ exposta no Capitulo 5, onde
introduzimos teorias Lagrangianas dependentes de agdo e as aplicamos ao estudo de buracos de
minhoca (i.e., "wormholes”). Neste capitulo investigamos se esta classe de teorias da gravidade
modificada nos permite satisfazer as condi¢des de energia para o conteudo de matéria deste tipo

de objetos exoticos. Este capitulo ¢ baseado na publicagdo:

* Wormhole geometries induced by action-dependent Lagrangian theories
Ismael Ayuso, Francisco S.N. Lobo, José¢ P. Mimoso, Physical Review D103, (2021) 4,
044018; arXiv: 2012.00047 [gr-qc].

No contexto deste trabalho, as equacdes de campo gravitacionais dependem essencialmente
de um 4-vetor ), que desempenha o papel de um pardmetro de acoplamento associado a maneira
como a a¢do depende do Lagrangiano gravitacional e que, genericamente, pode depender das
coordenadas do espago-tempo. Neste estudo, considerando diferentes buracos de minhoca, onde
usamos as coordenadas de Buchdahl que, ap6s a analise das equacdes de campo nos levam a
constatagdo de que o 4-vector ¢ dado por A\, = (0,0, \g, 0), conjuntamente com algumas re-
strigdes adicionais do espago-tempo. Para uma infinidade de exemplos de buracos de minhoca
e fazendo a escolha de uma lei de poténcia para a fungdo )y, mostramos que esses objetos com-
pactos possuem uma estrutura geométrica muito mais rica do que as correspondentes solugcdes da
Relatividade Geral. No entanto, apesar dessa estrutura mais rica, todos os exemplos estudados

violam alguma das condi¢des de energia e ndo conseguimos avangos para obviar este problema.



XVi RESUMO E PALAVRAS-CHAVE

Na parte subsequente desta tese exploramos a interacdo entre a teoria € as observagdes.
Trata-se de um passo indispensavel para contrastar qualquer modelo de gravidade modificada
com as restricdes dadas pelas observagdes, bem assim como para obter uma maneira de ajustar
parametros livres das teorias de modo a reproduzir as observagdes. Com este proposito, apre-
sentamos no Capitulo 6 o método de Markov Chain Monte Carlo (MCMC) e também alguns
outros conceitos estatisticos importantes que nos ajudam a discriminar os modelos propostos.
Também indicamos as diferentes fontes de dados observacionais com as quais podemos realizar
as restri¢des e os ajustes.

Para aplicar a metodologia MCMC consideramos alguns modelos baseados no escalar de
ndo metricidade (), que sdo explicados no Capitulo 7, onde obtemos as respetivas equagdes
de Friedmann modificadas. Este tipo de teorias de gravidade modificada ser-nos-4 util para
analisar o conceito de conexao numa variedade geométrica, bem assim como para esclarecer o
significado fisico de cada uma das trés partes em que pode ser dividida. No caso das teorias
(@) estudamos trés modelos: a teoria da Relatividade Geral mimética estendida de f(@Q), o
modelo DGP (motivado pela gravidade modificada por dimensdes adicionais) e 0 DGPish (assim
chamado pela sua semelhanga com o anterior). As conclusdes do primeiro modelo encontram-se

expostas em:

 Observational constraints on cosmological solutions of f(()) theories
Ismael Ayuso, Ruth Lazkoz, Vincenzo Salzano, Physical Review D103, (2021) 6, 063505;
arXiv: 2012.00046 [astro-ph.CO].

e a analise dos outros dois modelos em:

* DGP and DGPish cosmologies from f(()) actions
Ismael Ayuso, Ruth Lazkoz, Jos¢ Pedro Mimoso, Physical Review D105, (2022) 8, 083534;
arXiv: 2111.05061 [astro-ph.CO].

Nestes trabalhos, concluimos que, com a precisao das observagdes atuais, os melhores ajustes
de nossos modelos f(()) correspondem a valores dos seus pardmetros especificos que os tornam
dificilmente discerniveis do modelo ACDM ou, por outras palavras, esses cenarios nao revelam

assinaturas indicando um desvio do comportamento associado aACDM.
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Por ultimo, no Capitulo 8 fazemos uma discussdo geral dos resultados desta tese e tiramos
algumas conclusdes, lembrando que os principais objetivos desta tese sdo a analise de algumas
das principais modifica¢des da teorias da gravidade sugeridas pelo teorema de Lovelock, o es-
tudo da nova fenomenologia que nelas aparece e a comparagao com as observagoes (a pensar ja

nas proximas missdes tal como Euclid e Lisa)

Além disso, outras publica¢des durante a tese sao:

* Commissioning and First Observations with Wide FastCam at the Telescopio Carlos
Sanchez
Sergio Velasco, Urtats Etxegarai, Alejandro Oscoz, Roberto L. Lopez, Marta Puga, Gaizka
Murga, Antonio Pérez-Garrido, Enric Pallé, Davide Ricci, Ismael Ayuso, Ménica Hernandez-

Sanchez, Nicola Truant; arXiv: 1608.04807 [astro-ph.IM].

* Prospects for Fundamental Physics with LISA
Enrico Barausse et al; arXiv:2001.09793 [gr-qc].

Palavras-chave: gravidade modificada, teorias escalar-tensor, Lagrangianos dependentes

da acdo, ndo-metricidade, restri¢des observacionais.
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Abstract and published works

General Relativity is one of the current pillars of physics. This theory describes gravity with
flying colours at solar system scales and offers us a cosmological model when applied to the
evolution of the Universe. However, when addressing these larger scales, namely, when we try
to explain some observations, some challenging questions appear.

The first one is the observed acceleration of the Universe which, in General Relativity, is
solved (or “patched”) introducing a component of matter with negative pressure, and supplies
a repulsive effect. This exotic matter violates some energy conditions, one would expect to
be satisfied by “normal” matter. A typical example is provided by the cosmological constant
represented by A.

The second one is the consideration of Dark Matter (DM). This component is necessary to
explain phenomena like the building up of structures in the Universe or the velocity curves of
galaxies. It only reveals itself gravitationally and has not been detected by direct interaction
with matter in experiments. Therefore, a possible way to solve these problems is to go beyond
General Relativity and investigate modifications of the Einstein theory. Thus, in this thesis we
will explore this possibility.

The first step in this study is devoted to the possibility of having a dynamical coupling
between a scalar field and the geometry. In this sense, we will focus on scalar-tensor theories
and more specifically in a generalization of the Brans-Dicke theory. This supplies us with a
perfect frame to study the possibility that the gravitational coupling constant G is changed into
a dynamical scalar field ¢. The work, in which Chapter 2 of the thesis is based, was published

as:

* What if Newton’s Gravitational Constant Was Negative?

Ismael Ayuso, Jos¢ P. Mimoso, Nelson J. Nunes, Galaxies 7, (2019) 1, 38;
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arXiv: 1903.07604 [gr-qc].

In this work, we seek a cosmological mechanism that may define the sign of the effective
gravitational coupling constant, G. We find that models with a quadratic potential naturally sta-
bilize the value of GG into the positive branch of the evolution and further, that de Sitter inflation
and a relaxation to General Relativity is easily attained.

Following this way of modifying gravity and the nonminimal scalar-tensor theories, we can
generalize the action of Chapter 2 with a more complex coupling between gravity and the scalar
field. In particular, this allows us to study how this extension would affect the coupling with the

standard model of particles. This will be addressed in Chapter 3, which is based on the published

paper:

* Nonminimal scalar-tensor theories
Ismael Ayuso, Jose A.R. Cembranos, Physical Review D101, (2020) 4, 044007,
arXiv: 1411.1653 [gr-qc].

In this paper we find that the perturbative states of these theories are given by two massive
spin-0 modes in addition to one massless spin-2 state. This latter mode can be identified with
the standard graviton field.

Then, we will consider the so-called Horndeski theory that provides the most general metric
theory of gravity with a single scalar field playing a gravitational role that avoids the Ostro-
gradsky instability, producing second order field equations. We will study this theory in con-
nection to the black-hole described by the Nariai spacetime, that is, the extremal case of the
Schwarzschild de-Sitter black hole (both cosmological and the black hole horizons coincide at
the same surface). The motivation is that this kind of objects offer us a perfect framework to test
the new phenomenology of modified gravity theories. In addition, in order to better understand
both black holes as the Horndeski Lagrangian we will study the anti-evaporation phenomenon.

Chapter 4 is based on the published work:

* Extremal cosmological black holes in Horndeski gravity and the anti-evaporation
regime
Ismael Ayuso, Diego Saez-Chillon Gomez, Universe 6, (2020) 11, 210;
arXiv: 2004.10139 [gr-qc].
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However, we show that, contrary to other frameworks of modified gravity theories, the radius
of the horizon remains stable for some cases of the Horndeski Lagrangian when considering
perturbations at linear order.

A different way of modifying gravity will be exposed in Chapter 5, where we introduce
action-dependent Lagrangian theories and apply this to the study of wormholes. We investigate
if this class of modified gravity theories allow us to satisfy the energy conditions for the matter

content of this kind of exotic objects. This chapter is based on the publication:

* Wormhole geometries induced by action-dependent Lagrangian theories
Ismael Ayuso, Francisco S.N. Lobo, José P. Mimoso, Physical Review D103, (2021) 4,
044018; arXiv: 2012.00047 [gr-qc].

We show that the generalized gravitational field equation essentially depends on a back-
ground four-vector ), that plays the role of a coupling parameter associated with the depen-
dence of the gravitational Lagrangian upon the action, and may generically depend on the space-
time coordinates. In addition, considering wormhole configurations, by using “Buchdahl coor-
dinates”, we find that the four-vector is given by A, = (0,0, Ay, 0), and some restriction of the
spacetime. With a plethora of examples of wormholes and with power law choices for the func-
tion A\, we show that these compact objects possess a far richer geometrical structure than their
general relativistic counterparts.

In what follows, we will explore the interplay between theory and observations. This is an
indispensable step to contrast any proposed model of modified gravity against constraints given
by observations. With this purpose, we will introduce in Chapter 6 the Markov Chain Monte
Carlo methodology (MCMC). We will also introduce some other important statistical concepts
that help us to discriminate the proposed models.

In order to apply the MCMC methodology we will consider some models based on the non-
metricity scalar (), which will be explained in Chapter 7, where we obtain their respective modi-
fied Friedmann equation. We will study three models: the extended mimetic General Relativity
theory from f(Q), the DGP model (coming from modified gravity with extra-dimensions), and
the DGPish (so-called because its similarity with the previous one). The conclusions of the first

model were exposed in:
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 Observational constraints on cosmological solutions of f(()) theories
Ismael Ayuso, Ruth Lazkoz, Vincenzo Salzano, Physical Review D103, (2021) 6, 063505;
arXiv: 2012.00046 [astro-ph.CO].

And the analysis of the other two was submitted for publication:

* DGP and DGPish cosmologies from f(()) actions
Ismael Ayuso, Ruth Lazkoz, José Pedro Mimoso; arXiv: 2111.05061 [astro-ph.CO].

In these works, we conclude that, at the current precision level, the best fits of our f(Q) mod-
els correspond to values of their specific parameters which make them hardly distinguishable
from ACDM, or in other words, these scenarios do not show signatures indicating a departure
from the ACDM behaviour.

Last but not at least, in Chapter 8 we make a general discussion of the results of this thesis

and, draw some conclusions.

In addition, other publications during the thesis are:

* Commissioning and First Observations with Wide FastCam at the Telescopio Carlos
Sanchez
Sergio Velasco, Urtats Etxegarai, Alejandro Oscoz, Roberto L. Lopez, Marta Puga, Gaizka
Murga, Antonio Pérez-Garrido, Enric Pall¢, Davide Ricci, Ismael Ayuso, Mdonica Hernandez-

Sanchez, Nicola Truant; arXiv: 1608.04807 [astro-ph.IM].

* Prospects for Fundamental Physics with LISA
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Chapter 1

Introduction

It is appropriate to start a work on gravity by recalling its discoverer Isaac Newton, who pro-
posed in 1687 that the force responsible for the fall of objects towards the Earth would also
be responsible for the dynamic of stars and planets. In his words, the gravitational centripetal
force should be proportional to the quantity of matter of the two bodies in interaction, as well as

inversely proportional to the square of their separation [1]:

miyms

F x

(1.1)

r2

However, he did not explicitly introduce the proportionality constant G [2]!, presumably
due to the lack of an internationally accepted system of units. Of course, this is required since,
after all, GG adjusts the dimensions of both sides of the defining equation for the strength of the
gravitational interaction and the sign of this denotes the attractive or repulsive character of the
force.

In 1798, H. Cavendish measured this proportionality with a torsion balance, but just as a
necessary step, of secondary importance, to weigh the density of the Earth [3]. This measure
was made with the remarkable accuracy of 1%. One year after, in 1799, P. S. Laplace presented
his Traité de Mécanique Céleste [4] where he introduced explicitly the gravitational constant for

the first time as

F=—prz (1.2)

r2

'Quoting Clifford Will [2]: It is interesting to notice that the term  gravitational constant” never occurs in the Principiae.
In fact it seems that the universal constant of proportionality that we now call G does not make an appearance until well in the
eighteenth century in Laplace’s “Mécanique Céleste”.
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The subsequent success of the gravitational law in tackling the motion of the celestial bodies
of the solar system is well known, and, at the beginning of the 20th century, the only major
problem was the anomaly in the precession of Mercury’s perihelium, a mismatch first revealed
by Le Verrier in 1859.2

It was Einstein’s General theory of Relativity (GR) which not only solved this puzzle with
flying colours, but also revolutionized our understanding of gravitation. In this theory, gravity
is perceived as the curvature of the spacetime in which particles move following the geodesics
of that manifold. But this does not mean that Newton’s theory was wrong, it is only valid when
considering weak fields and bodies moving with low speeds when compared to the speed of
light. Consequently, General Relativity must be perceived as a generalization which recovers
Newtonian gravity in the appropriate limit. In others words, GR includes Newton’s theory, and
has a wider scope of applicability.

Modern cosmology was started in 1917 when Albert Einstein applied his theory of General
Relativity of 1915 to a Universe with matter uniformly distributed over enormous space, building
the first general relativistic cosmological model. He considered a finite, static, homogeneous
and isotropic Universe with spherical geometry [5]. Einstein noticed that “making possible a
quasi-static distribution of matter, as required by the fact of the small velocities of the stars”.
For this reason, in that same work, Einstein introduced the cosmological constant A (currently
denoted by A) into his equations of General Relativity in order to get a static Universe. This term
is proportional to the metric, and it is able to counter the gravitational pull of matter. Moreover,
the Universe could then be spatially closed avoiding the difficulty of establishing boundary
conditions at spatial infinity.

However the prediction of the theory kept on resulting in an unstable Universe for small
perturbations originated by the cosmological constant in this case. Still in 1917, after Einstein’s
work, Willem de Sitter applied the Einstein equations with the cosmological constant to a vac-
uum Universe but without considering a static Universe [6], obtaining the so-called de Sitter
spacetime that allows for a dynamical evolution of the Universe, and which plays an important
role in modern cosmology.

Around the same time, observations were improving. In 1914 Vesto M. Slipher presented

his results about the velocity of 12 galaxies (nebulae at that moment) [7], showing that 11 of

*Nowadays, this theory is expressed by changing —k? by G as the current gravitational constant.



them were moving away from us with a magnitude of hundreds of km/s (a lot more than the
star velocities measured), and using the redshift concept, as a spectroscopic measure of how
galaxies were moving away from us due to a Doppler effect. Other important actors were Knut
Lundmark, who added new measurements of galaxy velocities, and Carl Wilhelm Wirtz [8], who
initially thought that these recession velocities were constant, around 656 km/s [9]. In 1922,
Wirtz put forward a paper where he argued that the redshifts of faraway galaxies are higher than
those of closer ones. These observations laid the ground for the so-called Hubble-Lemaitre law
which will be presented in this introduction.

Another crucial landmark subject to debate during these years, and motivated by the study
of that nebulae, was the Shapley-Curtis debate, or Great Debate, in 1920. The fundamental
point was the nature of the observed so-called spiral nebulae. What were they? Were they
in our galaxy or out of it? On the one hand, Shapley thought that they were relatively small
and belonged to the neighborhood of our galaxy. On the other hand, Curtis defended that they
were other galaxies like the Milky Way and independent of it, so that they were big and distant.
Therefore, the participants in the debate were actually arguing about the size of the Universe.

It seems clear that after the measurements of Wirtz and Lundmark, the position of Curtis
was reinforced, but it was Hubble who ended up solving the question with the observation of
the first Cepheid variable in M31 nebulae (Andromeda) in 1923-1924, published in 1924 in The
New York Times, and formally published in a scientific journal in 1929 [10]. This would not
have been possible without the work of Henrietta Leavitt who had found the pulsation period-
luminosity relation for classical Cepheid variables between 1908 and 191211, 12, 13]. Hubble’s
work confirmed that the distance to M31 seemed to be so large that it should be an independent
system (or galaxy) with respect to the Milky Way.

By these years, between 1922 and 1924, Alexander Friedmann found non static solutions
of the Einstein equations for a Universe in expansion, whose size is a function of time, and for
different curvatures [14, 15]. Independently, in 1927 Georges Lemaitre found the same solutions
and understood that if the Universe were expanding, it should have had a beginning at some time
in the past when all matter, spacetime, and the Universe itself appeared at once out of nothing,
in a single instant [16, 17]. Nevertheless, this idea was ridiculed and harshly criticized. As an
example, in the 1950s Fred Hoyle (who had an alternative proposal of a cosmological theory

called the steady state theory) pejoratively named the idea of the birth of the Universe from a
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point and at an instant as the “Big Bang”. Curiously, this name, which was an attempt of a joke
to discredit the model was adopted as the name for the cosmological model that best fits the
observations.

By 1929, Hubble had collected the distance to 24 extra-galactic nebulae, and related these
with their radial velocity (change of the distance between us and the object) measured from the
redshift by Vesto Slipher, and his assistant Milton L. Humason. While the recession of galaxies
from us already looked like a fact, and there was an idea of expansion of the Universe, he made
his second great discovery, namely the Hubble law, already mentioned before. It relates the
velocity of the galaxies, and its distances with the mathematical expression: v = Hyd, where v
is the observed recession velocity, Hy is the Hubble constant (which has units of km /s/M pc),
and d is the distance of the galaxy. Let us emphasize the linearity of the expression. It means
that higher distances are translated into higher receding velocities. Therefore, the expansion of
the Universe seemed almost confirmed.

At the same time, the dynamics of these galaxies continued being studied (already as ex-
ternal object to the Milky Way). In 1933, Fritz Zwicky applied the virial theorem to the Coma
Cluster (cluster with over 1000 galaxies at 99 Mpc) [18], which relates the average of the to-
tal kinetic energy of an equilibrium system with the total potential energy of the same system.
By measuring the velocity dispersion of galaxies, one should be able to obtain the gravitational
potential, and consequently estimate the gravitational mass of the system. The surprise came
from the great difference between the mass calculated with this theorem and that estimated from
the optical luminosity of the cluster. Therefore, in agreement with the virial theorem, there was
a kind of matter “invisible” to us [19], which ended up being called dark matter (in honor of
Lord Kelvin, a Scots-Irish physicist who had already wondered about invisible objects in the
Universe [20] by 1884).

With the evidence of the expansion of the Universe, the need for a theory for the creation
of matter was introduced. George Gamow with his collaborator Ralph Alpher and with Hans

Bethe® proposed in 1948 for the first time how the synthesis of the lightest elements would

3 Actually, the fact that Bethe signed the paper with Gamow and his student Alpher was a joke of Gamow who requested
Bethe to do so. Bethe accepted under the condition that there would be a disclaimer on the first page of the paper saying that
he didn’t collaborate with Gamow and Alpher in the work. However, let us emphasize that Bethe was an important nuclear
physicist, and not a mere collaborator of Gamow, is the fact that Bethe won the Nobel prize in the 1960s for the synthesis of

elements in stars.



occur in the early expanding Universe [21]. The model proposed that the elements were syn-
thesized in a hot and very dense epoch where the primordial neutrons could decay into protons
and join themselves to form heavier and heavier elements until the production was frozen by
a fast expansion of the Universe. Then, Alpher and Robert Herman calculated that such high
temperatures would imply that the Universe was dominated by radiation (instead of matter). But
then, there should be a thermal bath remnant under the form of a background radiation which
could be measured and with a temperature estimated by them to be around 5K [22] (today, it
has been measured as 1" = 2.73K).

In 1964, Arno Penzias and Robert Woodrod Wilson (at Bell labs) built a horn antenna (7.35
cm) to use for radio astronomy and satellite communication experiments. However they en-
countered radio noise which they could not explain [23]. It was isotropic and had a perfect
blackbody spectrum, and they thought their instrument was suffering from interference by ter-
restrial sources or from the bat and pigeon droppings accumulated on the antenna. But after
removing the dung buildup and ruling out the possibility of terrestrial sources, the noise re-
mained. Then, Penzias contacted Robert Dicke who was an astronomer and physicist (and one
of the founders of the Brans-Dicke theory). He suggested it may be the cosmic background
radiation which was predicted by the cosmological theory of Big Bang. Dicke’s group (that
included P.J. Peebles) was already looking for this signal, measured the second clean detection
providing the total theoretical interpretation [24] and determined that the Big Bang theory and
the Friedmann-Lemaitre model had moved from a speculation theory into well-tested physics
[25]. The measurement of the Cosmic Microwave Background (CMB) became one of the most
important parts for the construction of theories about the early Universe. Let us remark at this
point the importance of the combination of theory with observations and vice-versa.

At the same time, during the 1960s and 1970s, Vera Rubin was developing her work on
clusters of galaxies with hundreds of spectroscopy observations, together with Kent Ford. They
managed to resolve the spectra of astronomical objects, and studied the rotation curves of stars
around the centers/or bulges of the galaxies, i.e., the velocity of the stars versus their distances
from the galaxy center. She was able to determine the distribution of the mass observed by each
star and responsible for its dynamics in the galaxy. Because most of the stars are close to the
core, the radial velocity of stars was supposed to decrease as the distance increases, graphing

a descendant rotation curve. Indeed, stars farther from the core should move slower than stars
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closer to it. However, she discovered the unusual fact that the line of her graphics, instead of
sloping down with the distance, seemed to level off. This can only be explained with additional
mass distributed in the whole galaxy, which had not been observed, recovering in 1980 the

already mentioned idea of dark matter [26].

Twelve years after, in 1992, the COBE satellite team discovered anisotropies in the CMB
radiation at the level of 1075, and measured their sizes. This offered us an image of the primeval
matter density fluctuations which would end up being the seeds for galaxies and matter cluster.
The fact of finding such small variations (homogeneously distributed) of the early Universe is
one of the most powerful evidences of the Cosmological Principle, claiming we are in a homoge-
neous and isotropic Universe. This research was improved with the evolution of technology as
the COBE satellite was replaced by its descendant, the Wilkinson Microway Anysotropy Probe
satellite (WMAP) in 2001, and later by the Planck satellite in 2009. With this data, cosmolo-
gists were and are able to measure some cosmological parameters like the density of the different

components of the Universe (depending on the chosen model) as we will see along this thesis.

To finish this brief introduction to the history of modern cosmology, we have to go back
to 1998 for a remarkable milestone revealed by two thorough surveys of Type Ia Supernovae
(SNela). The knowledge of this kind of Supernovae increased significantly in the years previ-
ous to the surveys so that SNela could be used as standard candles, which let us know higher
distances. Moreover, we have already said that observations concluded that the Universe was
expanding, however, it would seem logic to think that if the only force (at cosmological scale)
is the gravitational force, the expansion will end up stopping and consequently the Universe
would be decelerating. With the new tool of SNela, two separate research groups (one led by
Adam G. Riess [27] and Brian P. Schmidt [28] and the other one by Saul Perlmutter [29]) tried
to measured this deceleration. The surprise came when they did not observed the deceleration,
but rather observed that the Universe was accelerating its expansion! The simplest explanation
was, and still is, the reintroduction of the cosmological constant A, which had been introduced
and eliminated by Albert Einstein! Nonetheless, there are other possibilities, and in general, any
new component of the theory which leads to this accelerated expansion is called Dark Energy
(DE). With all this information the current cosmological model is built with the introduction of

A and the Cold Dark Mater (CDM). It is the ACDM model which we will comment about below.
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1.1 General Relativity: the gravitational theory

General Relativity was proposed by Albert Einstein [30, 31, 32] in 1915 and provides a de-
scription of gravity as a geometric property of spacetime which is built from the matter content.
Gravity is a consequence of the deformation of the spacetime by the matter and this deforma-
tion implies how the matter should move. In other words and citing John Archibald Wheeler
“Spacetime tells matter how to move, matter tells spacetime how to curve” [33].

We should start out mentioning the main fundamental ideas on which General Relativity is

based:

* Newton’s law should be recovered at Earth and solar system scales, because it was very
successful to explain the so-called celestial mechanics until the middle of the nineteenth

century.

» Covariance principle: the consistency of physics for different observers demands that the
choice of coordinates does not affect the physical laws. If a theory is built from tensors or
vectors, which are covariant by definition, the theory will be covariant. This fact seems
obvious if we look for a universal theory or model which does not depend on the ob-
server. It means that the laws are equal for all observers, even though its representation

in coordinates could be different for each one.

* Special Relativity seems a good first step, but it is unable to explain the gravitational
redshift of spectra lines of compact stars. So the metric tensor should be a function of
the coordinates, substituting the Minkowski metric and pseudo-Euclidean geometry by a

more general metric, and a Riemannian geometry.

» Associated with the previous idea, a mathematical object which describes the geometry of
the manifold appears as a good candidate to be the fundamental object to describe gravity.
So, all this information is encoded in the metric tensor g,,, which is considered as the only

source of geometric degrees of freedom.

* It is a four-dimensional Lorentzian manifold (special case of Pseudo-Riemannian mani-

fold), with one temporal dimension and three spatial dimensions. In addition, the metric
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is symmetric so it has only ten independent components that reduce to six due to the ex-
istence of a gauge freedom that amounts to the arbitrary specification of four conditions,

reducing the actual number of degrees of freedom in the metric [34].

 This manifold is endowed with a covariant derivative V (or equivalently with a connection
I") which is assumed metric compatible (V,g,,, = 0) and torsion free (I';, = I'} ). With
these two last assumptions, the connection is inevitably forced to become the Christoffel

symbols.

* The energy and momentum should be conserved, since there are no experiments showing

the opposite behaviour.

From a variational viewpoint, this theory is characterized by the following Einstein-Hilbert

action:

3
c
5= 167G

1
/ doy=g R+ / 42/ = Lo (" T) . (13)

where c is the speed of light, R is the scalar of curvature (or Ricci scalar), g is the determinant
of the metric, L, is the matter Lagrangian, ¥, are the possible matter fields, and G is the
gravitational coupling constant (from Newton’s law), which defines the proportionality between
the deformation of the spacetime and the matter. It is common to use the definition 87G = k2 in
order to simplify the notation. The scalar of curvature is built by the Riemann and Ricci tensor

respectively defined as:

« . « o o A o A
R, = 0.5 =013+, =TI 5, (1.4)
R/U’ = Rauau = aUFUVu - al/l—‘gau + FUU’\/IWV/L - Faufyl—wau ) (15)
R = g¢"™R,,, (1.6)

with I" being the Christoffel symbols:

1
r, = 5 97 (0v9ua + OuGor — Oalyw) - (1.7)

Then, the total action is the contribution of the gravitational sector together with the matter
sector of the form S = S, + S,,,. As usual in classical mechanics, the equations of motion of

the theory are obtained from a variational principle, i.e. applying variations of an appropriate
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functional, denoted the action, with respect to the degrees of freedom (that we have already
anticipated that for GR are associated with the metric), and assessing stationarity conditions.

Let us introduce how variations apply to some terms:
1
0V=9 = —5V=9909" . (1.8)
5B = 6g™ Ry + g"0R,, = 66" Ry + Va (g“”agraw, - g“aagrﬁw) . (L1.9)

So metric variations of the first term of action (1.3), which describes the gravitational sector, is:

-~ 16wG

1
5gSg /d4l’\/ —g [—Eg,wR(SgW + 59WRW + voc <guyégrauu - guaégrﬁ,uﬂ):| :

(1.10)

Focusing on the last term, it can be written as V,v* and its volume integral transformed
into a surfaced integral by the Gauss theorem: ‘“the surface integral of a vector field over a
closed surface, which is called the flux through the surface, is equal to the volume integral of
the divergence over the region inside the surface”. But the term v® tends to zero at the border
and consequently this term will vanish. This fact is not always true and will depend on whether
it is coupled with other terms. At the end of the day, for the gravitational part of the action, one

can conclude:

5959 =

3 4 1
| v
e /d x\/—g [ 29WR+ Ruu} og” | (1.11)

and consequently the equations of motion for GR in the vacuum case (for which £,,,, = 0) are:

1
Ru = 59wR=0. (1.12)

The case where a cosmological constant is considered is straightforwardly obtained from the

gravitational action:

3
c
59 = 167G

/d4a:\/—g (R—2A), (1.13)
and its equations of motion in vacuum are:
1
R, — §gWR +Ag, =0. (1.14)

In the left hand side the first two terms constitute the Einstein tensor denoted G, Addi-

tionally, one should consider variations on the matter sector, and define a stress-energy tensor
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(also called the energy-momentum tensor) as follows:

_ 9% (V/=9Lma) (1.15)

Ty = ;
8 Nl

yielding the Einstein equations:

1 8rG
RMV - §g“VR + Agl“’ = C_4T'w} . (116)

In 1971, 50 years after GR was proposed, Lovelock’s theorem [35, 36, 37] revealed that
from a local gravitational action which contains only second derivatives of the four-dimensional
spacetime metric (in order to avoid possible instabilities), the most general equations of motion
are the previous ones*. GR has passed all precision tests to date and given us some interesting
phenomenology such as: the anomalous perihelion advance of the planet Mercury [38], gravi-
tational lensing [39], gravitational time dilation, which have been observationally checked, and
which Newton’s law of gravitation is unable to explain.

In spite of these successes, there are some problems with GR. Singularities are one of them,
which mean that there are points where spacetime is ill-defined because the path followed by
particles (the so-called geodesics) are incomplete and consequently predictability is lost. There
are also problems to find a unique quantum theory of GR. Therefore, this suggests that GR is only
valid for some regions and scales and then is not complete, i.e. it is not a valid theory everywhere
and for any scale (in a similar form to Newton’s law which is valid for small velocities and scales,
or in other words, for weak fields). However, there are open questions too when one applies GR
on scales greater than that of the Solar System.

But Lovelock’s theorem told us that Eq. (1.16) are the most general equations, then how can
physicists improve the theory? In view of the theorem (and its considerations), there are 5 main

ways to go beyond GR if one considers gravity as a geometrical theory:

* Add other fields with a gravitational role rather than the metric tensor.

“However, these equations could come from a more general action (or Lagrangian) than the Einstein-Hilbert one, if these
new terms do not change the equations of motion. Indeed, the most general Lagrangian in 4-dimensions with the previous

properties is:
Ly = ayv/—gR — 20/=g + be"""*R°®  Rappr + cv/—g (32 —4R™R,, + R“m*ﬁRumg) , (1.17)

where a, b, A and c are constants and the last term will be related with a branch of modified gravity called Gauss-Bonnet gravity
as it will be explained below.
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* Increase or diminish the dimensions of the spacetime.
* Add terms involving derivatives of the metric of higher-order than the second.
* Consider non-locality in the fundamental action, e.g. the inverse d’ Alembertian.

* Consider the idea that the field equations do not come from the action which has been
dubbed emergence. Consequently, this idea discards the variational formulation of the

action and is beyond the Lovelock theorem.

These are the major possibilities to modify gravity if one considers it as a geometrical theory.
Obviously this theory is also applied to the Cosmos when looking for a valid cosmological
model. This is an essential step when we try to study the reliability of GR on large scales, where
this force should dominate. As usual in physics, this allows us to create a whole new framework
with new problems or questions to be solved. Consequently, it is essential to introduce the

current cosmological model at this point.

1.1.1 ACDM model: the current cosmological model

This model is supported by two ideas:

* GR as the gravitational theory.

* The Cosmological Principle: the Universe can be considered homogeneous and isotropic
at large scales. Therefore, one should introduce the most general spatially homogeneous
and isotropic metric. It is the FLRW-metric which, in the spherical coordinate system,
reads:

dr?

ds? = —2dt* + ¥ (t) | ——
s c +a()(1—kr2

+ 72d6? + 1% sin” 9d¢2) . (1.18)

where a(t) is a function of the time called scale factor, which is related with the size and evolution
of the Universe, and we will normalize it to unity today, while £ takes account of the geometry
of the space with three possibilities: £ = —1,0,1. At constant time, the cases k£ = 0,1, —1
represent hyper-surfaces which are flat, positively curved, or negatively curved, respectively.
A very important parameter defined from the metric is the Hubble factor which is written:

_lda

(t) = ot (1.19)
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being H, the Hubble factor at the present time. This parameter is very useful when studying
cosmology and its history because it gives the speed of expansion/contraction of the Universe,
that will be a fundamental aspect to relate the models with observations.

In order to advance in cosmology, it is usual to consider a perfect fluid whose stress-energy

tensor reads:
T, = (p+5) U'U, + pg, (1.20)
C

where p is the energy density, p is the pressure and U, is the four velocity (U“U, = —1). The

former thermodynamic quantities are those measured by a comoving observer with the fluid.
With all this information (and assumptions), one is able to compute Einstein’s field equations

describing the evolution of the Universe in the comoving rest frame. The tt—component of Eq.

(1.16) is called the first Friedmann equation:

(d) > 8rG AP kP

— - _ 1.21

a
where the dot denotes a time derivative. It is usual to define a critical density that would provide
a spatially flat Universe in absence of cosmological constant:

3H?
StG

o = (1.22)

Therefore, a Universe whose total energy density was above p. would be spatially closed, and
spatially open in the opposite case. However, the main utility of the parameter p. is that it allows

us to define dimensionless density parameters for the energy density of the component ¢ (p;):

pi(t)
Qi(t) = , (1.23)
(®) pe(t)
which, together with the next two definitions:
kc? Ac?
U(t)=——mm. )= EViER (1.24)

transforms the first Friedmann Eq. (1.21) into:
D (1) + () + () =1, (1.25)

The trace of Eq. (1.16) together with the first Friedmann equation give us the second Fried-

mann equation, also called the acceleration equation or the Raychaudhuri equation:

a AnG 3p Ac?
7 = S 1.26
a 3 <p - 02) * 3 (1.26)
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From this equation it is straightforward to see that without the cosmological constant A, and
with usual matter with positive pressure and positive energy, the Universe is condemned to be
decelerated.

In addition, it is possible to use another equation from one of the previous assumptions, the
conservation of the total stress-energy, V#7T,,,, which ends up giving the continuity equation of

a fluid:
&
p+ 32 <p+%>:0. (1.27)
a C

However, this equation can be obtained combining Eq. (1.21) and Eq. (1.26) so that only two of
the three equations are independent, and the choice of which pair we should use will depend on
what one is interested in studying. Eq. (1.27) informs us about the joint evolution of the species
when p = ). p;. This is specially simplified if they do not interact with each other, which makes
the continuity equation independently satisfied for each individual species. This is the case of
ACDM where Eq. (1.27) is satisfied separately for each component, (i.e. p; +3§ (pz- + f—g) = 0).
In contrast, if the different species were coupled, their equations of continuity would be coupled
as well and the solution could be more difficult to find or even impossible, as there will be a
larger number of unknowns than equations.

For the moment, we will take perfect fluids characterized by their density and pressure. If
both magnitudes are related by an equation of state of the form p = wp, they will be barotropic

fluids® and if w were constant, one could solve equation Eq. (1.27) as follows:
pi ox g dUFw) (1.28)

getting an expression for the evolution of the energy density of species . There are three pos-
sibilities: if w; > —1, the energy density decreases as the Universe expands; if w; < —1, it
increases with the Universe; and if w = —1, it remains constant, which is the important case of
the cosmological constant, that can be understood as a constant energy density in Eq. (1.21).
Confronting all these assumptions and derivations with observations [40], in the present state

of the art one is led to the ACDM model which essentially states the following:

* The Universe seems to have had a beginning at an extremely high density stage denoted

as the Big Bang, from which it evolved ever since.

3 Any fluid with a equation of state of the form p = p(p) is barotropic.
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* The Universe has undergone an early acceleration dubbed inflation in order to solve some

problems. The main ones are: the horizon problem (same background radiation from
any point of the sky despite the entire sky not being in causal contact and consequently
not being able to achieve thermal equilibrium), the flatness problem (fine tuning problem
with the density of matter and energy to get a flat Universe), and the monopole problem
(absence of magnetic monopoles which should have been produced during the early epoch
of the Universe, being it very hot). This phenomenon would be able to explain the very

high degree of homogeneity and isotropy of the observed Universe at large scale too.

However, ACDM does not explain this early acceleration, although an effective A is usu-
ally envisaged. The majority of scenarios to produce inflation involve a self interacting
scalar field, the inflaton, that under appropriate conditions exhibits a short period of “slow-
roll” during which there is an exponential or quasi-exponential expansion so that the scalar

field behaves as a cosmological constant A.

After inflation, the primordial nucleosynthesis of light elements should occur. Then, the
continuous decrease of temperature of the Universe brings down the temperature of the
ultra relativistic plasma to a level that enables the recombination of the atoms. This hap-
pens approximately 360000 years after the nucleosynthesis and sets the stage at which
electrons and protons first became bound to form electrically neutral atoms. After this,
the mean free path of photons greatly increased, photons decouple from matter and be-
come a thermal bath dubbed the Cosmic Microwave Radiation (CMB), because it reaches
us at the present in the microwave band. The release of the CMB defines what we call
the Last Scattering Surface (LSS), and corresponds to the oldest “photo” of our Universe.
The CMB is a perfect black body radiation, but exhibits small temperature fluctuations
that we identify as the seeds for the emergence of structures. The size of the underlying
baryon fluctuations is associated with the sound horizon in the plasma, and provides us

with a standard ruler denoted by Baryon Acoustic Oscillation (BAO).

It is necessary to introduce Cold Dark Matter (CDM) to explain the velocity curves of
galaxies and of structure formation. However, this form of matter has not been directly

observed as yet and its nature is still unknown.
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* There is a fluid with negative pressure called dark energy which is associated with the

cosmological constant and explains the current accelerated expansion of the Universe.

* There are three epochs depending on the component which dominates at each moment.
In sequence, they are: radiation epoch €2,., matter epoch €2,,, and cosmological constant

epoch 2.
* Our Universe is (nearly) flat, which implies £ ~ 0 in (1.18).

The main success of this model is that it is able to explain almost all observations until now,
so why do we need an alternative model? We expose some of the more important problems of

this model in the following section.

1.1.2 Problems of the ACDM model

In order to explain the physics of the cosmos on larger scales, it becomes mandatory to consider
more exotic kinds of energy and matter than the standard sources of geometry. In this way,
and under the uncontroversial assumption of homogeneity and isotropy in a GR ruled Universe,
the ACDM model provides a quite worthy chronicle of our Universe driven by new unusual
components (as we have anticipated): dark matter and dark energy.

Nevertheless, we cannot describe the physics of our Universe by just scraping its surface:
when we examine the ACDM model in the light of the whole assortment of evidences available,
we realize that, unfortunately, its two main components lead to new problems [41, 42, 43, 44,
45,46, 47]. In particular, volumes have been written about the shortcomings of the specific type
of dark energy on which the model relies, the cosmological constant A.

When a cosmological constant as dark energy represented by A, and CDM are introduced and
contrasted with observations, they are estimated to make up 69.2% and 26.8% of the total energy
content of the Universe respectively at present [48, 49]. Ergo, in addition to other problems as
the quantization of GR, the two main problems which we are interested in will be associated
with the need of introducing these new cosmological components.

On the one hand, CDM is introduced to explain the motion of galaxies in the frame of GR,
but this kind of matter or fluid has not been directly detected. It means that we observe motions

or effects (around the galaxy scale) which disagree with GR (which works very well at Solar
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System scales), and in order to accommodate the theory with the observations, a new kind of
matter is introduced (instead of modifying gravity). The result is that the theory is able to fit the
observations, including structure formation, despite the need of introducing a hypothetical dark
matter particle. The main problem is that there is no success so far in the experimental search
for that particle.

On the other hand, there are problems associated with the cosmological constant. The most
important ones are: the cosmological constant Problem (CCP), the Coincidence Problem (CP)
and the Fine-Tuning Problem (FTP). The CCP is the discrepancy (around 120 orders of magni-
tude) between the observational value of the cosmological constant and the predicted value of
the zero-point energy of quantum field theory. The CP is associated with the question of why
the late acceleration of the Universe began when it did and its connection with structure forma-
tion. In a similar way, the FTP questions the fundamental reason for such a small value of the
cosmological constant [47].

We have already spoken about the problems found in GR in order to get a cosmological
model in agreement with observations, which essentially are the problems of the ACDM model.
Introducing modifications into GR opens the door to physics beyond the ACDM model, which
tries to resolve the previous issues through modified gravity [50, 51, 52]. However, notice that
the new theory must have the same behaviour as GR at the Solar System scale.

Nevertheless, there are other possibilities if one wants to maintain GR: on the one hand, one
could modify the matter content, i.e. modifying the right hand side of the Einstein equations
with new kinds of matter; or modifying the geometry, in which case, it is the left hand side
of the Einstein equations which is modified, loosening the Cosmological Principle. However,
although the cosmological problems would be resolved, the problems from singularities would

remain.

1.2 Modified Gravity

There are different theoretical and experimental reasons to consider gravitational theories be-
yond General Relativity [53, 50, 54, 55, 55, 56, 57, 58, 59, 60, 61]. Indeed, there has been in
the last years a large number of proposed gravitational theories which modify GR somehow to

keep the phenomenology (with good fittings to observations), but without the problems we have
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previously referred. In fact, there are so many, that the classification will depend on the author,
but under our knowledge and specially focused on this work we are going to classify them in 5

big groups:
» Extra fields which are added to the theory of gravity in different ways.
 Higher derivatives and non-local theories.

» Higher (spacetime) dimensional theories.

Alternative formulations: changes in the geometry.
* Theories arising from quantum arguments.

However, this list is only a simplification and arises depending on the motivations from
which the theory emerges, as some theories may be considered to belong to more than one item.
Note that these groups are practically the same ones proposed by Lovelock’s theorem already
explained. In addition, there are other approaches to solve problems, which maintain GR as
gravitational theory, but modifying other assumptions of the ACDM model like the concept of
homogeneity and isotropy. It does not mean that the Universe is not homogeneous and isotropic
at large scales, but its structures at interstellar scales may affect the total evolution at bigger
scales.

From the viewpoint of theories based on higher spacetime dimensions, the first theory pro-
posed was the Kaluza-Klein theory between the years 1919-1926 [62, 63]. This theory tried to
unify gravitation and the electromagnetic forces using 5 dimensions. The starting point of view
of the theory was a 5-dimensional metric tensor which included the 4-dimensional gravitational
metric plus the vector potential A; of the electromagnetic field, together two scalar functions.
Thus one was able to obtain GR on the one hand, and the Maxwell equations on the other one.
This theory allowed physicists to think about the possibility of unobserved additional dimen-
sions which would be “rolled up” to get the effective 4-dimensional spacetime of GR. Other
examples of theories with extra dimensions are String Theory or Superstring Theory which go
beyond gravitation.

In a different way, there are theories that go beyond Lovelock’s theorem, in what concerns

second derivatives in the field equations. We already said that this theorem formulates that
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Einstein’s equations are the most general equations from a single metric (in 4-dimensions) with at
most second order derivatives. Therefore, another possibility to extend the gravitational theory
is to relax this constraint letting the field equations to be higher than second order. One of the
most important proposals in this respect arises from replacing R with a non-linear f(R) in the
Einstein-Hilbert action [57, 64]. However, even if viable examples can be found within this
class of models, there seems to be no compelling reason to prefer more complicated models to
the simple cosmological constant within GR. In particular the extended models do not evade the
cosmological FTP. This will be briefly analyzed in Section 3.2. Other important examples are
the Gauss-Bonnet models based on f(G) [65, 66, 67, 68, 69] where G is the Gauss-Bonnet term
defined as®: G = R? — 4R"™R,,, + R"*PR,,,05.

Of course, from this point of view, there are other possible theories which arise by adding
other higher order invariants in the Lagrangian of GR. Example of these are: Lovelock theories
[71, 72, 36]; extensions of f(R) such as f(R,G), f(R, R, R"), f(R,T) (where T is defined
by the torsion); non-local theories [73, 74, 75] like f((J"'R) (where [J~! is the inverse of the
D’alembertian) or f(R,, 0! R*) and the so-called conformal Weyl theory.

A different approach are the so-called scalar-tensor theories, in which one introduces a new
scalar field, which can be non-minimally coupled to gravity. The first historically important
example is the Brans-Dicke theory (developed in 1961) [76, 77], in which the gravitational

action is defined as:

Sy = 16 e (sbR p; ,mzﬁc?”cb) (1.29)

where w is the dimensionless Dicke coupling constant. Of course, if one forces to ¢ = 1, GR is
recovered. The model has been studied from different perspectives, by considering perturbations
[78], or the role of the coupling in the gravitational constant [79]. This will be thoroughly studied
in Chapter 2.

A generalization of the previous one, is the Horndeski theory. This theory is the most gen-
eral theory of gravity with an additional scalar field (therefore it is beyond Lovelock’s theorem
previously mentioned) which guarantees no Ostrogradsky instabilities. These instabilities are

associated with equations of motion with more than two time derivatives and a Hamiltonian

SThis term is motivated because Lovelock’s theorem allows it in the Lagrangian since in 4-dimensions, it does not contribute
to the equations of motions as it vanishes (in Riemannian geometry [70]) like a boundary term. However, this term is an essential
part of the generalization of Lovelock’s theorem at higher dimensions.
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unbounded from below. In this case, the action is:
3
C

56 = /dx4\/__g (167rG

where Ly, is the Horndeski Lagrangian given by [80]:

Ry cHr> | (1.30)

Ly = G20, X)
—G3(¢, X)Oo
+Gy(d, X)R + Gax (6, X) [(06)* — du ]
FCs( X)dun G - W [(0¢)* = 3066, 0™ + 26,,6" 6]
(1.31)

where each (G, is an independent free function, ; is the covariant derivative, x is the derivative
with respect to X, and X is the kinetic term defined as: X = —%@Lgb@“qﬁ. This theory will be
analyzed for specific spacetimes beyond FLRW-metric in Chapter 5. From Eq. (1.31) one can
check that Brans-Dicke theory is a particular case. Another important specific case of this is
the so-called k-essence theory, in which only function GG, is activated like a minimal coupled
case. Initially, k-essence models were proposed to explain the inflationary epoch [81, 82], but
it was realized that these models could explain the late-time cosmic acceleration as well. A
more specific case of this one is the quintessence model [83, 84] in which G is the standard
Lagrangian density Go = X — V/(¢), where V (¢) can be a general potential, turning it into the
simplest scalar field scenario introduced to explain the acceleration stages.

It i1s important at this stage to introduce two important concepts in modified gravity and
specially in scalar-tensor theories. These are the Einstein Frame (EF) and the Jordan Frame
(JF). In order to give a brief definition one could think about the JF (in scalar-tensor theories) as
the frame (or the representation of the theory) in which the scalar field is coupled with gravity,
as opposed to the EF where, the scalar field is coupled to the matter Lagrangian. In general,

both frames can be represented as follows:

S, = / 44/ =G [y (G 8) + Lo, ()] + Smlgp) |
Sp = / 4/ =5 1Ly (Gp0) + Lon (©)] + Son(Gpr 6) (1.32)

which are usually related by a conformal or disformal transformation:

G = C(¢, X) g + D(, X) 0,00, 0, (1.33)
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where C'(¢, X) is the conformal factor, and D(¢, X) is the disformal factor. Therefore, this
redefines the metric with the scalar field, so that the coupling appears in one sector or other. In
addition, this transformation preserves causality and the number of degrees of freedom. Those
theories that connect the Jordan frame with the Einstein frame by Eq. (1.33) with D(¢, X) # 0
are so-called disformal theories of modified gravity [85, 86, 87, 88, 89, 90, 91, 92], where the
main point is that they can be transformed to GR but with the matter content coupled to a scalar
field. Let me add that the Horndeski action is invariant under disformal transformations [93]
and in addition (and related), the Einstein frame exists only when there is no G5.

The natural next step from scalar-tensor theories, in the same direction, is the vector-tensor
theories [94, 95, 96, 97, 98, 99, 100] (with the special mention of Einstein-ather theories [101]
with the particular property that they single out a preferred reference frame and allow for the

study of violations of Lorentz symmetry in gravitation), with the form:

3
C
Syr = /d4x\/ —g |:167TGR+£(9MV7AM) +Sm(g;w,\1/), (1.34)

where A* is a spacetime 4-vector field and ¥ are the matter fields which are not coupled to A*.
Obviously, other possibilities are tensor-tensor theories which involve two rank-2 tensors (such
as bigravity [102] and massive gravity [103]). Finally a combination of all [104], which are
called scalar-tensor-vector theories, is also possible.

Another possibility concerns the connection, which we already mentioned that in GR is
considered to be metric compatible and torsionless, which forces it to become the Christoffel
symbols. Therefore, another possible modified scenario is to let the connection be free, in such
a way that one finds the Palatini and the metric-affine theories (many times mistakenly treated
as the same). For both theories, the connection is free, but in the Palatini case one considers
that the matter action does not depend on it. In opposite, in the metric-affine formulation, the
matter action depends on the connection as well. In both cases, one should apply variations with
respect to the degrees of freedom, i.e. the metric and the connection, but in the first one the stress-
energy tensor will be the usual, whilst in the second one it will depend on the hypermomentum
tensor defined from variations of the matter Lagrangian with respect to the connection and for
the Hilbert-Einstein action. Both frameworks or considerations can be applied in the Hilbert-
Einstein action as in modified gravitational actions. It is usual to say that if one applies the

Palatini formalism in Eq. (1.12), GR is recovered, but this is only true after some assumptions,
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which close the system of equations, as showed in [35]. Of course, if one imposes a torsionless
theory and a null non-metricity tensor (which takes account for the metric compatible character)
adding Lagrange multipliers with that parameters to the action (1.12), one recovers GR in spite
of considering a metric-affine formalism. We will come back to this issue in Chapter 7, where
we will also study theories built focusing on the connection and its observational constraints.
An extension of the Palatini approach is the Hybrid Metric-Palatini gravity, in which it is usual
to change R in the GR action by a function of f(R, R), where R is defined with the Christoffel
symbols, whilst R depends on the connection and offers a richer phenomenology [105].

We will finish this brief walk in the forest of modified gravity by mentioning some other
theories, either from more radical changes in the geometry, like Finsler gravity, or motivated
by quantisation such as Loop Quantum gravity, Hotava-Lifschitz gravity, or some non-local
theories [73, 74, 75] playing an important role the p-adic strings theory [106, 107, 108], and
which will not be delved in, since they are beyond the study issue of this work.

In order to simplify our calculation, from this point on (and if we do not specify otherwise)
we will take the normalization of the speed of light as ¢ = 1 and keep in mind the signature of

the metric (— + ++).

1.3 Energy Conditions

General Relativity only informs us about the form of communication between gravity and mat-
ter, however it does not tell us anything about what kind of material content one should consider
as the source of the curvature of the spacetime. In the actual Universe, the stress-energy ten-
sor,which has to be considered in Eq. (1.16), could be made up of contributions from a large

number of different matter fields:
total __ ¢ m 1%4
TW —TW+TW~|—TW+ e (1.35)

Physicists have some kind of idea of the type of matter that exists under the mild conditions
we find around us, but unfortunately, we have a very little idea of the behaviour of matter under
extreme conditions of density and pressure. However it is possible to make assumptions about
T*, from the identification of criteriae that should be satisfied by material fields under “normal

conditions”. We speak about energy conditions that are considered as physically reasonable
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assumptions on the stress-energy tensor.

1.3.1 T"” as a symmetric tensor

A general 7" is defined varying the matter action with respect to the metric, Eq. (1.15). Conse-
quently, if one considers that g"” is symmetric, 7" should be symmetric too. Due to this sym-
metry, one is able to diagonalize the purely spatial part of this tensor, adopting an orthonormal

basis (which is not a coordinate basis generically), B : {éy, €1, €, €3} and performing rotations

to get:
p fi fa fs
0 0
O IO , (1.36)
fa 0 pp O
fs 0 0 p3

where p is the energy density, p; are the pressures and f; are the energy fluxes, all measured by
an observed at rest in B. It is useful to note that in the basis B, it is possible to write any timelike

vector, without loss of generality, as’:

1

Ve Zl with SO <1. (137)
2 %

Bs

The energy-momentum flux 4-vector will then take the form 8:
Ft=-T"V,. (1.38)

However, there is still a lot of freedom if we do not suppose anything about the f;.

1.3.2 Stress-energy tensor types: Hawking-Ellis Classification

There could be as many types of matter as the imagination of physicists and gravitational theo-

ries allow. However, from a tensorial representation with a symmetric Stress Energy Tensor in

"V, = 4(—1, 1, B2, B3) because the basis is orthonormal (not flat because it is not coordinate basis)

8 1 is the energy-momentum flux seen by V*
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4 dimensions and in an orthonormal basis (1.36), Hawking and Ellis classified it in 4 possible
forms depending on the extent to which they can be diagonalised by local Lorentz transforma-

tions® [110, 1117:
T = (HE)*L"Lg" . (1.39)

1. Type 1: It has a timelike eigenvector €. It describes almost all observed fields:

p 0 0 0
o lop 00
T}u = ) O-()\) = (_/)7])17]727])3) ) (140)
0 0 p O
0 0 0 p3

where o()\) are the eigenvalues. The eigenvalues p may be equal, or not but this matrix

can be diagonalised always.

2. Type 2: It has a double-null eigenvector = €+ €. It describes zero rest-mass fields when

they describe radiation travelling in the direction &, + €:

p+f 0 0

y S —u+f 0 0
T]#] = 3 U()‘> = (_,uu _,U,pQ,p?,) . (141)

0 0 py O

0 0 0 p3

3. Type 3: It has a triple-null eigenvector = ¢; + €;:

p V2 fIV2 0
2 —p+ 0 0
fIV2 0 —p—f 0

0 0 0 D3

4. Type 4: It has no timelike or null eigenvector:

p f 0 0
) f —p 0 0 , .
T = , oA =(—p+if,—p—if,p2,p3).  (1.43)
0 0 p O
0 0 0 ps

°This classification of Hawking and Ellis updates and generalizes the Segré classification [109].
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In order to understand better this classification, it is easier to consider the mixed tensor'®

T = THFq,, [111]. Now, however, T* is not symmetric. That is the reason that, although
the problem is like in euclidean space, the tensor can be non-diagonalizable. It can be seen, as
we already said, that the spatial matrix can be diagonalised. Therefore, there are only 4 options
depending on the 4 possible sets of eigenvalues. We have taken the signs in such a way as to
obtain positive energy densities. However, in principle, there is no restriction about the signs of

the eigenvalues.

1.3.3 Usual Energy Conditions

The energy conditions are assumptions made on the material content to extract generic char-
acteristics of the spacetime through the equations of the theory. Therefore, those assumptions
about the energy conditions should be satisfied by the stress-energy tensor of fields that we know
exist in nature and it should not be trivially satisfied by any. However, let us remark once more
that they are only assumptions based on our experience about the matter we know, and so as they
are not strictly necessary or even dogmas, one is allowed to consider alternative possibilities.
It is usual to classify ECs into two groups and one additional group if one includes purely

geometrical (not energy) conditions:

1. Geometrical Conditions:

* Timelike convergence condition (TCC): It is the convergence of timelike geodesics
with zero vorticity. The matter and the theory of gravity are such that they imply the

convergence of timelike geodesics. This implies that Gravity is always attractive.

Let us consider the Raychaudhuri equation [112]:

% = wyw" — oot — %92 — R uMu” (1.44)
where:

wuw = V|qug 1is the vorticity. (1.45)

0 = "'V u,y = V,u" is the expansion. (1.46)

O = V) — %Ohw =0, — %Hh,w is the shear. (1.47)

19Tt must be noted that the eigenvalue problem from this mixed tensor is similar to the usual euclidean case whereas for 7 :
VETu = Aavy = (Tuw — Aagur) = 0.
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and h¥ = ! 4u*u, is the tensor of the projection in the tangent subspace orthogonal

to the velocity of the flux u*. For vorticity zero we can ensure df/dS < 0 if:
R,V*VY >0 V V¥ timelike . (1.48)

* Null convergence condition (NCC): Convergence of null geodesics. Matter and the
theory of gravity are such that they imply the convergence of null geodesics. Anal-

ogously:
R, KE'E” >0 ¥V EY null vector, k,k" =0. (1.49)
NCC is a limit case of TCC: V#* — k*. If TCC is satisfied — NCC is satisfied.
2. Energy conditions that assume a reasonable behaviour of matter in a given theory of grav-
ity
 Strong Energy Condition (SEC): Gravity is attractive in GR (without a cosmological

constant), and for this reason in GR the TCC must be satisfied. Let us show that SEC

— TCC + Einstein equations:

1
R, — §9WR =8rGT,, — R=-8rGT —

1
— RMV = 87TG <TMV — §gMVT) s

1
TCC: R,V'V">0 = (T,W - EgWT) VEVY > 0. (1.50)

So, the condition SEC is:

1

T, V'V > ~TVHV, . (1.51)

N |

* Null Energy Condition (NEC): Matter is such that in GR the NCC (R, k*k” > 0)
is satisfied. In this case, the NCC condition together with Einstein’s equations give

us the following condition:

T, k" >

1
> THE =0 = T,hE >0. (1.52)

We should note NEC is a particular limit of SEC.
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3. Energy conditions that assume properties of any reasonable material content indepen-

dently of the theory of gravity.

* Dominant Energy Condition (DEC): The energy density measured by any observer
is non-negative and it propagates in a casual way. There are two magnitudes related

with this:

— Energy density measured by any observer: p,»s = 1),V V2 . This condition

tell us that this magnitude should always be positive.

— Energy-momentum flux seen by V/, : F!, = —T" V¥ _1In this case, this con-

obs* ~ obs v " obs*

dition tell us that this vector must be causal.

So, the DEC could be written in the following form:

T, VFV" >0 VYV V" timelike and  F" isa causal vector . (1.53)

In some literature, this condition is found in the following form: a stress-energy
tensor satisfies DEC if, and only if, 7}, V#*V* > 0, and the vector —7"%, V" is causal

and is addressed to the future for all temporal vector V* addressed to the future.

* Weak Energy Condition (WEC): The energy density measured by any observer is

non-negative:

T V'V, > 0. (1.54)

Obviously, if DEC is satisfied = WEC is satisfied as well.

Also, the NEC is a particular limit of the WEC in which we consider V# — £* with
£ — 1. So, if WEC is satisfied = NEC is satisfied too.
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The relations between these conditions are:

CRCacac
G

In the diagram one can observe that if the SEC is satisfied, the NEC has to be satistfied as
well. Therefore, if the NEC is not satisfied, SEC will not be satisfied. Therefore, it follows the
mere violation of the NEC successively implies that the SEC, WEC and DEC are all violated
(NCC and TCC too when we use GR as the gravitational theory).

During the 1960’s, the trace energy condition (TEC) was also popular. It is now completely
forgotten, since it is incompatible with ultra-relativistic matter and specifically focusing on stiff

equations of state for neutron stars. For a signature (—, +, 4, +) it is [110, 113]:
TEC:, T'<0 fortypel: p—3p>0. (1.55)

This fact teaches us the important lesson that the ECs should not be taken as fundamental
and immutable conditions.

In the framework of modified gravity theories, the new degrees of freedom are usually recast
as generalized effective fluids. This point of view has been intensively explored in the litera-
ture to constrain these modified theories, as for example for the case of f(R) theories [114],
scalar-tensor theories [115], or to find bounds on modified teleparallel gravity [116]. However,
one should analyze carefully these results since the effective fluid from some modified gravity

theories differ in nature with respect to the standard matter fluids [117].

1.3.4 Relevant inequalities for a perfect fluid

It is usual to find the expressions of the ECs referred to a stress-energy tensor of a perfect fluid
(1.20). This is just a particular case of a type 1 stress-energy tensor which will be important
throughout the present work. Recall that U#, in Eq. (1.20), is the fluid 4-velocity, which should

not be confused with the observer’s 4-velocity V#. In a diagonal basis comoving with the fluid,
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one obtains!!:

—p 00 0
0 p 00
T = C ool (1.56)
p
0 00 p

Thus, we recover the canonical expression for a type 1 with p; = py = p3 = p, without the need
of using a local orthonormal basis, but only for the mixed tensor. Since this will be the main

stress-energy tensor used in this work, let us write the translation of its energy conditions.

* WEC inequality
The condition is:

-

TV, VY >0 ¥V VP =(1;8) suchthat f; satisfies » f7 <1, (1.57)
and therefore, for our kind of stress-energy tensor:
p+pY B >0. (1.58)

This expression is linear in 37 and it would always be satisfied by its extremal values, i.e.
.82 =0and}, 57 — 1. Therefore, on the one hand, if 57 + 33+ 55 =0 = (7 =0,
then p > 0. On the other hand, if 37 + 83 + 35 — 1, then p + p(8} + 5 + B2) > 0 —

p + p > 0. Therefore, these conditions for a perfect fluid are translated into:

p=0, (1.59)

p+p>0. (1.60)

""To check this one may express U* = (1,0,0,0), U, = (—1,0,0,0), g* = 6%. Then:

o = (p+p)(-1)+p=—p.
T, = (p+p)0)=0ifi#].
T; (p+p)0)+p=pifi=j=12.3.
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* NEC inequality
The condition is:
T Kk, > 0. (1.61)

where, in this case, because A* is a null vector, > _, % = 1 so we do not have the extremal

case 37 + 32 + 32 = 0 like in the previous subsection, and the only needed condition for

a perfect fluid is:
p+p=0. (1.62)
* DEC inequality
The condition is'?:
T, V'V >0 and F"F, <0 V V" timelike . (1.63)

As DEC implies WEC, we already know that for a perfect fluid we need the same con-
straint than for WEC for the first part of (1.63). Let us study the second inequality of this

condition’3.
FrE, =T VYT,V = —p> + p*(B; + 85 + 53) <0 (1.64)

where the inequality p + p; > 0 is contained. So, we express this condition for our

stress-energy tensor:

p=0, (1.65)
p=p=—p. (1.66)
* SEC inequality
This condition is:
™, V,V" > %TV“VN , (1.67)

12Let us remark that a causal vector means that it is timelike or null, which for a metric with signature (=, +,+,+) it is
translated into V*V,, <0

1t is obvious that in this part the specific form of the metric appears, however, we will consider a sufficiently local region.
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which could be translated into:
s+ 328 p+p X B+ 30 (1= 8) 20, (1.68)
and whose extremes are:
— 3.2 — 0. Then:

1 3
St 5p20. (1.69)

- >0 = Lie 3 — land 532 = 32 — 0, then:

p+p>0. (1.70)
So, in this case, the conditions are:
p+3p =0,
p+p =>0. (1.71)

1.3.5 Classical examples of violations of the Energy Conditions

The energy conditions or their violations are useful to extract general characteristics of the space-
time. With the purpose of showing that, let us present two important examples in the frameworks
of the cosmology model and scalar fields.

We showed that for the current cosmological model we need to introduce two epochs of
accelerated expansion of our Universe: inflation and the current epoch. Therefore, the Time-
like Convergence Condition (TCC) (which is independent of the gravitational model) cannot be
satisfied during those epochs, as gravity would not be attractive in an accelerated Universe.

In order to check this fact, recall that the TCC implies:
R,VIVY >0 V V* timelike . (1.72)
and considering a spatially flat FLRW:

ds® = —dt* + a*(t)(dr? + r2dQ?) , (1.73)
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where dQ? = d6? + sin? Ad¢$?, and whose 00—component of the Riemann tensor is'*:

Ry = —32 . (1.74)
a
On the other hand, considering the velocity of the co-moving observer V. = ~(1, 0), one gets:

Ruvevy =+ (-32). 179

Consequently, for an accelerated (@ > 0) Universe, the co-moving observer will perceive a
“repulsive” gravity, and therefore the TCC is violated. In addition, putting together TCC with
GR, one obtains SEC, so it should also be violated. But SEC focuses on the matter content and
not on the gravitational part, so the kinds of matter that support this effect (in these specific cases
dark energy and the inflation field) must violate the SEC by definition.

Thus, if one considers dark energy with a stress-energy tensor of type 1, the SEC for a
comoving timelike vector is translated into p > (p— 3p)/2, and using the state equation p = wp,
the violation of SEC becomes w < —1/3.

Another important example to show the Energy Conditions and focusing in modified gravity
is the study of a non-minimally coupled scalar field (since, from the previous example, it is easy
to conclude that a minimally coupled scalar field satisfies DEC, WEC and NEC, but it can violate
the SEC, considering dark energy described by a quintessence model). A possible action would

be then [118]:
1 1

where the non-minimal coupling is in the term: $R¢*. So, one could think about the second
integral as the matter-action and use the definition of the stress-energy tensor (1.15). The first
step will be to calculate the variation of the term with the non-minimally coupled term, one has
to take into account that, due to the ¢? factor, the variation OR,. /6 ¢*? term does not vanish, as
the result is not a total derivative, which we could split up from the integral and vanish it to zero

in the boundary. Thus,

L= —gx/—gRWg“”ng . (1.77)

"“where the global sign in the metric does not affect to this result.
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So,
oL, 65 oy 5RH,, oy Sgh
S = g R — SV = SR
= (-0 ) R g“”cbz—gx/—g%g“”aﬁ?—gx/—gl% PO
9 9 af (224 9 5gaﬁ 2 «
€ €
= —5V9Gasd” = 5vV/=3 [9as00" = VaVs(¢”)] . (1.78)
2 2

where in the last step we have done an integration by parts and we have cancelled the terms
which are evaluated at the boundary. We can see straightforwardly that if ¢ were a constant we

would obtain the Einstein tensor with another coupled constant. So, the stress-energy tensor

T((ﬁ)/“, = V,oV,0 — g;w(V(b) - guuv(¢) + EGuud)Q + € [QMVD¢2 - V#Vl,((ﬁQ)} =
= V.oV, 0 — gul/(v¢) — gV () + EGMV¢2
+2€ (9 V* (9Vad) =V, (6V.0)] (1.79)

and therefore Einstein’s equations are:
G = KT () (1.80)

where now 7'(¢),,, contains geometrical terms. We are going to move the geometrical terms to
the L.h.s:

G (1 — K2e0?) — {mw L 0uu(V6) ng<¢>+2e[nga<¢va¢>—wwwn}.
(1.81)

So, we can define an effective 7'(¢)4/:

2
Guw = %W { pPVud — guu(VQb) = 9wV () + 2€ (g, V* (¢Vad) =V, (¢VV¢>]} =
= W) (52

This is the relevant tensor for the study of the ECs, as it does not contain geometrical terms

now. Let us study how the NEC (equivalently the NCC) behaves:

G k'K = K2T($) DRk . (1.83)

""Recall that for a scalar field the covariant derivative is the same as a partial derivative, i.e. V¢ = 0,6.
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We consider £* to be a null vector tangent to a geodesic x*(\), with \ the affine parameter,

ie k'V,p =% =¢"

dx —
nwiy K /\2 TR
Cuk'h = = g {(0)" = 28 (V09,0 +6V,V,0) |
’iz N2 "
- -} s

We are going to study now the three possible cases:

* € = 0 is the minimally coupled field. In this case: T}, k*k” = (¢/)? > 0. Therefore NEC

is satisfied.

* ¢ < 0. In this case the coefficient 1/(1 + % | € | ¢*) should always be positive. Let us
study the minimum and maximum of ¢?
1. Minimum: ¢/ = 0 and (¢?)” > 0 so NEC is satisfied.
2. Maximum: ¢’ = 0 and (¢?)” < 0 so NEC is violated.
* € > 0. In this case, if | ¢ |> (x?/€)'/? then T o —[(¢/)* — €(¢*)"] any local minimum

of ¢? would violate the NEC, and if | ¢ |< (x2/€)'/? any local maximum would violate

NEC too.

So, the conclusion is that NEC is generically violated once one introduces non-minimally

couplings with the geometry.
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Chapter 2

About the gravitational coupling constant

In Newton’s law of gravitation, written as in Eq. (1.2) with G = —k?, the gravitational constant,
G, is assumed to be positive to obtain an attractive character. Of course, this character should be
recovered in GR, where G plays the role of the coupling of the geometry to the matter content
of the Universe. The consequence of this is to take the gravitational coupling as positive and
constant. However, this fact seems to be the only reason to consider a “static” coupling. In
1938, Dirac made an astounding proposal, dubbed the Large Number Hypothesis, according
to which any dimensionless ratio between two fundamental quantities of nature should be of
the order unity (for a more detailed account of the motivations see [119]). This led him to put
forward that if G were to evolve with the Hubble rate of expansion of the Universe this would
account for the present disparity of about 40 orders of magnitude between the gravitational and
electromagnetic forces at the atomic level. The possibility of a dynamical gravitational coupling

was thus considered.

This was the first time the variation of some fundamental constant was explicitly and seri-
ously envisaged. Dirac’s proposal was given a field theoretical realization, first by P. Jordan
within a Kaluza-Klein type approach (thus involving extra-dimensions), and then, in 1961, by
R. Dicke and his student C. Brans who introduced the theory already presented in Eq. (1.29), un-
der the motivation of accomplishing Mach’s principle [2, 76]. In both cases a dynamical scalar
field ¢ couples to the spacetime curvature and thus plays a gravitational role. As mentioned
in the introduction, this scalar field represents new degrees of freedom and upon variational

differentiation with respect to the latter implies additional field equations.

35
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In principle, within this framework, it becomes possible for GG to change sign, trading attract-
ing into repulsive gravity, and conversely. This might happen either during the cosmological
time evolution, or even conceivably it might happen at spatially separated regions of spacetime.
The concern about the sign of the gravitational constant has been envisaged as a constraint to
be respected by the spectrum of modified gravity theories, but the focus has never been directed
to devise a mechanism to assure its positiveness. For instance, Barrow [120] proposed that the
formation of primordial black holes during the early stages of the Universe might retain “mem-
ory” of the value of the gravitational constant at the time of their formation, and hence exhibit
diverse values of the latter depending on the instant of their formation, around ¢ p,.j,, ~ 1072 s,

Then, we will start this chapter studying the most elementary part of the gravitational theory
from a relativistic point of view, this is the coupling between matter and gravity, for which
one should go into the world of modified gravity and more specifically into the scalar-tensor
(ST) gravity theories. In addition, we want to analyze a possible cosmological mechanism that
determines the positiveness of the sign of G, even though it may exhibit transient periods in
the negative region. We are going to show that this cosmological device relies on the role of
a cosmological potential, which reproduces a positive cosmological constant in the so-called
Einstein frame. From this latter viewpoint it can be understood as another role of paramount
importance of this remarkable constant. In Refs. [121, 122], I. Roxburgh analysed the issues
of the sign and magnitude of the gravitational constant, based on Einstein’s correspondence
principle which demands that Newtonian gravity be recovered in the weak field limit of the
theory. His analysis is done in the framework of GR and is somewhat motivated by Mach’s
principle, leading him to conclude that G must be positive. Other studies which carry some
relation to the present chapter are [123, 124, 125, 126, 127, 128, 129, 130].

We shall start by briefly looking at the implications of having G' < 0 in cosmology, namely
showing that inflation arises for a considerably large set of parameters, and that one obtains
bouncing solutions that avoid the initial singularity when a cosmological constant is also con-
sidered. Only then will we analyze the cosmological behaviour of scalar-tensor theories to show
how a subset of the solutions exhibit negative G, and how a cosmological potential provides us
with a mechanism that favours positive GG and eventually stabilizes its sign. In essence we will
show that the presence of a cosmological constant in the Einstein frame provides such a mech-

anism for an extended set of varying GG theories, which represents a relevant feature for the
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existence of a non-vanishing cosmological constant in the Einstein frame (and of a correspond-
ing cosmological potential in the Jordan frame). At the same time, we will use this study to

introduce more deeply one of the simplest theories (but not less relevant) in modified gravity.

2.1 Negative G in GR

It must be said that if we envisage the trading of a positive G into a negative one within Ein-
stein’s General Relativity, the attractive nature of gravity will be mutating into a repulsive one,
and this avoids the need to rely on exotic matter, violating the strong energy condition, to pro-
duce inflationary stages. This is therefore an alternative ad-hoc device, akin to the Albrecht and
Magueijo’s varying speed of light to avoid the perplexing complications of the inflationary sce-
narios [131]. The down side of this way of producing repulsive gravity, is that once assumed,
it is forever. There would be no way of exiting inflation with canonical matter sources. The
scalar-tensor scenario that we consider afterwards avoids the latter problem, since it allows a
change of the sign of GG along its evolution, and presents us with a natural, and theoretically

consistent framework for exploring the possible negativeness of G.

2.1.1 Friedmann Models with a Single Fluid

Consider the usual FLRW universes of the standard cosmological model, and take G = —|G|
in Einstein’s GR and without the cosmological constant in Eq. (1.21) and Eq. (1.26). We then

have the following field equations':

at ok 87|G|

Z o2 = 2.1

2t 5 P (2.1)
a 87|G|
Z = 3p) . 2.2
" 5 (P+3p) (2.2)

From the change of sign of GG, the signs on the right hand side are the opposite with respect to the
usual ones written in Eq. (1.21) and Eq. (1.26). However, the Bianchi contracted identities for
a perfect fluid in thermodynamic equilibrium are immune to this change of sign and the energy

conservation equation is preserved as Eq. (1.27):

p=—3H(p+p). (2.3)

"Recall that dots denote derivatives with respect to time, a is the scale factor of the Universe, p and p are the energy density
and pressure, respectively, and we have taken ¢ = 1.
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Thus, when the matter content (type I of the Hawking-Ellis Classification) satisfies the weak
and strong energy conditions, p > 0, p+p > 0, and p + 3p > 0, we see from the Raychaudhuri
Equation (2.2), that the expansion is accelerated, @ > 0. Yet, this inflationary behaviour is con-
strained by the Friedmann Equation (2.1). It can be easily verified that the single fluid solutions
are forbidden when k = 0, +1, and are restricted to p < 3/87|G|a® when k = —1.

Furthermore, notice that the transformation |G| — —|G| which is performed in the Einstein
field equations of the FLRW models produces a system which mimics phantom matter provided
the equation of state relating the pressure and the energy density of matter is such that p(p) —
—p(—p) when p — —p, preserving the field equations (we remark that this happens to be the
case for the barotropic equations p = (v — 1)p which are usually considered; in addition the
cosmography framework, as exposed in [132, 133], also absorbs this transformation and is left

unchanged).

2.1.2 Model with a cosmological constant

Now, let us introduce a cosmological constant in addition to the perfect fluid:

T =—-Ngu . (2.4)
The field equations now read
at k 87|G]
—4+—= = A- 2.5
2t 3 5 P (2.5)
( 8|G
= = a4+ ”é Lo+ 30) (2.6)

where A = A/3. Recasting the latter equations in conformal time 7 defined by dn = dt/a(t) we

get
()? +ka® = Na*— %CH pa, (2.7)
"
% = 2)\(12—/{—%(/)—3}9)@2, (2.8)

where’ denotes derivative with respect to the conformal time 7). Assuming that the matter content
is a barotropic perfect fluid with equation of state (EOS) p = (v — 1) p where -y is a constant
that takes values in the range 0 < v < 2, we derive the exact solutions from Eq. (2.7)

da
== - 2.9
/ (Aa* — (87|G|/3) po a*=37 — ka2)1/2 (n—mn0) , (2.9)
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which yields Jacobi elliptic functions. Naturally, in the latter equation 7 is an arbitrary integra-
tion constant that sets the origin of time. There are four kinds of components that are of special
interest: (i) Radiation, i.e., v = 4/3, (ii) Dust, i.e., v = 1, (iii) Stiff matter, i.e., v = 2, and (iv)
The coasting model v = 2/3.

A possibility of great interest is the case where we have a combination of pressureless matter
and radiation together with a cosmological constant, since these are the 3 major components
that best fit the expansion history of the Universe (ACDM model) [40]. The corresponding
dynamical system, from Eq. (2.8), reads:

@ = b, (2.10)

e Q. H]

V¥ = —ka 5 Py +2)a® = —ka

+ 20, Hia?, (2.11)

where pJ is the current density of dust. In addition, the first Friedmann constraint equation

becomes:

_8n|Glpg  8mlGlpy
3 3

from where one can appreciate that now the cases with k£ = 0, 41 are allowed (with restriction)

ka® 4 b* = +Xat, (2.12)

because of the last term A as long as this is positive.

In Figure 2.1, we represent the phase diagrams depicting the qualitative behaviour of these
negative G models for some choices of matter content (for a recent review of the methods of
dynamical systems in cosmology see [134]). Analyzing the existence and nature of the fixed
points, we classify the possible dynamical behaviours. Please note that we have compactified
the phase diagrams using the transformation x = tanha and y = tanh b, so that the boundary
lines x = 1 and y = =+1, respectively, correspond to a — 400 and b — +o0. This allows us
to devise the asymptotic solutions at infinity.

The number and position of the fixed points in the finite region of the phase plane (a, b) is
defined by the roots of Eq. (2.11) when b = 0. Therefore, there will be at most three fixed points
on the a axis (plus the fixed points at infinity which will not be on the a axis). In Figure 2.1 we
display the qualitative behaviour of the model for the three spatial curvatures and use reasonable
values for the parameters in Eq. (2.11), which take into consideration the ACDM model. We
adopt Qy HZ /Q,, HZ ~ 2, except in Figure 2.1d.

One must be wary though that in the phase-diagrams of Figure 2.1 the half-plane correspond-

ing to negative values of a is not physical. Yet its representation is useful, because it illustrates
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the complete behavior of the mathematical dynamical system underlying the physical scenario,
regardless of the physical consistency of some of its parts. Moreover, in the present case it also

allows for a comparison with the posterior phase-diagrams of the scalar-tensor models we will

show below.
{k, QAHZ, QmHRY = {-1, 2, 1} {k, QM QmHE} = {0, 2, 1}
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Figure 2.1: Phase-diagrams displaying the behaviour of the vector field (a,a’) for GR with a negative G. From left to right
and from top to down: (a) represents the & = —1 models, (b) the £ = 0 models, and (¢,d) correspond both to the £ = +1
models with different values for the relation 24 /... Red points are fixed points and blue points represent the starting point of

the most solutions excepting those that correspond with circular orbits.

In Figure 2.1 (a,b) the k = —1 and £ = 0 models are represented, and Figure 2.1 (c,d)
correspond both to the £ = 41 models. The lower half-planes of the various diagrams are mirror
reflections from the upper ones under the t — —t, (a,b) — (a, —b) symmetry. In Figure 2.1 (a)
there are three fixed points, one at {a, b} = {a., 0}, where a, is a finite root of the right-hand

side of Eq. (2.11) (which for our choice of parameters corresponds to {a, b} = {0.341164,0}),
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and two at infinity. The former fixed point is a saddle point denoting an unstable static solution;
the latter points at b = oo are contracting and expanding de Sitter solutions related by the
time reversal symmetry. Although the model is open, there are re-collapsing solutions at the
left of the finite fixed point, and solutions collapsing from infinity and bouncing back to it. In
Figure 2.1 (b) there also are three fixed points, one at {a,b} = {0.5,0}, and the other two at
b = £oo. The qualitative behaviour is alike to the one found for the k¥ = —1 case. The Figure
2.1 (c,d) phase diagrams display the two possible behaviours of the £ = +1 case, which translate
the existence of a bifurcation associated with two different subsets in what regards the balance
of parameters (the bifurcation occurs for 87|G|pS = 4/v/6)). In the left one, Figure 2.1 (c),
once again there are three fixed points at {a,b} = {0.662359,0} plus the two fixed points
at infinity. From a qualitative viewpoint, we find the same behaviour as in the previous open
models. However, in Figure 2.1 (d) there are three fixed points on the z-axis, namely two saddle
points and a center in between, the latter of which corresponds to a basin of oscillatory behaviour.
Yet, being located in the left-half plane, i.e., a < 0, its impact on the physical right-hand side
is not qualitatively noticeable, apart from reducing the proportion of solutions which evolve
towards the de Sitter points at b = 4-00.

Analyzing the fixed points of the compactified phase-diagrams, we find that for k = —1
and k£ = 0, there are only three fixed points, while for £k = +1 there could be either three or
five fixed points, counting the two critical points at infinity. In the former cases, when there are
only three fixed points, the qualitative behaviour is the same independently of the value of k.
Difterent spatial curvature indexes only distinguish through a horizontal shift of the location of
the critical point on the horizontal axis. These fixed points are saddle points which correspond
to unstable static solutions. In all % cases, there are solutions where a expands to infinity. This
fact was foreseeable, because of the repulsive character of gravity when G is changed to —|G|.
They correspond to asymptotic de Sitter (deS) solutions, both in the future and in the past, upon
time reversal. They reflect the eventual domination of the cosmological A\-term, overcoming the
impact of the sign of Gz, yet the swapping of the sign of G enhances this domination. Obviously,
according to this behaviour, the current accelerated expansion of the Universe is not a problem,
but we have a gravity which is inconsistent at small scales with the weak field limit, and thus
would be at odds with the Solar System behaviour [121, 122]. However, the analysis pursued

in this section is merely a first step to assess the cosmological impact of a negative gravity.
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In the following section we shall consider the issue within the more appropriate framework of

modified metric gravity theories which assume the variation of G.

2.2 Scalar-Tensor Gravity Theories

We now consider the scalar-tensor gravity theories given by the action

1
S = E/\/—_gd‘*x {gbR— %Q@@”qﬁ—QU(gb) + S, (2.13)

which is a generalization of the Brans-Dicke theory already mentioned in Eq. (1.29), since
we allow the coupling constant w to evolve, and where a potential term U(¢) of cosmological
nature is considered?. We may express this potential as U (¢) = ¢ \(¢) to visualize more easily
the case of GR, in which this term ends up becoming the cosmological constant. Besides, one
can consider that either the gravitational coupling constant G has been hidden inside the scalar
field ¢, or that it has been directly exchanged for a dynamical parameter ¢, which generically
varies, using the relation G = 1/¢, allowing us to see the scalar field ¢ as the gravitational
permittivity of the spacetime [135]. At last, we will say that this scalar field is non-minimally
coupled to gravity. In General Relativity we can see that matter and gravity are terms completely
separated in the action and in the equations of motion (excepting the metric), so we say that they
are minimally coupled, but in this case, we can observe how ¢ and R are directly coupled to
each other. We will denote to the theories with this sort of couplings as Non-minimal Scalar
Tensor Theory (NMSTT).

The field equations are

1 1 . 1 . T,
Rop — o Jas R+ X&) gap = % D0 — 3 Gapdn 7| + 5 (b8 — Gapdn] + 8T ?ﬁ ’
(2.14)
20°Xo(¢) — 20A(¢) _ 1 .
O ey +3 T 2(0)+3 87T — wy(0)dy07] (2.15)

where T' = T, is the trace of the stress-energy tensor, T.3, the semicolon denotes the covariant

derivative, and A(¢), means the derivative with respect ¢ of the function A(¢). When applied

*For a scalar field 9, = V,, since the connection does not interfere.
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to the FLRW models we obtain

a\* a9 .k w(@)¢* P
3(5> +355+3?_A(¢)+TE+8W5’ (2.16)
d (a a\* .a¢  k w@)* . p
2&(5> 3(5) et e TN mE g 217
S i 20°0,(0) —20M¢) 1 £
b3 T e = s A rw@F] @1y

Please note that the cosmological potential U(¢) = ¢ A(¢) effectively reduces to a cosmo-
logical constant when \(¢) = )y = constant in this frame. Besides if ¢ = cte = 1/G, one
recovers the action of General Relativity and consequently its system of equations.

In order to study the dynamical system let us introduce the redefined variables:

— :%1 a2 , )/l — 20}(¢0 _% 3 gl ,
%o 3 ¢
and use conformal time dy = dt/a = dt//X¢,, where df = /¢ dt. Observe that in the

X (2.19)

definition of X, ¢ is the value of ¢ at some initial condition which we shall normalize to ¢y = 1,
without loss of generality. More importantly, observe that X < 0 when ¢ < 0, 1i.e., when G < 0.
This is in fact the crucial detail which allows us to extend the study of the dynamics into the
region where ¢ = 1/G is negative.

The FLRW equations are then recast as
AV 2 / 2 X\ 4 3
(XN +4EX - V' X)) = AM X | — +§ — ) X7, (2.20)
the scalar-field equation as

o 3 [(X\ * 2 X? A A0)

and the generalized Raychaudhuri equation as

X"+ 4k X =3M(2—7) (%) e (%) , (2.22)

where M is a constant defined by M = 8mp,/3. When the potential U(¢) = Ao ¢?, the latter

equations reduce to

4—3y

X\ 2 4
(X' 4+4kX> - (Y X)??=4M X (5) +3 % X3 (2.23)
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4—3~

/ 3 X\ 2
(Y X) = M(4—3y) %13 <E> , (2.24)
" X 4723“, 2
X" +4k X =3M(2—~) (5) +2) X2 (2.25)

These equations can be exactly integrated for the cases where the variables decouple, which
are vacuum (M = 0), radiation (y = 4/3) and stiff matter (y = 2) [136, 137]. Indeed, from

Eq. (2.24) for vacuum and radiation we trivially see:

(2.26)

where fj is an arbitrary integration constant which fixes the initial value of Y. For the stiff
matter case, we should multiply Eq. (2.25) by X’ and integrate the result to introduce it into Eq.
(2.24), which results in (Y’ X)? = A—4M ¢, where A is an integration constant. Then, defining
Y' =Y'/\/A—4M¢, we recover the form of the solution of (2.26).

However, for our present purposes, we only need to assess the qualitative behaviour of the
dynamical system [138, 130, 139, 140, 141]. The crucial point in our analysis of the sign of the
gravitational coupling ¢ is that instead of choosing either the original so-called Jordan frame
or the conformally transformed Einstein frame arising from rescaling the metric with a factor
&/ o, we consider the variables (X,Y), where X = ¢a? /¢y reflects the actual sign of ¢, since

a® > 0.

An inspection of Egs. (2.23)—(2.25) shows that, when X — 0, Eq. (2.23) is dominated by
the scalar field term (Y’ X )2, which is constant for radiation and vacuum, so that we expect the
phase space trajectories to cross the X = 0 axes from right to left when X’ < 0, and from left
to right when X’ > 0. Interestingly, Eq. (2.25) shows that when X — 0, the dominant term
is 3M (2 — ) limx _,o(X /$)4~37)/2, 50 that it is actually the matter term that is responsible for
turning around the trajectories towards the positive side of X, and hence of ¢ > (. Finally,
the presence of a quadratic cosmological potential eventually dominates for large values of X
and consequently stabilizes the sign of ¢. In the following subsections we perform a qualitative

analysis confirming this behaviour.
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2.2.1 Models without a Cosmological Potential

We begin considering the generalized case of Brans-Dicke (BD) but with a massless scalar field
o, 1.e., the cosmological potential is absent. This will be contrasted with the case where there is
a quadratic potential. By the same token it will enable us to assess whether there is any effect
due to a variation of the coupling w(¢) with respect to the issue of determining the sign of ¢ in
opposite to the canonical Brans-Dicke theory.

For this case, the previous Eq. (2.25) can be written for:

* Vacuum (M = 0) and a stiff fluid (y = 2) as:

X = W,
W = —4kX . (2.27)
* Radiation (y = 4/3) as:
X = W,
W' = 2M —4kX . (2.28)

The plots represented in Figure 2.2 show the phase diagrams of this systems (X, W) for the
case without potential, i.e., A\y = 0. This is again done resorting to a phase space compacti-
fication where the points at X, W — Zoo are located at the boundaries x = tanh X = +1,
y = tanh W = +1. One realizes that there are trajectories which cross the X = 0 dividing
line in both directions, thus promoting the transition between a negative ¢ into a positive ¢, and
conversely (and hence of a swapping of the sign of GG, since ¢ = G~'). Please note that as in
the GR case previously considered, there is a mirror reflection between the top and lower half
of the phase diagrams, arising from time reversal.

We have used the following color scheme depending on the beginning and the end of the
trajectory: (i) Blue: The trajectory starts and finishes with positive value of ¢; (i) Yellow:
It begins and finishes with a positive value, but passes through negative values; (ii1) Green: It
starts with negative values, but finishes with positive values; (iv) White: The trajectory oscillates
between positive and negative values; (v) Orange: It starts with positive values, but finishes with

negative value; (vi) Red: It starts and finishes with a negative value of ¢ (and hence of (7).
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In Figure 2.2, the top three phase diagrams represent vacuum and stiff fluid models, whereas
the lower three correspond to radiation models. From left to right we have £ = —1,0 and
k = +1 models, respectively. It is immediately apparent that in the vacuum models the number
of trajectories that cross in one direction, say from left to right, is the same as that of those which
cross in the opposite direction. Once again there is a mirror symmetry with time reversal between
the top half and the lower one. Therefore, assuming that a measure of the probability of the model
to have a positive gravitational constant, or otherwise, is proportional to the phase space area, we
realise that both signs occur with the same probability. In this sense, the same behaviour occurs
for the three cases of vacuum or stiff fluid. In addition, in the case of a positive curvature, i.e.
Figure 2.2 (c-top), the sign oscillates forever; while in the open models the trajectories evolve
towards the Milne solution, z = y = 1, and are characterized by X’ = + f; in the £ = 0 models,

which actually correspond to the solutions found in [142].

On the other hand, for radiation [136], there is a preference for the positive sign, or at least,
to finish with a positive gravitational coupling, as represented by the blue, yellow and green
areas. This is a reflection of the fact that the solutions are late time dominated by the matter
component [143, 144]. This is more apparent in the £ = —1,0 cases, but the £ = +1 cases
exhibits a subset of trajectories with oscillatory behavior, confined to the ¢ > 0 region. The im-
pact of matter is dependent on the scalar-tensor coupling w(¢$). When 1/y/2w +3 — 0 the
scalar-tensor theories approach GR, and this is implicit in Eq. (2.26).

We thus see that the dynamics of the vacuum or stiff matter FLRW models in ST gravity
does not favour positive values of G with regard to the alternative possibility of a negative G.
The dynamics is such that the upper half of the phase space corresponds to G > 0 and the
other half to G < 0, and they are mirror reflections of one another. Thus both possibilities,
in what concerns the sign of (G, have the same probability. However, when one studies no
vacuum solutions, in the case of open models specially (including £ = 0) and for the close
model (k = +1), there is higher probability for a positive value of G, following from of a larger

proportion of solutions which evolve to become matter dominated.
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Figure 2.2: Behaviour of X and X’ for a scalar-tensor theory without potential. The upper three phase diagrams

(a—c), respec-

>

, respectively,

f)

correspond to the £ = —1,0, 41 cases for vacuum and stiff fluid. The lower three phase diagrams, (d—

tively,

—1,0, +1 cases for radiation.

correspond to the k

When we allow for a potential with a positive )y, we see that a quite different picture emerges.
Indeed, the phase diagrams corresponding to this case are represented in Figure. 2.3, and we

2.2.2 Models with a Cosmological Potential

see that now there is an equilibrium point at x = 1, 2’ = 1, corresponding to X = +oo,

Xl

happens for all

which attracts almost all trajectories of the phase plane, and this

+00,

spatial curvature cases. This attractor at infinity corresponds to a de Sitter attractor, and thus
to exponential behaviour of X in cosmic time. The only trajectories which do not end at this
This is illustrated by the vacuum and radiation cases which were envisaged in the massless

critical point are found in the closed £ = +1 and open models k£ = —1, circling the center

ST models in the previous subsection.

equilibrium point.
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* Vacuum (M = 0) or stiff fluid v = 2 with a cosmological potential
Recalling that U (¢) = \g¢?, we derive for these two cases:
X = W,
W' = 2XX? —4kX . (2.29)
Please note that the case v = 2 corresponding to stiff matter can be shown to be reducible
to the vacuum case of a theory with a different coupling constant w(¢) (see [137]).
Now, the fixed points {X, X’} within a finite locus will be positioned at {0,0} and
{2k /)Xo, 0}. To show the graphics of the phase diagrams, Ao has been taken equal to
4.5 with the purpose of showing both points sufficiently separated.
* Radiation, v = 4/3, with a cosmological potential

In this case the system is:

X = W,
W' = 2M +2X\X? — 4kX , (2.30)
and the fixed points are:
X:ki\/kj—M}\o’ W0
0

Therefore, for the cases £ = +1, at the fixed points we require M \y < 1. When this is
not satisfied there are no fixed points, as illustrated in Figure 2.3 (d). For the case k = 0

there are no fixed points within the finite region of the phase plane.

The qualitative behaviour depicted in Figure 2.3 reveals that with the exception of the os-
cillatory solutions, confined to a closed patch, all other solutions emerge from a collapsing deS
solution at X = 0o, X’ = —oco and end in the deS solution at X = 0o, X’ = +00, thus revealing
the domination of the cosmological potential term [126, 140, 145, 146, 139, 147, 148]. More
importantly, we see that the solutions are attracted to the positive G half plane. We thus con-
clude that the consideration of a cosmological potential® has the power to induce the dynamics
of FLRW models to favour positive values of GG instead of negative G's. Thus this provides a
cosmological mechanism to stabilize GG in the positive sector. In addition, it happens that the deS

asymptotic behaviour is accompanied with a relaxation towards GR [126, 127, 125, 129, 150].

3One possible origin for such a potential might be found from a mechanism similar to the dark fluid model of [149].
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respectively, correspond to the k = —1,0, +1 cases for vacuum and stiff fluid. The lower three phase diagrams, (d—f), depict

1(f) When M = 1/4 and \o = 2.

the qualitative behaviour of radiation models, with: (d) When M Ao > 1 (e) When M Ao

2.3 Observational Features

ST gravity theories must satisfy some observational bounds, namely, the so-called Parametrized

Post-Newtonian (PPN) weak field, solar system tests, bounds stemming from the cosmic mi-

and from primordial

b

crowave background (CMB), from baryonic acoustic oscillations (BAO)

Big-Bang Nucleosynthesis (BBN), as well as bounds on the time variation of the gravitational

G/G 2,151,152, 153].

“constant”

The present state of the art tells us that at present wp > 4x10%, G/G < 107 yr~!, and from

158], where

157,

when 8 > 0.5 [154, 155, 156,

3/2

1075° 5 (Quho)”
« and 3 correspond to the Damour and Nordtvedt (DN) [159] parametrization (/2w + 3) ™! =

2 <

0

BBN we have «

(2w + 3)/2 d1n ¢, being the redefined BD

-

0)’ qg(gb)
scalar field in the so-called Einstein frame. Indeed, as shown by DN, it is possible to associate

a+ Bo(p— o

(o), with ()
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a second internal potential A(¢) to the running coupling w(¢) such that o(¢) = dA/d¢ and
whenever it has a minimum it drives the relaxation to GR.

The local weak field bounds can be somewhat alleviated if some chameleon or Vainshtein
mechanism applies, but it is difficult to evade the other bounds on wider scales. Yet, the vast
majority of these bounds pertain to models where the scalar field has no cosmological potential
(see [158]).

These bounds, therefore, imply that a primordial variation of the gravitational coupling must
have been severely damped before the time of BBN such that a positive coupling, satisfying mild
deviations from GR [156] is not only compatible with the observations on light elements abun-
dances, but also solves the so-called “Li problem. In the suite, during the following radiation
and matter epochs, the cosmological approach to GR is achieved, implying that G is positive.

The mechanism investigated in this work fulfills this scenario. It tells us that the solutions
approach a de Sitter behaviour, which corresponds to X o (9 — )2 and X’ o< (9 — 1) 73, so

that X (¢) oc exp(1/Mo/3 t). When we consider the radiation epoch of the Universe, we have

y = Jo 2.31)

X(n)’

and hence, Y’ — 0, asymptotically with X — 4o00. As Y’ = /(2w(¢) + 3)/3 ¢'/$, we obtain

in cosmic time (in the Einstein frame):

G [ 3 f _ . V3fale)
o=* —2w+3ﬁ_i Y (2.32)

AsY' = fy/X — 0, and the PPN parameter a o< (1/2w(¢) + 3)~! satisfies the bound
o < 1078, since wp > 4 x 10, we have that G/G < 1078//X (1), where X (f) — oo in

an exponential way, thus easily meeting the bounds on G /G. Please note that, in this limit,

G — Gy and X (t) also becomes exponential in the Jordan frame.

2.4 Conclusions

The most important conclusion of this chapter is that we have investigated a cosmological mech-
anism that induces the value of the gravitational effective coupling “constant” to be positive.
This is naturally done in the framework of scalar-tensor (ST) gravity theories, where this cou-

pling varies, and which thus allows for the possibility of a negative coupling.
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Then, we have considered the cosmological evolution of ST models both with and without
the presence of a cosmological potential, and have resorted to a dynamical system analysis which
enables us to put in evidence the relevant qualitative features of the models. The results are that,
in the absence of the cosmological potential, the presence of radiation favours a positive value
of the gravitational “constant”, when the evolution enters a phase of matter domination. This is
a mild effect and it is a consequence of Damour and Nordtvedt’s relaxation mechanism towards
GR [159]. However, it is when a quadratic cosmological potential, U(¢) = Ao ¢?, is present
that an attracting mechanism towards a positive value of the gravitational running “constant”
becomes manifest. This is accompanied by an asymptotic de Sitter behaviour.

By the same token, this system produces two additional effects: a de Sitter inflation and a re-
laxation towards GR. The latter effect allows, in particular, for the fulfilment of the observational
bounds on |G /G|, when the potential is exactly quadratic in the Jordan frame. It effectively acts
as a cosmological constant in the Einstein frame and the stabilization of the gravitational con-
stant in the positive sector, may be seen as a by-product of the cosmic no-hair theorem, which
tell us that, if a cosmological spacetime obeys the Einstein equations with A > 0, then, the
spacetime should asymptotically tend to an empty de Sitter state in the future [160]. This mech-
anism of stabilization of the sign of GG should take place early enough, in the primordial stages
of the Universe, consistently with the latest assessments of observational constraints on ST the-

ories [161, 151]
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Chapter 3

Non-minimal Scalar tensor theories from a

general coupling

3.1 Introduction

In the previous section we have studied a Scalar-Tensor theory based on some generalizations of
the Brans-Dicke theory and with a specific coupling between the scalar ¢ and gravity denoted by
R. In this chapter we will go one step further, starting out Scalar-Tensor theory as well. We will
study particular extensions of the gravitational interaction, that are defined by the addition of
scalar degrees of freedom, but in this case the scalar field will present a general coupling to the
scalar curvature. These new spin-0 states, which emerge from the scalar field, act as mediators
of part of the total gravitational force.

From an observational point of view, there is only one candidate for a fundamental scalar
particle. Its discovery was announced in 2012 by both ATLAS [162] and CMS [163] collabo-
rations. It has associated a mass of around 125 GeV and it is consistent with the predictions for
the so-called Higgs boson of the Standard Model (SM) of particles and interactions. However,
many other scalar fields could be observed in the next years. Brans-Dicke theory or different
low energy approaches to string theory [164], where the new scalar states are typically coupled
to the matter sector through the trace of the stress-energy tensor, are examples of theories that

use a scalar field non-minimally coupled to gravity.

In addition, we have already commented in (1.32) that it is possible to reexpress the extended

53
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gravitational theory in terms of the Einstein gravity associated with General Relativity with new
couplings to the matter sector, thanks to a series of field redefinitions which will be explained
more carefully in this section. A similar phenomenology is associated with the so-called f(R)
[165, 166, 167, 168, 169, 170, 171, 172, 173, 174, 175, 176, 177, 178] theories (with some
Lagrange’s multiplier by the way) and which will be explained too. It is important to recall
that extended models with scalar fields non-minimally coupled to gravity have some advantages
such as the possibility of supporting early inflation, which exhibits non-zero vacuum expectation
values (VEVs) at low energies. An example of this is the Generalized Higgs Inflation Models
(GHIMs) [179, 180, 181, 182, 183, 184, 185, 186, 187, 188, 189, 190, 191, 192].

As we have briefly commented, the new interactions mediated by these scalar degrees of
freedom can be interpreted as part of the gravitational force. In addition, the phenomenology
associated with these new degrees of freedom themselves can be very rich and provide viable
solutions to open problems in cosmology such as the mentioned inflation, dark energy or dark
matter [193]. However, these new models suffer important constraints. For instance, this new
field can lead to effective variations of fundamental constants, such as we have seen in the
previous sections. In particular, precision tests of gravity, big bang nucleosynthesis (BBN) [194,
195, 196, 197, 198, 199, 200, 201, 202, 203, 155, 204, 205], cosmic microwave background
anisotropies [206, 207] and weak-lensing [208] constrain the phenomenology of these scalar
fields. In any case, different scalar models are not very sensitive to these restrictions [209, 210,

211,212, 177].

In this chapter, we will go deeper into Scalar-Tensor theories and f(R) to end up finding
the bi-scalar content of a Non-minimal Scalar Tensor Theory (NMSTT) built from a general
function of the scalar field and the scalar of curvature. In addition, we will enter into the Standard
Model (SM) of particles, studying the explicit expressions for the masses of the scalars providing
explicit expressions, their mixing and the coupling between them and with the Standard Model
(SM) of particles, which give us a perspective of modified gravity theories in the framework of
the SM. Finally we discuss part of the phenomenological consequences of these features, as the
instabilities of GHIMs. In the previous chapter we have already studied a scalar-tensor theory,

so let us start with f(R) gravity as previous step for the current purpose of the chapter.
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3.2 {(R) theory of modified gravity

The starting point of this proposal of modified gravity is that the Einstein-Hilbert action, and
consequently the scalar of curvature R, is only the dominant part of the action at solar system
scales, being this a part of a more general expression in terms of R. Under this hypothesis, 1 is

changed in the Einstein-Hilbert action (1.3) by f(R) as follows:

~ 167 G/ wv/=g f(R) + /d4x\/__9£mat7 G.1)

whose variations with respect the metric are easily obtained using the results of chapter 1.1,

together with:

5,f(R) = ag(R )5 R=F(R)§,R, (3.2)

f(R) _

=5r~ = F'(R). Then, variations of the gravitational part of the action

where we have defined

reads:
_ 1 4 — _1 pv Nz
015, = 1o | 40V |~ 50 (RS 4 PR R,
YF(R)V, (gﬂydgraw . g“aagrﬁuﬁﬂ . (3.3)

Note that for this case, the last term will not vanish in general, contrary to what happens in GR,
and this will introduce the main modifications in the equations of motion. This last term can be

written as:
/ d*z/—gF(R)V, (g’“’égfo‘w - g“aagr%) / d*aV, [vV—=gF(R)J*]
— / d*zJ*V, [V—=gF(R)], (3.4)
where:
Jo — (gfwagraw _ gwagrﬁw) . (3.5)

Once again we will assume that the gravitational field vanishes at infinity and then one can
eliminate the first term of the right hand side in Eq. (3.4) by the Gauss theorem. Then, at this
point, we have no choice but to calculate 9, . Keep in mind the definition of the Christoffel

symbols:

1
L = 59" (Ougy + 009y — Orgyu) - (3.6)
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Then:

1 1
59Fa/w = B (6g*7) (augw + OuGuy — avgzw) + 590‘7 (au(sgw + 000Gy — av‘sgw) .37

We will also use:

5g (gamgdegme) — 59 <gam)gdegme + gamég (gdUL)gme + gamgdeéggme

5ggad — 2(Sggad 4 gamgdeé‘ggme

- ggad = gamgdedggme . (38)
Therefore:
«a 1 aB ~0 1 avy
o1’ wo _59 97" (09966) (Ougrw + O Gy — O Gpu) + 59 (0469 + 0,0g,n — 0109,)
1
= —(00930)9" T, + 597 (9095 + 0u0yy = 010G,
1 1,
= ng (040970 — Fe;wégv@ - Femég@l') + 29 (0,097 — Feuu(sgw - Fewégﬂg)
1
+§ga’y (_8'}/59111/ + Feu’ydgel/ + Fe}/'yégue)
1
= é.gtw (v,u(sgwu + Vuaguw - v”/ég/w) ) (39)
and:
8 _1s
or” 5 = 59 "V 0G5 - (3.10)
which finally results in:
JY = _guyvu(gwuagcw) + g’yavv(g/wéguy) ) (311)

where we have assumed a metric compatible connection, i.e. V,g,, = 0 and V,,/—g = 0.

Utilising this in Eq. (3.4) we derive

- [ @1, V)] = [ 49 V,(0087) - 97, (009" Vo (VIF(R))
(3.12)

Returning to the use of total divergences leads to:
— / d*zJ°V, [V=gF(R)] = - / d*z69"*V,V, (vV=9F(R))
+ / d*29,,09"' VoV (V—gF(R)) . (3.13)
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Putting it all together in Eq. (3.3) we get:

1 1
8= 15 | 4oV [—ggwfm) +F(R) Ry =V, V,F(R) + 9, VoV F(R) | 59,

(3.14)
and finally:
FR) Ry~ 5030 f(B) = V.V, F(R) + g0 OF () = 0, (3.15)
or with matter:
F(R) Ry~ 50 (R) V.9, F(R) + g, IF (R) = $7GT,, (3.16)

where we have defined [J = V,V“. However, this theory is not so different from those already
studied. Rewriting the action (3.1) with an auxiliary scalar field and a Lagrange multiplier we

get:

1
59 = 167G

[ ev=aiiw) MR - v, (3.17)

where the next constraint (or equation of motion) is obtained applying variations with respect to

(S

fo@)=A=0 = A=fu(¥), (3.18)
where f;, = ( ), getting the action:
1
5= 1o || OV + Ful)(R - 0] (.19)

Taking once again variations with respect to :

fop(W)(R—1) =0, (3.20)

so that if f,, # O is satisfied, then ¢ = R, and consequently, if one introduces this in Eq.
(3.19), we will recover the starting action (3.1). But then, it is usual to apply the redefinition:

¢ = fy,(¢) which allows us to end up writing the action as:

d'zv/=g[oR + f(¥(9)) — o (9)] = d'zv/=g[oR — 2U(¢)](3.21)

59 = 167G 167 G
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Comparing with the Brans-Dicke action presented in Eq. (1.29), and Eq. (2.13), one can con-

clude that f(R) theory belongs to this category with wpp = 0 and a specific potential:

2U(9) = ov(o) — f(¥(9)) - (3.22)
Consequently, the equations of motion of Eq. (3.21) reads:
1 8rG 1 v
Ry = 59 R = TTTW + 2 VYo — guD] 0 - %U(gb) . (3.23)

Let us point out that this is true if ¢ = F(R) = f,(¢) is invertible which allows us to express
correctly the potential. In addition, the case fy,, = 0 corresponds to General Relativity plus a
cosmological constant.

Summarizing, we have just checked that f(R) theories are equivalent to scalar-tensor theo-
ries in the Jordan frame. However, it is possible to perform another transformation in this search
of equivalences. With this purpose we will introduce the concept of conformal transformations

in the next subsection.

3.2.1 Conformal transformations

A conformal transformation is a change of the rule of the metric. The simplest and most fa-
miliar example is that of a change of units, i.e. if we transform a metric, which is expressed in
meters, into another one expressed in centimeters, we will be applying a scaling transformation
which can be seen as a trivial conformal transformation. However, we can define more com-
plex changes, for example, defining the change or the transformation point by point through a
function Q% (), which gives us a point-dependent rescaling. In addition, this function must be
smooth, non-vanishing and is usually called the conformal factor. Mathematically, this rescaling

reads:

guu = Q2(x)g/u/ 5 (324)

where g, 1s the initial metric, and g,,,, is the new rescaled metric. Since we want to analyze how
the scalar of curvature R changes under this transformation, let us recall here the definitions of

the Riemann and the Ricci tensors in function of the connection '

a _ o a a A a A
R ﬁuy(r) - aﬂr vB al/r usb +T u)\r vB r V)\F us o (325)

R.(T) = R, =TI, —8,I°% +TI° 17, —TI°.17 (3.26)
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where in this case we will fix the connection to be the Christoffel symbols defined in Eq. (3.6).
Obviously, the conformal transformation (3.24) induces changes in the other parameters that

depend on the metric. The simplest are:

g o= Q77" (3.27)

g = Q"-g, (3.28)

where n is the dimension of the manifold. For the Christoffel symbols the transformation reads:

1 - 1 S 9,0
FocW = OJylogy/—g=0,log (m\/—g) = 0y logﬁ +0,log\/—g=T o — n“T ,
(3.29)
@ o 1 o a ~ -~
e = Tw-g (620, + 050,92 — G §™0,92) . (3.30)

Other special important changes for the present work will be the ones related with R and con-

sequently R, so let us calculate them starting with each of the components of Eq. (3.26):

. 1 o 1 .
0l = 0al + o (20,920,9 — §,,§°70,00,Q) — o 20,0,9 — 9 (G570, Q)] ,
(3.31)
o = o n n
Ol = Ol = 0,00 + 550,00, (3.32)
a no T 1 Mo ~  ~vO n .
Pl = Tl = 5T %, (610,94 670,02 — §,§"70,2) — Q0
n P
+§ (20,0,9 — §,,57° 0,00,9) , (3.33)
o =~ ~ 1 - o o ~ ~Yo
0 = 0% 00— o (M0 + 19,0,0 = 1%, 50,57 0:,9)
|
— Qa“ (050,92 + 650,9 — §,,G°70,9)
1
+—5 (60,24 050,Q — §,,5°705Q) (020,82 + 6)0.2 — §ap§7052) .(3.34)

Q

Putting together all this information and using some equalities from the non-metricity condition
Va9 = 0 (which must be satisfied in the conformal frame as well, i.e. @QQW = 0), such
as oG = 17,9 + 17,9, and 0ag®? = —T'* _g°% — TP _g*°, we are able to write and

simplify the Ricci tensor and the scalar of curvature:

. 1 . 1 o .
R, = RW—(HQ—Q)QWVQQV&Q—#Q[(n—2)V#VZ,Q+ 3,00 . (339
_ ). 2n—1) ~
R = 0 R—%VQQVQQ+%DQ] , (3.36)
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where 0 = V*V,Q. It is very usual to find in the literature these changes using the nepe-
rian logarithm In. Taking into account V,Q) = QV,In(2, and V*V,Q = QV*V,In) +
QVeInQV,InQ:

R=0[R+@2—n)(n—1)VeInQV,InQ+ 2(n — 1)i1n9] . (3.37)

Applying these results in the action (3.21) for n = 4, one can see that the term /—g¢R is
transformed under a conformal transformation as ~2y/—§¢ (R + Qterms). Consequently, if
we define the conformal factor as 2 = ¢, the non-minimal coupling between the scalar field

and R will be undone, and action (3.21) with the matter sector reads:

1 _ - - U G
S= 1o /d%/—g [R— 6V In+/¢VaIn/¢ + 601In /¢ — 2%] + S (%\pm> .
(3.38)

However, we can eliminate the third term of the integral using Gauss theorem and the con-
dition of null scalar fields at the boundary. Therefore, we are able to express f(R) theories like
General Relativity (note that we have the Einstein-Hilbert action) plus a material field ¢, and
the modification of the metric noticed by the matter sector. This latter is the Einstein frame rep-
resentation of f(R) theories, where the curvature and the matter are minimally coupled but the
matter is coupled to the new scalar field ¢. Of course, at the end of the day and observationally,
both representations are the same, and the trajectories of the particles will be equivalent, but

with a somewhat different philosophical meaning.

3.3 Generalized Non-minimal scalar-tensor theories

Following the spirit of the previous chapter and of the f( R) theories, in this section we are going
to study the most general action for a scalar field non-minimally coupled to the scalar curvature

R, associated with the spacetime metric g,,,,, which can be written in the following form:

1
SNMSTT = 5.3 / d'z/=g[J(¢, R) — ¢"'V .oV, , (3.39)

if we restrict the scalar field derivatives to the standard kinetic contribution (the second term),
and where we will use reduced Planck units (k = v87G = ¢ = h = 1) in order to simplify

this study. The function J(p, R) takes into account the mentioned coupling, that in general, it
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is non-separable. Note that this term may include a potential (mass or self interaction) for the
scalar field, or a pure gravitational contribution without explicit dependence on ¢.
In addition, we will assume a matter content, whose fields will be represented by the letter

(i, minimally coupled to the spacetime metric as usual:

S}Li = Si(g;un [1'1)7 (340)

where by matter, we denote any field in the theory in addition to ¢ and g,,,,. Insuch a case, we can
claim that we have defined the model in the JF, in which the metric g, couples in this standard
way to the matter content. Although the action (3.39) did not support explicitly a kinetic term
for the gravitational interaction, this could be present implicitly due to the presence of the Ricci
scalar in the coupling J(¢, R). In any case, as we already checked in the previous chapter, the
gravitational interaction between matter fields can suffer important modifications, since, within
the JF we have shown that this effect seems to be naturally interpreted as a modification of the
Newton constant by the presence of the scalar field ¢, where the scalar mode is mediating part of
the gravitational interaction. Finally, we will show that the model given by Eq. (3.39) supports
another scalar perturbative degree of freedom, that is also coupled to the matter content and
completes the gravitational force, as it was first noted in [213].

In order to clarify the spectrum of the model, it is convenient to work in the EF, and, similarly
to f(R) and in order to identify the correct conformal transformation that defines the EF, it is

convenient to work with an auxiliary scalar field v, defined by the following equation:

J(p, R) = J(p,0) + Jy(, V) (R =), (3.41)

where the sub-index ,, denotes the partial derivative of the J(p, R) function with respect to its

second argument:

Jy(p,0) = 0pJ (0, ) . (3.42)

We must assume that Jy, (¢, 1) # 0 in this transformation and discuss separately the case
Jyy(p,1) = 01in Section 3.3.2, but we can advance that, in such a case, the auxiliary field cannot
be defined. By expressing J(p, R) in terms of ¢ in the action (3.39), we can write a Lagrangian
that is linear in R. Indeed, the two actions are equivalent if we also impose optimization with

respect to ¢ in order to obtain the equations of motion, whose solution implies ¢ = R.
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Now, it is evident to identify the proper conformal factor associated with the Einstein metric

exactly as we performed in the f(R) case:

O = ¢ = Jy(p,¥), (3.43)

where we are assuming explicitly J, (¢, 1) > 0. Of course, this turns off the possible character
of a negative Newton constant which has already been studied in Section 2. In this case, we
want to guarantee a positive character, i.e. an attractive gravitational interaction mediated by
the expected standard spin-2 massless graviton [214]. Finally, we can define a new scalar P,

which is based on a make-up of the conformal factor ¢ to obtain the canonical kinetic term of

the field:
®=1+/3/2In¢ =+/3/2 InJy(p, 1), (3.44)

so that, except for a boundary term, we can write the total action as:
Swstr = = [ d'ey/—G [R - 579,89, — e VIPV,08 P 4
st = 5 [ doy/=g [R=3V,09,0 — e ViTV,0V,0 - 2V(p, @) . (345)

where:

V=2 [ule. @)e VI — (o 000, @) V] (3.46)

is the potential associated with the self-interaction of the scalar modes ¢ and ®, and the inter-
action between them. One needs to use Eq. (3.44) in order to write ¢ in terms of ¢ and .
It is interesting to remark that the third term in Eq. (3.45) not only accounts for the standard
kinetic term for ¢, but also for a derivative interaction with ®. This follows, for example, from
expanding the exponential factor around ® = 0, i.e. by assuming a small deviation from the two
frames, a small difference between g¢,,,, and g,,,,. On the other hand, the first term in Eq. (3.45)
corresponds to the standard Einstein-Hilbert action and the second one is associated with a pure
kinetic term for ®. Of course, the kinetic terms include the interaction of both scalar fields with

the geometry through the metric tensor g,,, .

3.3.1 Interaction with the matter content: the Standard Model

It is interesting to analyze in more detail the interactions associated with the different modes
contained in the spectrum of the theory. Indeed, the coupling of the scalar field ¢ is open and

not restricted by the geometrical structure of the model. In particular, its coupling with the SM
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can be assumed to be absent. The opposite happens with the other scalar field ® and the metric
tensor. As we have discussed, the matter content is explicitly coupled to & when the action is

expressed in terms of the Einstein metric:

S = Si(e™ V3% G ). (3.47)

(3

For example, we can follow [178] in order to detail the coupling of this scalar mode. This com-
putation can be done directly with the help of the original action (JF), but it is more transparent
and easier in the EF. We can study the couplings at linear order by expanding perturbatively the

Jordan metric over the Minkowski background [178]:

1- 2
Juv = N + éh,u,u - \/;¢"7/Ll/ ) (348)

where iLW, takes into account the standard two degrees of freedom associated with the spin-2
(traceless and divergence-free) graviton. For simplification, we assume a common Minkowski
background for the Jordan and Einstein geometries. In other words, we expand around ¢ = 0.
In such a case, for computations in the linear order analysis, we do not need to specify the frame
for quantities such as the stress-energy tensor.

By taking variations with respect to the metric in the matter action, it is evident that the
spin-2 degree of freedom will have associated the standard interaction with the corresponding
stress-energy tensor. On the other hand, the coupling of the spin-0 mode at the linear level will
be given by the trace of the same stress-energy tensor, which can be calculated by expanding

the exponential of @, that is coupled to the matter Lagrangian density, at linear order:

1
Lo 1, = %ch“u. (3.49)

This means that ¢ interacts with massive SM fields at tree level. In particular, the three body
couplings are given by:

ree-leve 1 * o —
Lleelevel 7 O |2mph® — VIhVER 4+ my b — 2mi, W, W — m% 2,2" | (3.50)
P

with the Higgs boson (h), (Dirac) fermions (7)), and electroweak gauge bosons (W*# and Z*),
respectively. In addition, this scalar field interacts with photons and gluons by radiative cor-

rections induced at one loop by charged gauge bosons and fermions (i.e. due to the conformal
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anomaly [178]):

. 1 QEMCEM OsCG
Lygy = o Fu P+ 220 o | 351
d—-SM \/6 87T M + 87T py " a ( )

where £}, is the gauge invariant electromagnetic field strength tensor, G, represents the gluon
field strength tensor, agy is the fine-structure constant, and « is the strong coupling constant.
The particular values of the couplings cgy and ¢ depend on the energy and on the complete set

of particles charged with respect to these gauge interactions.

3.3.2 Scalar spectrum

Another general property given by the geometrical structure of the model is that the kinetic
term for ¢ has the same coupling with ® as the matter fields. Indeed, ® can be understood as
a dilaton, that parameterizes the conformal factor and couples to the trace of the stress-energy
tensor. However, there is a general mixing of the scalar sector of the theory trough the mass
matrix that is defined by the potential function V' (¢, ®). If we assume that this potential reaches
a minimum of value Vj at (g, ®g) (i.e. V(po, o) = Vo), the Squared-Mass Matrix (SMM) is
given by:

eViP 2 V(p,®) eV 92,V (p, B)

; (3.52)
eVi% 2 V(p, @) %5V (0, ®)

M2g =

(0,®o0)

Therefore, the mass eigenstates cannot be generally identified either with ¢ or with ®, but with

a linear mixing of both. This fact is not in contradiction with the dilaton nature of the couplings

associated with ®. The question is that, in general, the SMM breaks scale invariance explicitly.
In any case, a non trivial mixing and even the presence of two scalar degrees of freedom

is not completely general. There are particular forms or values of the function J(ip, 1)) that are

interesting to analyze separately as we do in the following section.

Linear Couplings

If Jyy (g, 1) = 0, we find the particular case of a linear coupling of the field ¢ with the Ricci
scalar, where action (3.39) has associated a truncated scalar spectrum. Indeed, in such a case,

we can write J(p, R) in terms of two functions of (: the one that parameterizes its non-minimal
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interaction H (¢), and the one that defines its potential U (y):
J(p, R) = H(p) R —2U(y). (3.53)

In this case, it is not necessary to introduce any additional scalar field, since it is possible to
define a conformal transformation to the EF, through a conformal factor that depends only on
©, namely:

0 = H(p). (3.54)

Besides, if we redefine the scalar field in the following way [215]:

1 1 (dp. 3 (dinH(p)\>
2H(p) (dw) _Z( de ) ’ (3:53)

we can write the action in the EF with a standard kinetic term for ¢,:

SNMSTT = /d TN — { R— —QWV;ASO*VV‘P* - V(SO*)} ) (3.56)

where the potential for ¢, takes into account the conformal factor and the field redefinition:

U(p(px))
H2(p(p4))

Similarly to the previous section but for a single scalar field, by assuming a minimum for this

Vi(p,) = (3.57)

potential at ©?, the corresponding squared-mass of the scalar mode will be given by:

mZ, =02, V(p) |0 (3.58)

P Pk Px

This simple example illustrates the complexity in the identification of the scalar states. In this
case, it is the field ¢ (or ¢.), the one that has associated the dilaton couplings with the matter

content, since the conformal transformation is parameterized by ¢ (or ¢,):

S, =i L, ) 3.59
: (H(w(wm H G.59)

f(R) theories

Another simple example of models described by Eq. (3.39) is the particular case studied in
Section 3.2, i.e. the so-called f(R) theories. In this case, J (¢, R) can be written as the sum of

two functions, one depending on R and another one depending on ¢:

J(¢,R) = f(R) — 2U (). (3.60)
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The first one is the usual term which supports the f(R) theory, and the second one constitutes
a standard potential for the scalar field ¢. In this case, ¢ is minimally coupled to gravity, and
it can be interpreted directly as part of the matter content. However, recall that the non-linear
dependence on R introduces an additional scalar degree of freedom as we saw in Section 3.2.
Here, we can just particularize the equations derived in the previous sections. In fact, the new

scalar field, when properly normalized, is defined by

O =/3/2Inf,(1), (3.61)

where, remember, the auxiliary field ¢ verifies ¢y = R by taking into account the equations
of motion, and the corresponding conformal factor will be Q% = ¢ = f,(¢) as in Eq. (3.38).
Particularizing Eq. (3.46), we obtain that the total potential for the scalar sector cannot be written

in general as the sum of two individual potentials associated with each one of the fields:
1
Ve, ®) = 5 [p(@)e VI — f@)e Vi +au(p)e Vi . Ged)

The reason is that the conformal factor introduces a non-derivative interaction between the two
scalar modes. Therefore, even in this case, the off-diagonal entries of the SMM are not neces-

sarily zero and the mass eigenstates cannot be identified, in general, with ¢ or with ®.

Generalized Higgs inflation models

Non-minimal gravitational couplings of the SM Higgs doublet have been considered in order to
build viable models of inflation in the early Universe [216, 217, 218, 219, 220]. Generalizations
of this idea with non-linear couplings to the Ricci scalar have been discussed in the literature with
the SM Higgs working as inflaton or with a similar scalar field [179, 180, 181, 182, 183, 184,
185, 186, 187, 188, 189, 190, 191, 192]. As far as we know, the presence of a new scalar degree
of freedom has been missed in these analyses. As we have shown, the non-linear couplings in
the Ricci scalar introduce a new degree of freedom. We can determine its phenomenology by
using the general equations deduced in this chapter. The general J (¢, R) function that defines

these models can be written as
J(p,R) =R+ Ep* R —2U(yp), (3.63)

where the first term is associated with the initial Einstein-Hilbert action for the Jordan metric;

the second term is the non-linear coupling parameterized by the strength constant £ and the



3.3. GENERALIZED NON-MINIMAL SCALAR-TENSOR THEORIES 67

exponents a and b; and U () is the potential for the scalar field in the JF. Note that a and b need
to be integer numbers to have an analytical interaction at ¢ = 0 and R = 0 respectively, but the
non-minimal coupling can also be defined for any real value of both exponents. The standard

potential in these models is usually assumed to be:

A 2\?
Ulp) =~ (902 — ”7) : (3.64)

with g, A > 0. It implies that U () is bounded from below, and develops a stable minimum at
©o = p/vV X with U(pg) = 0, i.e. we have avoided the introduction of a vacuum energy'. By

taking into account our previous results, the conformal transformation to the EF is defined by
D =1+Ebpryptt, (3.65)

with 1) = R as we have commented. Therefore, provided b # 1, the coupling introduces a new

scalar particle, associated with the normalized field:

d=+/3/21In(1 + &b ). (3.66)

As we have discussed, this new degree of freedom is associated with the dynamics of the Jordan
Ricci scalar through the relation: R = ¢ = {[exp(1/2/3®) — 1]/(£bp®)}*/ 1), Therefore,
the total action for this type of GHIMs is writen in the EF as:

1 ~ ~ ~ 2 ~ ~
Sai = 5 [ d'ov/5 [R = 779,09,0 - 37 VI 0,00,0 - 2V, 0)] . G6T)

where:
b

) _ U ()| e2VE®. (3.68)

Vie

1 e

Vip,®) = = ‘b—-1) ———
(¢, ®) 5 | €¥°( )( b
In order to simplify the discussion, we can fix the particular values: @ = b = 2, and £ > 0.
In such a case, the total potential is bounded from below provided U(yp) is as well. Indeed, a
minimum of the scalar sector can be found at (g, ®9) = (;/v/\,0) if the potential (3.64) is

assumed. In fact, such a minimum is global since V' (¢g, o) = 0 and V (¢, ®) is non-negative.

In this case, the SMM around the minimum is given by:

22 0

2 _
M2, = N E (3.69)
651
'The potential develops an analogous minimum at ¢y = —p/+/A. The same discussion applies when the system chooses

this other vacuum state.



68 CHAPTER 3. NON-MINIMAL SCALAR TENSOR THEORIES

Therefore, in this particular case, the mass eigenstates can be identified with ¢ and ®. In other
words, they do not mix. In addition, the phenomenology of ® is decoupled since the mass scale
1 1s expected to be very small with respect to the Planck scale, which implies a very large mass
for @ (by assuming A, & ~ 1).

It is important to comment that the original action has a parity symmetry associated with
the sign of the scalar ¢. However this is not the fundamental reason for the non-mixing of the
scalar fields, since this discrete Zy symmetry is broken by the VEV of . It means that this
symmetry will not be able to protect this property, that will be potentially destroyed by radiative
corrections.

Coming back to the on-shell analysis, the situation is different for b = 2 and a < —2. In
this case, @ is lighter than ¢ for p < 1 (A, £ ~ 1). Indeed, for such values of the exponents,
the SMM is still diagonal, but the non-zero entries are M2, = 24 and Mg, = A%/ /(6¢u").
Finally, we must mention that any other integer value of b (b > 2) may imply strong instabilities
for the field configuration defined by (g, ®9) = (11/v/), 0), since the potential will develop a
singularity at ® = 0. Indeed, the study of the SMM deduced in this work within the EF, is the
most efficient way to analyze the stability of a NMSTT (in the same way as for f(R) theories,
as it was originally pointed out in [177]). This procedure is equivalent to the Hessian matrix

analysis of an optimization study in two variables.

3.4 Conclusions

In this chapter, we have started reviewing the important case of f(R) theories in the modified
gravity background, with the purpose of explaining the equivalence of this approach with scalar-
tensor theories, and passing through the study of conformal transformations applied over this
to expose the way to go from the JF to the EF. After this, we have studied the phenomenology
of NMSTTs, i.e. scalar field models defined by a general coupling of the scalar field with the
Ricci scalar. These theories can be understood as generalizations of the gravitational interaction
written in a particular JF. We have found explicitly the EF corresponding to such general theories
by characterizing the conformal transformation that defines the relation between both frames.
By following the general set of equations associated with the transformation between the two

corresponding metric tensors, it is explicit that the spectrum of the theory contains not one,
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but two (generally massive) scalar degrees of freedom, in addition to a massless spin-2 state.
The latter particle can be associated with the standard mediator of Einstein gravity, whereas the
second scalar mode is related to the non-linear coupling of the original (JF defined) scalar field
to the Ricci scalar. Indeed, provided that the coupling is linear, we have proved that the general
conformal transformation is not well defined and the spectrum of the theory is truncated by
removing the second scalar degree of freedom. The situation is more involved if the Jacobian
associated with the field redefinition is zero for particular values of the fields. In such a case, the
effective number of degrees of freedom of the theory depends on the field configuration. This
fact can be understood as if the spectrum of the theory maximizes the number of perturbative
states, but the masses of the scalar modes depend on the values of the fields and can diverge for
one of the modes. This fact removes effectively one of the scalar degrees of freedom as it was
discussed in [177, 178] for the case of f(R) theories.

Once the degrees of freedom were identified, we analyzed their couplings with the matter
content. In particular, we have studied the couplings with SM particles. Under general assump-
tions, the spin-2 state couples as the standard GR graviton. The scalar degree of freedom asso-
ciated with the conformal factor couples through the trace of the stress-energy tensor. Indeed,
it can be identified with a dilaton since it parameterizes general scale transformations. On the
other hand, the coupling of the other spin-0 particle is completely model dependent. It changes
by depending on the definition of its interactions in the original action (JF), that is not fixed. It is
interesting to remark that this factorization of the couplings associated with the scalar content of
the theory is simple because it is discussed in terms of the interaction eigenstates. These modes
are not necessarily the mass eigenstates. In general, there is a mixing between the two scalar

modes that leads to the rich phenomenology associated with these NMSTTs.
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Chapter 4

Extremal Black Holes in modified gravity

Black hole solutions have been widely studied in the literature, as they are natural solutions
of GR, and have led to an important development of gravitational physics, including the fa-
mous theorems about singularities that offer a way to better understand these objects and their
main features. Here we will focus on the particular black holes described by the Schwarzschild-
(Anti) De Sitter spacetime as an example, which arises in GR as a solution when considering
a (negative) cosmological constant, since they have been of great interest as they show a ther-
modynamical equilibrium when analysing Hawking radiation [221, 222, 223]. In the case of
a positive cosmological constant, the Schwarzschild-de Sitter spacetime shows in general two
horizons, one corresponding to the black hole event horizon and the other one to a cosmolog-
ical horizon. The extreme case arises when both horizons coincide at the same hypersurface,
the so-called Nariai spacetime [224], leading to an interesting structure for the spacetime and the
trajectories of geodesics [225] as well as for its spectrum [226], which will be studied through-
out the next sections. In addition, the stability of such an extreme spacetime has been studied
in [227], but when some (quantum) corrections are included, an interesting phenomenon oc-
curs as the radius of the horizon becomes unstable and grows, that has been called black hole
anti-evaporation [228]. Despite the fact that the anti-evaporation regime was initially studied
and attributed to semiclassical corrections that affect the evaporation of black holes in de Sitter
spacetime when analysing the one-loop effective action [228, 229], other frameworks that lead to
classical instabilities that affect the radius of the horizon have been also named antievaporation,

as is the case of f(R) gravity [230], Gauss—Bonnet gravities [231], bigravity theories [232, 233]
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and mimetic gravity [234]. The purpose here will be the study of this phenomenon from a clas-
sical point of view, but for a generalization of the scalar-tensor theories.

As we have already seen along Chapters 2 and 3, one important branch of modified gravity
is that associated with scalar fields and scalar-tensor theories. However, although a great part of
these kind of theories has been extensively studied along the previous chapters, this is far from
the end. Generalisations of these have been widely studied, mainly in the context of cosmology,
like the so-called K-essence, which presents a non-canonical kinetic term and provides a natural
explanation for dark energy [235, 236], or the so-called Galileons, that incorporate a Galilean-
like symmetry and which can also reproduce in a simple way the late-time acceleration [237].
These types of models have in common that they may avoid the so-called Ostrogradsky insta-
bility that arises in higher order theories, but is absent in second order theories, such as the ones
cited above. This class of scalar-tensor models are encompassed in the so-called Horndeski
gravity [80], which represents the most general theory with second order field equations (for a
review see [238, 239]). Horndeski gravity is shown to be a generalisation of Galileon in its
covariant form [240], which is also connected to k-essence fields [241]. Nevertheless, there
have been some healthy extensions of Horndeski gravity also implying second order derivatives
for the field equations [242, 243, 244]. In general, Horndeski gravity is well understood in many
contexts, inflationary models have been widely analysed, as well as the growth of cosmolog-
ical perturbations [245, 246, 247, 248, 249]. Consequently dark energy models can be easily
implemented in Horndeski gravity [250, 251], the predictions and restrictions of which have
been analysed [252, 253, 254, 255]. Also, in light of the era of gravitational waves [256, 257],
Horndeski gravity is shown to carry just an additional scalar mode [258], but the theory is well
constrained by the speed of propagation of the graviton [259, 260, 261], which implies several
restrictions on the full Lagrangian [262].

Putting together both frames, i.e. black holes (static spherically symmetric solutions) and
modified gravity [263, 264, 265, 266, 267, 268, 269, 270], let us provide: a way to regu-
larise such types of solutions [271, 272, 273, 274], a better understanding of Birkhoff’s theo-
rem [275, 276, 277], and new direct ways for testing GR [278, 279, 280]. In Horndeski gravity,
there have been plenty of works where such types of solutions are studied, mainly when deal-
ing with compact objects such as black holes [281, 282, 283, 284], but also when assuming the

constraints imposed on the full Horndeski Lagrangian by the speed of propagation of gravita-
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tional waves [285], and the stability of such types of spacetimes [286, 287, 288, 289, 283, 284].
The no-hair theorem is also extended in these theories [290]. Moreover, the Cauchy problem
has been analysed in Horndeski gravity by studying the hyperbolicity of the system of equa-
tions, which seems to admit a well posed initial value problem [291]. Also, the stability in
non perturbative cosmology has been studied [292], as well as the gauge problem in such La-

grangians [293].

The purpose of this chapter is to show an example of the study of black holes in Horndeski
gravity, focusing on the anti-evaporation effect, by studying perturbations on the metric. For this
goal, we will take and analyze the Nariai spacetime, in opposite to Schwarzschild black holes,
where perturbations and the Cauchy problem have already been widely analysed in the literature
within several gravitational theories [294, 295, 296, 270]. Then, the purpose here will be to study
how perturbations of a scalar field (which should be around a constant background value as we
will see) can affect the radius of the horizon of the extremal Schwarzschild-de Sitter black hole
called Nariai spacetime, for the Lagrangians that compose Horndeski gravity. This also shows
some implications on an extended version of Birkhoff’s theorem for scalar-tensor theories. At
the end, we will also try to analyse the stability of such solutions for a shorter version of the
full Horndeski Lagrangian, motivated by keeping as few free functions as possible and which

coincide with the viable terms restricted by the speed of GW’s.

4.1 Nariai Spacetime in Horndeski Gravity

Let us start by remembering the general action that we are dealing with throughout this chapter.
This is the Hilbert—Einstein action plus the so-called Horndeski Lagrangian already introduced
in Eq. (1.31):

R
S = /dlA\/ —g {@ + £Hr + Em y (41)

where £, is the matter Lagrangian, which encompasses all the matter species of the system

under study while the Horndeski Lagrangian Ly; is given by:
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Ly = Ga(9,X)

+Ga(d, X)R + Gax (¢, X) [(O9)* — 9™ ] (4.2)
G X . I L
+G5(¢7 X)gb;,uule - %7) [(D¢)3 - 3D¢¢;uu¢7uy + 2¢;W¢’W\¢ﬂ .

Recall that each line is an independent term labeled by the function G, ¢ is the scalar field, G,
is the Einstein tensor, ., = V, is the covariant derivative, X = —%(%gb@“qﬁ is the kinetic term,
G;i(¢, X) are arbitrary functions of ¢ and X, and x is the derivative with respect to X. As it is
well known, the Lagrangian (4.3) represents the most general scalar-tensor Lagrangian that leads
to second order field equations despite the fact that it depends on second derivatives of the field ¢
at the level of the action as well as on non-minimally coupling terms to the Ricci scalar. As shown
in Reference [241], Horndeski theory is just the generalisation of the so-called covariant Galileon
field, but losing the Galilean shift symmetry that provides its name [240]. Hence, by varying the
action (4.1) with respect to the metric g,,, and with respect to the scalar field ¢, the corresponding
field equations can be obtained and one can analyse how some particular spacetimes behave
within this class of theories.

The other fundamental piece here is the Nariai spacetime, i.e, as already mentioned, the ex-
tremal case of the Schwarzschild-de Sitter black hole, as is shown below. The general Schwarzschild-

de Sitter metric can be expressed in spherical coordinates as follows [228]:
ds® = —A(r)dt? + A(r)"tdr® + r2d02 (4.3)
where d(23 is the metric of a 2D sphere, and

Alry=1— — — —r°. 4.4)

1

Here, A > 0 and M > 0, and the latter is a mass parameter. Then, if 0 < M? < 5A°

the function A(r) has two positive roots 7y and ., which correspond to the black hole event

horizon and to the cosmological horizon, respectively:

rBH = —% cos {% [arccos (—M) + 7T] } ) 4.5)

Te = % cos {% arccos (— 9M2A> } . (4.6)
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It is easy to check that A(r) > 0 only for rpy < r < r. and consequently the metric is static
only in the region between both horizons. In addition, A(r), given by Eq. (4.4), diverges at
r = 0. This divergence cannot be avoided by a coordinate change and therefore it will not be a
coordinate singularity, but a real singularity. It can be checked by the scalar' R,,,.3R"**%, which
diverges at = 0, that this is a curvature singularity. The global structure of this spacetime has
been widely analysed in the literature [221, 222, 223], but Penrose’s diagram give us a better
idea of this spacetime. As an example of this, we introduce the Schwarzschild black hole which
is essentially the same only without the de-Sitter part, i.e. with A = 0. It is important to remark
that Penrose’s diagram is useful because it does not change the casual structure but brings infinity
to a finite graphic and with a slope of 45° of the light rays (which lets us know the light cone
straightforwardly). For this, one should apply two steps: the first one is about choosing null
coordinates to draw the light cone, the second one is a conformal compactification in order to
bring the infinity to a finite region. First of all, we will focus on the region > 2M and use the

null Eddington—Finkelstein coordinates, i.e:

u=t —r*, v=t +r* where T*:T+2M1n‘1_ (4.7)

i
M|
Then, r € (2m,00), u and v € (—o0, 00) and one must be careful with the absolute values in
dr* = dr/(1 — 2M/r). In addition, u = cte and v = cte respectively represent outgoing and

ingoing null geodesics. This will result in the following metric:
ds* = —A(r)dudv + r?dQ3 . (4.8)

In addition, from Eq. (4.7) we have:

r* T T 1
_ " 1’1__:_ _ 4.9
oof — o P o T W #9)
where
T T
o 1) — A(r)—— 4.1
<2M ()57 - (4.10)
and therefore:
A(r) = 22 v o=y i) (4.11)
T

I'This scalar is the so-called Kretschmann scalar and it is important because it is invariant under change of coordinates, so

if it diverges at some point in some coordinate system, it will diverge at the same point for any coordinate system. For the
. . s . 2 2 .

Schwarzschild de-Sitter metric this scalar is: K1 = % + % which recovers the better known case of Schwarzschild when

A=0.
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which transforms the metric (4.8) into:

2M
ds? = ———e /M) (=)/UM) gy dy + r2dO2 . (4.12)
T

The next step will be the introduction of Kruskal-Szekeres coordinates defined as:

U= —4Me /M V = 4Me"/*M (4.13)

dU = e=w/4M gy, dV = e/ *Mdy | (4.14)

after which the metric reads:

2M
_e_r/

ds® = — EMAUAV + 2d02 (4.15)

from where one can check that » = 2 was only a coordinate singularity, which vanishes with
an appropriate choose of coordinates. Besides, we can apply an extension of the coordinates.
Until now, we were studying the exterior region, » > 2M and U < 0 and V' > 0, but now one
can extend the geodesics because they do not finish their path at U = 0 or V' = 0, so at the end
of the day U,V € (—o0,00). However we should maintain the condition > 0. In addition,
due to:

UV = —16M> (ﬁ _ 1) er/2M (4.16)

UV will be bounded by UV < 16 M?. In order to finish, we will apply a compactification of the
spacetime. For this purpose it is very useful to use a function as tan(x) that is infinity at a finite

point. With this fact in mind, the new reparametrization is:

AMtan(0)=U,  AMtan(V) =V, 4.17)
~ dv
w_ _qy am—Y gy (4.18)
cos*(U) cos?(V)

where U,V,U +V € (—m/2,7/2). Then, the resulting metric is:

32]\/[3 e—r/(QM)

ds® = -dUdV + 72dQ3 (4.19)

cos (U) cos (V)}

Finally, one is able to draw Penrose’s diagram thinking about (U , ‘7) as a coordinate reference

system:
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where blue lines represent ¢ = cte, red lines represent r = cte, i* are the future (+) / past (-)
timelike infinities (it means that timelike geodesics startin i~ and end up ini "), i is the spacelike
infinity (r = oo with arbitrary t) and J* are the future (+) / past (-) null infinity, i.e. r = oo
where light geodesics start or end up. Let us show that: on the one hand, ¢’ = cte — u+v = cte
and therefore V /U = cte, so we can represent these straight lines, transformed by the tan(x) into
curves in Penrose’s diagram, as can be checked. On the other hand, r = cte — v — u = cte —
UV = cte. Thus r = 0 corresponds with UV = 1602 = 16 M2 tan U tan V which corresponds
toU+V = =+m /2. The angular coordinates are not represented because they do not give us new
information, but we should think about each point of the diagram as a 2-sphere of radius r. In
view of the Penrose diagram, the null hypersurfacer » = 2M pulls apart, for r = cte, time-like
hypersurfaces (r > 2M) from space-like hypersurfaces (r < 2M). In addition, r = 2M is
called a horizon because an object which falls inside it (i.e. in area III) can never come back. In
the diagram this is shown because light-like geodesics moving radially look like straight lines
with an inclination of 45°. The description of the regions is as follows: I) the exterior of the
black hole » > 2M, III) the interior of the black hole with 0 < r < 20, IV) the interior region
of a white hole, II) the exterior of the white hole. There are no null (and much less time-like)
curves which traverse from region I to region II (and vice-versa) so then they can be considered

as disconnected universes.

Analogously, one could present the Penrose diagram for de-Sitter spacetime, this is the case

with M = 0 [297]:
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In this case, there is an horizon for r = 4/3/A and there are no singularities. It is important
to remark that a timelike observer can only access one part of the spacetime independently of
their starting point. Now, it is easy to check that mixing both spacetimes in order to obtain the

Schwarzschild de-Sitter spacetime, Penrose’s diagram reads:

where there are two horizons at r = r. and » = rgy. The crucial point here is that for the
extreme case whenever M — #, the size of the black hole event horizon gz increases and
approaches the cosmological horizon r. at » = 3M, such that function (4.4) tends to:

(r —3M)*(r + 6M)

4.20
27M?r ’ (4.20)

A(r) = —
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becoming the extremal case of the Schwarzschild-de Sitter black hole, which is known as the
Nariai spacetime [224]. As shown in Eq. (4.20), it leads to a degenerate horizon that corresponds
to the black hole one and to the cosmological one simultaneously. The causal structure of this
particular case is well understood and the geodesics in such spacetime are well described in
Reference [225]. Note that A(r) < 0, such that the radial coordinate becomes timelike and the
time coordinate spacelike everywhere. In Fig. (4.1) we represent this function to help understand

this.

A(r)

S S S S R SRS 4l I I I I
0.0 0.5 1.0 15 20 25 0.0 0.5 1.0 15 2.0 25

Figure 4.1: Aspect of the function A(r)

From the Penrose diagram point of view, one could join rpy with r. of the Schwarzschild
de-Sitter case (vanishing region I and II) to obtain the extreme case. Actually, there are two
possibilities, one which describes a white hole, and another one which describes a black hole.

Here we are interested in the study of the latter, whose Penrose diagram is:

After this previous study of spacetimes, let us express the metric (4.3) with some more
appropriate coordinates, but firstly we express the extremal case as a limit in terms of a parameter
0<e<<1,[227]:

IM?A =1— 36> . (4.21)
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As e — 0, both horizons approach each other, i.e. one passes from the Schwarzschild de-Sitter
space time to Nariai space time, vanishing region I and II in Penrose’s diagram. Then, one can

choose the following coordinates [228]:

1 1 1
t = = —(1- — Z¢é 4.22
v \/K( A 66)’ (422

as long as one stays far away enough from spatial infinity. In these new coordinates, and ex-

panding at first order in ¢, the metric (4.3) becomes:

ds® = —% (1 + gecos X> sin ydi? + % (1 — %e cosx) dx* + % (1 — 2ecos x) dS2; .
(4.23)
Here the black hole horizon is given by y = 0, whereas the cosmological one corresponds to
x = m. The spatial topology is clearly S; x S;. By setting ¢ — 0, the extremal case is obtained
and the metric yields (4.23):

1

A T

A

ds? = — sin? ydiy)® + dXQ) 4+ —dQ3 . (4.24)

Finally, we can implement another change of coordinates that simplifies the expression

(4.24), which is described by the following coordinates:
X Y
—L (t —>, =2 425
x og ( tan 5 1 (4.25)

Then the metric (4.24) for the Nariai spacetime becomes:

1

2
ds A

—dt? + dz?®) + —dQ3 . (4.26)

B A cosh? z (

The new coordinates are defined in the domain (—o0, 00), as can be easily shown by Eq.
(4.25). This metric is easily drawn in Penrose’s diagram following a similar procedure from
Schwarzschild case. Let us introduce some lines to check the previous diagram in the interior

region of both horizons. First of all we will use the null coordinates:
u=t—x, v=t+ux, (4.27)
and the Kruskal-Szekeres coordinates:

U=—-e" V=¢. (4.28)
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Then, the metric would be:
ds? = —————— + —dO3, (4.29)

finishing with the compactification:

tan(U) =U, tan(V)=V, (4.30)
dUdV 1
ds? = vdv 5 + Xng : (4.31)

_% [COS(U + f/)]

where, for example, = cte, corresponds to x = cte, x = cte, v — u = cte, VU = cte.

4.2 Reconstructing the Gravitational Action in Horndeski Grav-
ity

In this section, we analyse the particular Lagrangians within Horndeski gravity that reproduce
the Nariai solution. To do so, we use the metric as expressed in the coordinates given in Eq.
(4.26). As shown, Nariai spacetime can be a solution for each of the Horndeski Lagrangians as

long as some constraints are assumed on the £; functions.

4.2.1 Case with £,

As a first approximation to Horndeski gravity in Nariai spacetime, we will start studying the

simplest case in which only £, is considered for L.,
Ly = Ga(p, X), (4.32)

which essentially is the usual term for K-essence theory. The first step will be to solve, at the
background level, the equations of motion given by the Einstein tensor plus an effective stress-
energy tensor coming from metric variations of the matter Lagrangian plus the Lagrangian de-
fined in Eq. (4.32):

aGQ (¢a X)

1
Gu = Ry — §QWR = 81G |9, Ga(p, X) + 0X

0,00, + TSV |, (4.33)
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where T,ET) is the stress-energy tensor of the matter Lagrangian, and which, for the case of our
interest, we are going to consider zero, to focus on the vacuum, i.e., 7, ,ET) = (. Therefore,

this tensor equation leads to the following system of equations:

1 1L Gye,X) | 9Ga(¢, X) -
(t) 87Gcosh’z  Acosh’z * 0X o (39
(@) 0= —%M@m : (4.35)
1 —1 N G2(¢,X) 8G2(¢7X) /2
() 87G cosh’z  Acosh®x 0X . (330)
—1  Ga(¢,X) | 0Ga(¢,X)
(00) s - A T ax OppOp ) (4.37)
—sin®0 ., Ga(¢, X)  0Ga(¢, X)

Here, gzﬁ means time derivatives (as throughout all the work) but ¢’ will represent derivatives
with respect to = (and not conformal time derivatives). The two main issues that we intend to
solve are the form of G5(¢, X ) and that of ¢(¢, z, 6, ). Combining Eq. (4.37) with Eq. (4.38)

yields:
DpPOpd = sin® 00pdDpp —  Opdp = £sinhyo , (4.39)
whose solution is:

o =g(t,x) {CD +In (cotg)} + f(t,x) . (4.40)

However, from Eq. (4.34) and Eq. (4.36) it is possible to deduce that g(¢, x) should vanish in
order to keep the same dependence on parameters on the left and right hand side of the equations,
and therefore ¢ = (¢, ), which implies that X = A cosh®(z)(¢* — ¢/?)/2. This is the formal
way for showing that the scalar field has to be spherically symmetric, as is the metric. In addition,
to solve G (¢, X), we will use the trace of Eq. (4.33) where the scalar of curvature for the Nariai

metric is R = 4A and therefore:

yPvel 2G5 (0, X) —ox X, (4.41)
the solution of which is:
A 2
Go(d, X) = ——— + f(9) X~ . (4.42)

G
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However, by Eq. (4.35), the following condition is obtained:

2X f(¢)od’ = 0. (4.43)

It is straightforward to show that by combining Eq. (4.43) with zx— and tt— equations,

¢ = ¢ = 0, such that ¢ = cte. Hence, the solution of the background leads to the following

constraint on the action:

A

G3(¢0,0) = e

(4.44)

This solution mimics the one from General Relativity with a cosmological constant, but in
this case induced by a constant scalar field ¢. There is a special case when the coefficients
for this system of equations become null and the background equation is satisfied also for non-
constant and non-static scalar field solutions, which will be studied in Section 4.3.1. Note that
despite the fact that Birkhoff’s theorem is satisfied in Brans—Dicke-like theories [275, 276, 277],
where a static metric implies a static scalar field, this may not be the case for other scalar-tensor

theories such as Galileons or general Horndeski scenarios [283, 284].

4.2.2 Case L3

For the case L3, the general gravitational action is given by

Sa = /dx4\/—_g {% — G3(¢, X)To| . (4.45)

By varying the action (4.45) with respect to the metric g,,,,, the corresponding field equations

are obtained:

1
RMV - _g;u/R = 8rG [G3¢ (guuva¢va¢ - 2vu¢vl/¢) (446)

2
+Gsx (=VudV,000 — 6, VadV oV 9V 0 + 2V 6V (,0V,) V)] .
Here the subscript () refers to a commutator among the indexes, while ; and x are derivatives

with respect to the scalar field ¢ and its kinetic term X respectively. The equation for the scalar

field is obtained by varying the action (4.45) with respect to the scalar field:

2G340¢ + G3ps(V9)* + Gaxg [(V9)’ 0 + 2V, ¢V X | (4.47)
+Gsx [((0)? = Vi VupV' V" = R V'V ] + Gaxx [V, V' X + (VX)?] =0,
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where recall that X is the kinetic term of the scalar field. As in the previous Lagrangian, a non-
constant static scalar field, ¢ = ¢(z) is assumed. In order to show that the Nariai metric,
expressed in the coordinates (4.25) as in Eq. (4.26), may be a solution for the gravitational
action (4.45), we use the tt— and zx— equations, which can be easily obtained from the field

Equations (4.47) and yields:

1
(tt) ea 871G [~Gsy + GaxA* (sinhz coshz¢’ + cosh® 2¢")] , (4.48)
cosh”
1
(zx) — P 8TGd” [—~G3s + GsxA® coshzsinhz¢'] (4.49)
cosh”

The 06— and pp— equations are just redundant, since the t¢— equation is reproduced up
to proportionality terms. In general, for an arbitrary G3(¢, X), the system of Equation (4.49)
has no solution ¢(x), and consequently Nariai spacetime is not a solution for the gravitational
Lagrangian (4.45). Nevertheless, Eq. (4.49) can be used for reconstructing the appropriate
L3 Lagrangian that reproduces the Nariai spacetime (4.26) when assuming either a particular
solution ¢(x) or a particular form of G5(¢, X'). As the corresponding partial derivatives G,
and G'5x are in the end functions of the coordinate x, we can express both of them in terms of

the scalar field and its derivatives through Eq. (4.49), which leads to:

1 2tanhz ¢ + ¢”
= 4.50
Gzg(z) 871G 2" cosh’x (4.50)

1 1
4tGA ¢2¢" cosh* z

Hence, the corresponding Lagrangian (4.45) can be reconstructed as long as the expressions
(4.50) and (4.51) are well defined for ¢(x), such that the integrability condition holds G5,x =
Gsx4. Nevertheless, it is not straightforward to obtain an analytical and exact expression for the
L3 Lagrangian, but we can consider a couple of ways that lead to an analytical reconstruction

of the action.

* Firstly, one may specify the form of the function G3(¢, X), and reconstruct the corre-
sponding action by using the system of Equation (4.49) and the integrability condition on
G3(¢, X). Let us consider the following G5(¢, X):

Gs3(0, X) = f1(¢) + fa(X) . (4.52)
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The general kinetic term X is given by:

1
X = —51\ cosh? z¢" . (4.53)

Then, by the partial derivative with respect to X in Eq. (4.51), one obtains:

A 1 ¢/2

Gsx = fax = Rﬁﬁ : (4.54)

This equation together with the assumption in Eq. (4.52) basically imposes that ¢—lj =
g(X) must be expressed as a function of the kinetic term (4.53). As g(X) is in principle
arbitrary as far as providing a solution for the scalar field ¢, we may assume g(X) = X
such that the scalar field becomes:

o) =  2log (/c\osh ) | 4.55)
After integrating Eq. (4.54), the function f5(X) turns out to be:

A1

P(X)=-1>=%- (4.56)

While the partial derivative with respect to ¢ on G5 leads to:
A? 1+ 2log(coshz) 1 e*(1— A¢)

Gy = = = 4.57
30 = Jio 327G cosh? z 87G 2 ’ 4.57)
which after integrating, provides the corresponding dependence on the scalar field ¢:
1 er
=" 4.58
10 =33 (458)

Then, the full gravitational action G'5(¢, X) as given in (4.52) is reconstructed.

* Nevertheless and in opposite, one may try to keep the form of G3(¢, X) arbitrary and
consider a particular solution for the scalar field in order to reconstruct the action. For il-

lustrative purposes, we consider the following solution:
() = ¢oet® . (4.59)

Then, by following the Eq. (4.51), the following particular solutions are found in terms
of the coordinate x:

1 sech’x(p + 2tanh x)e=2/*
1 sech'ze 3n

4G RN

Gsx(z) (4.61)
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The corresponding kinetic term X = —%@Lgb@“qﬁ is given for this case by:

1
X = —§gbg,u2/\ cosh? ze?** . (4.62)

Hence, the partial derivative G3x (¢, X ) automatically leads to:

A ¢
Gsx (¢, X) = T6-C X2 (4.63)
After integrating, it yields:
A
Go(6,X) = e + 19). (4.64)

where f(¢) has to be computed by integrating the partial derivative G',,, which is obtained

by deriving expression (4.64) and equating to the expression in Eq. (4.61):

tanh |1 <¢>1/“
1 tanh x 1 anh 1108 { 5o

- = : 4.65
4rGPp® cosh? we2ve  ATGdu? 4 cosh? [log <£> 1/1 (4.65)
o)

fo

which after integrating, yields:

1 ‘ ¢ 2/p
19 = Gt —2) {F [1’ b n/h 2 (%) ]

[ & 2/ & 1/p
— (p—=2uF |1, —p/2,1 — pu)2; — <—) + sech? |log <¢—)

0
[ ) 1/p
+ ptanh |log (—) ]} . (4.66)
bo

o
Here, F'(a, b, c; z) are hypergeometric functions, which can be computed analytically for

some values of .. For instance, i = 1 gives:

1 ¢3 + 3¢¢(2] N arctan (q%) | 467

C4nG | (9% + ¢2)? b0

f(9) =

Hence, the full reconstruction of the gravitational action (4.45) is explicitly shown for these
two cases. The main conclusions can be obtained by analysing these two examples. As shown

in the field equations, and by the expressions of G34(x) and Gsx(z), a constant scalar field
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o(x) = ¢ is not a solution for Eq. (4.49), at least whenever Lagrangian (4.45) is considered
as the sole action for gravity. In addition, the freedom of the function G3(¢, X) implies that
different Lagrangians can reproduce the Nariai metric, but leading to different solutions for the
scalar field, as long as its partial derivatives (4.51) are well defined, as has been shown by these

two examples.

4.2.3 Case L,

We now analyse the solutions when the Lagrangian £, in (4.3) is considered as the sole Horn-

deski gravitational action:

Sq = / dzt*/—g [% + Gu(¢, X)R + Gax ((O9)* — V. V,oV*V*@)| . (4.68)

As usual, by varying the action (4.68) with respect to the metric g,,,,, the corresponding field

equations are obtained:

1

1 1
(T + G4) (RW - 5gWR) ~VuVuGi + 906~ 59,uCax (O8)° = V,V,6V*V"9)

+ ... (second order terms) = 0 . (4.69)

We can proceed as in the previous case. However, the degree of freedom on the function
G4(¢, X) will lead to a set of infinite solutions for the scalar field, as shown above for Ls,
which does not provide any new insights on Nariai spacetime in Horndeski gravity, but just
some similar features as in the previous case. Concretely, for a given solution ¢(z), one can
in general reconstruct the appropriate action through G4 (¢, X), while the other way around is
not always possible, that is, given an arbitrary G4(¢, X) function, the field Eq. (4.69) does not
have any solution for the scalar field in general, except for some special cases of the G4 (¢, X)
function, as also shown for G3(¢, X') above. In addition, note that for the general Horndeski

Lagrangian, the speed of gravitational waves is given by [259]:

G — X(¢Gsx + Gsy)
Gy — 2XGyx — X (HpGsx — Gsg)

cow = (4.70)

where H is the Hubble parameter. Hence, by assuming G4(¢, X) = G4(¢) and G5 = 0, anal-
ogously to [260], the speed of propagation for GW’s is kept as the speed of light cqy = 1,
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satisfying the constraints obtained from the GW170817 detection [256, 257]. Hence, we ex-
plore here the case where G4 (¢, X)) = G4(¢), such that the field egs. (4.69) reads:

(tt) (L -+ G4) sech2 xr — ¢12G4¢¢ — (tanh l’¢l + ¢//)G4¢ =0 , (471)

167G

(zz) - <ﬁ + G4) sech’ z — tanh2¢/Gyy = 0, (4.72)
1

v - (W " G4) sech” © — ¢”Gagy + ¢"Gas = 0., (4.73)

By combining the xx— and 60— equations, it yields:
tanhz Gy¢) =0 — ¢ = constant . (4.74)

Hence, the only solution which does not modify the speed of gravitational waves leads to a
constant scalar field, similarly to G5(¢, X), unless G4, = 0, which together with other condi-
tions is analysed in Section 4.3.1. For this specific case, the only choice of (G, that satisfies the

equations of motion is:

1
167G

Ga(9) = (4.75)

Nevertheless, for this choice, the gravitational effective coupling constant in Eq. (4.68)
becomes null and consequently the theory is ill defined in general. Then, for the particular
case (4.68) with G4 = G4(¢), Nariai spacetime and consequently Schwarzschild-(A)dS are
not reproduced by such a Lagrangian. This is a natural consequence as Schwarzschild-(A)dS
spacetime requires the presence of a cosmological constant, which cannot emerge from another

term. However, such an issue can be easily sorted out by adding a scalar potential in the action,

R
Sa = /dx“\/—g —— + Gy(p)R—V(9)| . (4.76)
160G
The equations do not differ much from the ones above, only by a potential term,
1 9 P , y sech? z

(tt) W -+ G4 SCCh xr — gb G4¢¢ — (tanh xgb + ¢ )G4¢ — 2A V(qb) = 0,
(4.77)
(22) = (—— + G, ) sech® z — tanh 2/ Gy + sech” Vig)=0 (4.78)

o 167G 1 v TOe T TN - '

1 sech? z

00)  — (W + 04) sech® 2 — ¢ Gluyy + ¢"Gug + A V(g)=0. (4.79)
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As in the previous case, by combining the zx— and #6— equations, the constraint Eq. (4.74)
is obtained, which leads to a constant scalar field ¢(x) = ¢, and by replacing it in Eq. (4.79),

it leads to:

Vi) 1
2A 167G

—Gy(¢o) + (4.80)

Hence, Nariai spacetime is a solution for the gravitational action (4.76) as long as the alge-
braic Eq. (4.80) has at least a real solution.

Therefore, it is clear that Schwarzschild-(A)dS spacetime, and specifically Nariai spacetime
is a solution for each of the Horndeski Lagrangians whereas some constraints are imposed on
the Lagrangians £;. It is straightforward to show that the Nariai metric is also a solution of
the full Horndeski Lagrangian as the degrees of freedom added by each £; provides a way of
reconstructing the corresponding gravitational action. This will imply an infinite number of
choices on the G; functions and a degenerate solution for the scalar field, as has been shown for
some of the Lagrangians above, and which will also affect the full gravitational action due to
the freedom of choosing the corresponding Lagrangians. In Section 4.3, the stability of these
extremal black holes for those cases for which the Nariai metric imposes real constraints on the

Lagrangians will be analysed.

4.3 Anti-Evaporation Regime in Horndeski Gravity

In this section, we analyse the stability of Nariai spacetime when perturbations around the back-
ground solution are introduced. Firstly, we will focus on the cases with constant solutions of
the scalar field. To do so, we focus on the first four terms of the Horndeski Lagrangian:

So = [[de'ya | + a0 X) - Galo. X)To+ G| . (48D

Note that action (4.81) is the most general Horndeski Lagrangian that keeps the speed of
gravitational waves (4.70) as the speed of light. As shown in the previous section, for a given
solution ¢ () and the Nariai metric (4.26), one can reconstruct the corresponding Horndeski La-
grangian that reproduces such solution. Nevertheless, here we are assuming for simplicity while
analysing the perturbations, a constant scalar field for the background ¢(x,t) = ¢q, such that

following the results from the above section, Nariai spacetime is a solution for the gravitational
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action (4.81) as long as the following constraint is satisfied:
(4.82)

where the sub-index  denotes the background level. A useful way to define perturbations around

the Nariai metric is:
ds® = e*00 (—dt? 4 da®) 4 e 20d03 (4.83)

in which p(z,t) and ¢(z,t) at the background level are: p = — Inv/A coshz and ¢ = InV/A.
The perturbations on the metric and the scalar field (with spherical symmetry) can be expressed
as follows:
¢ — ¢o+Ip(t,x),
p — —In [\/K cosh x] +dp, (4.84)
© — InvVA+6p(tz).
Let us show how the perturbations are transformed under a gauge transformation in order to
construct gauge invariants that allow us to isolate the physical perturbations from gauge artifices.

We are going to consider an infinitesimal transformation of coordinates, given by
't =t + ot (4.85)
On any generic quantity F', this implies a transformation on its perturbation:
OF = 6F + L5, Fy . (4.86)

Here the prime denotes the quantity transformed in the new coordinates, Fj is the background
value and L, is the Lie derivate along the vector dz*. The corresponding perturbations on the

metric are transformed as follows:

0p' =6p+ Lszpo ,
P P sz P0 (4.87)

0" =0+ Lsppg = 0p .
In this case we are interested in the perturbation d, as the one that will define the pertur-
bation on the radius of the horizon (see below). This is a gauge invariant quantity, such that

we can work in an arbitrary gauge to solve the equations. Hence, introducing the perturbations

(4.84) in the field equations, up to linear order, leads to:

1 1
(167TG + G4) 5G“”+G“”G4¢5¢_G4¢VNVV5¢+QWG4¢D(5¢—5 (G2pgu0® + G20g,,,) = 0.
(4.88)
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Note that the functions (G; and their derivatives are evaluated at ¢ = ¢, and expanded up to

first order in perturbations as follows:

Go(¢, X) — GQ(¢O,0>+6028_§$0>¢5¢’
0

4.89
Gi(p) — G4(¢0)+M¢ 8¢ . )

¢
Then, we will introduce these perturbations into the field equations to study their evolution.

The tt—, xx— and tz— perturbation equations are respectively:

—2Gq0sech’*z8p + (Goy + 2AGlag)sech®rdp — 2Gop(tanh 25" + 5¢”)
—2G4¢A(tanh xéqf)’ + (5@5”) = 0 5 (490)
—2Gqpsech®xdp + (Gog + 2AG4)sech®xd¢ + 2Gy (tanh 15y + 5¢

G (tanh 20 + 6¢") + G ( tanh 8¢ + 8¢

)
112G A (tanhx5¢’+5é) — 0, (491)
( ) — 0, (492)

from where the tx— equation can be rewritten as follows:

% (G2 (tanh 20 + 6¢") + GupA (tanhxdp + 0¢')] = 0, — g(x, ) tanhz + ¢'(z,t) = h(z),

(4.93)

where h(z) is an integration function to be determined, while g(z,t) = G0 + G4Ad¢p. Thus
integrating Eq. (4.93) yields:

g(z,t) = Gaodp + G4pNdp = f(t) sechz + sechx / coshz h(z)dz . (4.94)

Then, by combining the tt— and xz— equations, the functions f(¢) and h(x) are determined,

f(t)=Cret + Coe ", h(x) = Cstanhzx + Cy (4.99)
—  g(x,t) = (Che' + Cae ") sechz + C3 + Cytanh x .
Here, C;’s are integration constants. Then, the expression for the metric perturbation ¢ can
be easily obtained:

Clet + Cge_t G2¢ + 2AG4¢

dp = sechxz + C
14 G 3 Gao(Gag + 4AGoy)

+ Cytanhz . (4.96)

At this point we are ready to calculate how the horizon changes when considering the above

perturbations on the metric. The horizon is a null hypersurface that can be defined as follows:

"' V,oV,p =0, (4.97)
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By introducing (4.84) and (4.96) in (4.97), the following relation is obtained:
Cre" + CF — (CF +2C1Cy cosh 2z) e* 4 20, Cye sinha + 2C5Cye’ sinhz = 0, (4.98)

which relates the z—coordinate and the ¢ —coordinate at the horizon:

Cy + /4C,C5 + Cfe_t

C
2C,

x = log . (4.99)

Hence, the perturbation (4.96) on the metric at the horizon leads to:

1 ng, + 2AG4¢ :|
Sipp — C Jac,o, + c2| 4.100
@h G20 |: 3G2¢ T 4AG4¢ + 1“2 + 4 ( )

and consequently, the perturbation at the horizon remains constant. By the Nariai metric (4.83),

one can identify the radius of the horizon when it is perturbed as:

1 G2¢+2AG4¢ )
e~ 0n o G20 {03 Gy FIRG,, TV AC1C2HCS
TR = = : (4.101)
VA VA

Note that this expression is time independent, such that no anti-evaporation effect arises

when considering the restricted Horndeski Lagrangian (4.81) in Nariai spacetime. The only
effect is a shift of the horizon, which may increase or decrease depending on the values of the
integration constants (initial conditions) and on the functions Gz; and their derivatives evaluated
at ¢y (Horndeski Lagrangian). In addition, if we set the integration constants to zero C; = 0,
the radius turns out to be r, = 1/ V/A, i.e., the radius for the horizon in the Nariai spacetime.

Moreover, by calculating the perturbation on the scalar field d¢ through (4.94), it yields:

20

Hence, the scalar field perturbation does not propagate but just introduces a perturbation on
the effective cosmological constant, which explains the absence of the anti-evaporation regime
and the shift of the horizon radius when considering perturbations on Nariai spacetime in the

framework of Horndeski gravity.

4.3.1 Non constant solutions with null coefficients

Until now, we have worked with constant solutions to the equations for the Lo, £3 and £, cases.

Nevertheless, the full set of solutions is not completely covered by the previous analysis. Firstly,



4.3. ANTI-EVAPORATION REGIME IN HORNDESKI GRAVITY 93

by analysing the equations for the £, Lagrangian given in Eq. (4.33), one could wonder about the
special case in which the (in principle, non constant) coefficients of the equations become null.
With the study of this case in mind, let us rewrite the Einstein tensor for an Einstein manifold,
like the Nariai spacetime, as: G, = —Ag,,,,. This way, Eq. (4.33) acquires the form:

8GQ (gb? X)

ox Oub0u0, (4.103)

A
0= |:G2(¢,X) + %} Juw +

and the scalar field equation is:
0 = 2G2x (0, X)X — Goxx (¢, X)VFXV 0 — Gaox (¢, X)Op — Gay(0, X).  (4.104)
So, as long as the (G5 function satisfies the following conditions:

G2(¢07X0) = A=_A )

T 8rG

Gax (9o, Xo) = Gag(0o, Xo) = Gapx (90, Xo) = Gaxx(¢o, Xo) =0, (4.105)

the field equations above hold. A possible reconstruction of G, is given by:

Ga(6, X) =Y ealgle, X) = C)" = 4, (4.106)

n>3

in which the function g(¢, X') must satisfy g(¢o, Xo) = C, which becomes the field equation
for the scalar field. Some concrete examples of this can be found, but the main issue here is the
possibility of solutions with ¢, # constant. In principle, this fact will affect the perturbations
and change our conclusions since we had considered a background scalar field as a constant in
order to solve the system of the perturbations above. For this case, the perturbation equations

arc:

8G2<¢7 X)

0 <87TG |:g,LLUG2(¢7 X) + 0X

Guqﬁ&xb}) =0Gu , (4.107)

which under the constraints (4.105) at first order yield:
0G = —Nog,, - (4.108)
As the perturbations on the Einstein tensor remain the same, the following system of equa-
tions for dp(z, t) is obtained:

(tt) 5" + tanh £0¢’ + sech®zép = 0,
(xx) 8¢ + tanh 8¢’ — sech’zdp = 0 , (4.109)
(tx) d¢' +tanhzdp =0 .



94 CHAPTER 4. EXTREMAL BLACK HOLES IN MODIFIED GRAVITY

The general solution of this system of equations is:
1
dp(z,t) = (Cre' + C12e™") secha + 503 tanh x | (4.110)

where C; are integration constants.
A similar analysis can be applied for the Lagrangians £3 and £,. For the former, the back-

ground equation can be expressed as:

_%Ag,uu = &G [G3¢> (guuva¢va¢ - 2vu¢vu¢)

+G3X (—VM¢VV¢D¢ - guuva¢vﬂ¢va¢v5¢ + 2va¢v(u¢vu)va¢)} :
(4.111)

Then, we may impose that each term of the right hand side of this equation is expressed as

follows:

G3¢> (guuva¢va¢ - 2vu¢vll¢) = klguu )

(4.112)
G3X (_VM¢VV¢D¢ - guuva¢vﬁ¢va¢vﬁ¢ + 2va¢v(u¢vu)va¢) = k2gwf s
where k; are constants. Nevertheless, the first condition leads to:
VoV o g f(X) (4.113)

with f(x) being a function of the coordinates to be determined. By inspecting the tt— and xx—

equations one finds

11 b 11
2Ac0shxf(x)’ ¢ - 2Acoshz

I f(x) . (4.114)

This does not guarantee a real solution for ¢(x, t). Hence, one can not find general conditions
on the function (G5 and the system of equations has to be analysed step by step, as was done in
Section 4.2.2.

The case for L is initially similar to £,. The background Eq. (4.69) holds by imposing:

1
Ga(po, Xo) = “16:G (4.115)

Guax (00, Xo) = Gup(do, Xo) = Gagx(P0, Xo) = Gaxx(do, Xo) =0,  (4.116)
Gixxx (00, Xo) = Gaxxe(Po, Xo) = Gaxes(00, Xo) = Gapps(Po, Xo) = 0.(4.117)

As above, this can be satisfied by:

1

Ga(0.X) =D _eal9(6,X) = CT" = 1 .

n>4

(4.118)
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where g(¢g, Xo) = C. Nevertheless, all the coefficients of the perturbation equation (4.88)
become also null for any background solution ¢, such that one has a degenerated equation that
does not pose a well defined problem.

For the case for £, with non-constant solutions using (4.110), the perturbation on the horizon

radius (4.101) is easily obtained as:

e~ 3V C3+16C1C:
TH = )
VA

which, as in the previous case, leads to a constant such that no instability occurs.

(4.119)

Therefore, in both cases, the scalar field perturbation does not propagate but just introduces
a perturbation on the effective cosmological constant, which explains the absence of the anti-
evaporation regime and the shift of the horizon radius when considering perturbations on Nariai

spacetime in the framework of Horndeski gravity.

4.4 Conclusions

Along this chapter we have analysed several aspects of Schwarzschild-de Sitter black holes,
and particularly its extremal case when both horizons, the cosmological and the black hole ones,
coincide at the same hypersurface of the spacetime, the so-called Nariai metric. In addition, we
have focused on the framework of Horndeski gravity as a modified gravity model, showing that
the existence of such type of solutions when Horndeski Lagrangians are considered can be easily
achieved by the induction of an effective cosmological constant, which naturally arises when
considering a constant scalar field for some of the Horndeski terms. Take into account that this
case is different from GR with a cosmological constant since the constant Horndeski terms can be
perturbed unlike perturbations in the cosmological constant that do not exist. However, we have
also found that, not only a constant scalar field implies a Nariai spacetime as a solution of the
gravitational field equations, but also a non-constant scalar field can reproduce Schwarzschild-
de Sitter extremal black holes when considering the appropriate functions on the gravitational
Lagrangian. However, this result may not satisfy the generalised Birkhoff’s theorem as for
Brans—Dicke-like theories [275, 276, 277], since, despite the fact that Nariai spacetime is a

static metric, the scalar field may become non-static, as explained in Section 4.3.1.
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By considering perturbations on the background scalar field, which is assumed constant,
the induced perturbations on the metric turn out to be time dependent, which modifies the static
regime of the metric, inducing an exponential expansion, a natural solution when consider-
ing an effective cosmological constant. Nevertheless, the linear regime just induces a slight
modification on the horizon radius, keeping it constant. Contrary to other frameworks where
perturbations on the Nariai spacetime have been considered [228, 229, 230, 231], which repro-
duce the so-called anti-evaporation regime, where the radius of the horizon may grow with time,
this effect seems to be absent for the type of Horndeski Lagrangian analysed here. One obvi-
ously expects to find a non-constant scalar field perturbation by going beyond the linear regime,
which will consequently induce the anti-evaporation regime. In addition, a non-constant scalar
field (and no-null coefficients) for the background is also expected to produce such phenomena
(turning on G3(¢, X) in to (4.81) as an example without modifying the speed of gravitational
waves), as perturbations on its propagation will naturally induce effects on the horizon radius,

making the Nariai metric unstable.



Chapter 5

Wormholes in modified gravity

In the previous chapter we have spoken about black holes. However, there are other interesting
spacetimes (spherically symmetrical too) that exhibit other types of exotic objects like worm-
holes to test modified gravity and the new phenomenology associated with new theories. The
consideration of extended gravity theories has the power to introduce changes into some of these
extremal gravitational phenomena that have been devised in the original framework of GR.

In the present chapter we shall investigate the implications on the existence of traversable
wormholes from the consideration of an extended gravity prescription. In addition, a detailed
study of the Energy Conditions for the matter content that holds this special framework will
be performed. Summarizing, with this chapter we intend to understand new behaviours of the
matter in modified gravity for another kind of extremal objects: wormholes.

Wormholes can be considered as tunnels from one point of spacetime to another one. If
these tunnels are able to be crossed by an observer, we will name them traversable wormholes.
Historically, the study of wormholes adopts the inverse starting point of GR since the spacetime
is firstly built to end up finding the stress-energy tensor components which holds them. Some

important properties that a traversable wormhole should have are [298]:

* By definition, a wormhole must have a throat which connects two (asymptotically flat)

regions of the spacetime.
* A horizon is not permitted, since in that case the two-way travel is not possible.

» The tidal gravitational forces should be minimal to avoid the spaghettification effect,

97
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which would kill any crossing observer.

It should be possible to cross the wormhole in a finite and reasonably small time (both for

the traveler, and for who await them).
The solution must be perturbatively stable.

The wormhole should be possible to assemble in this Universe, i.e. it must need much

less energy or time than the total mass or age of the Universe.

The stress-energy tensor that supports the wormholes should be reasonable. For example,
along this section, we shall consider an anisotropic distribution of matter threading the

wormhole described by the following stress-energy tensor 7,

T = (p+ ) U Uy + pi g + (0r — P6) XuXo 5 (5.1

where U* is the four-velocity, x* is the unit spacelike vector in the radial direction, i.e.,
X" = 0l /\/Guu» p(u) is the energy density, p,(u) is the radial pressure measured in the
direction of x*, and p;(u) is the transverse pressure measured in the orthogonal direction
to x*. Following the Hawking-Ellis classification (Section 1.3.2), this is a type I stress-

energy tensor whose NEC inequality (recall Section 1.3.3) is:
p+pi >0 with i =rt (5.2)

We will focus on this condition because, as we already saw, if NEC is violated, then all

other conditions will be violated as well.

In order to simplify the calculations and have a tractable spacetime along this chapter, we

are going to consider both spherically symmetric and static metric given by:

ds® = — f(u)dt* + g(u)du?® + R?(u)d©?, (5.3)

where dQ? = d6? + sin? fd¢? is the linear element of the unit sphere, and the metric functions

f(u), g(u) and R(u) are functions of the radial coordinate u. The coordinate choices used in

metric (5.3) are often called “Buchdahl coordinates” [299, 300, 301]. Note that one possesses

a freedom in choosing the radial coordinate, consequently allowing one to fix the form of one

of the metric functions f(u), g(u) or R(u), which will be considered below. Here the radial
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coordinate lies in the range u € (—o0, +00), so that two asymptotically flat regions exist, i.e.,
u — Zoo, and are connected by the throat. The function R(u) possesses a global positive
minimum at the wormhole throat ©« = wug, which one can set at ug = 0, without a loss of

generality. Thus, the wormhole throat is defined as Ry = min{R(u)} = R(0).

With the purpose of avoiding event horizons and singularities throughout the spacetime,
one also imposes that the metric functions f(u) and g(u) are positive and regular everywhere.
Taking into account these restrictions, namely, the necessary conditions for the minimum of the

function, imposes the flaring-out conditions [298, 302], which are given by:

R,=0, R!>0. (5.4)

However, the flaring-out condition in General Relativity entails the violation of the null en-
ergy condition (NEC) [303]. Recall that the latter is defined as 7}, k*k” > 0, for any null vector
k* [304, 305], and matter violating the NEC has been denoted as exotic matter. Nevertheless,
it has been shown that these violations may be minimized using several procedures, such as the
cut-and-paste techniques in the thin-shell formalism, where the exotic matter is concentrated at
the junction interface [306, 307, 308, 309, 310, 311, 312, 313, 314, 315]. In fact, the problem
is improved with evolving traversable wormholes, where it has been demonstrated that these
time-dependent geometries may satisfy the energy conditions in arbitrary finite intervals of time
[316, 317], and recently specific dynamical four-dimensional solutions were presented that sat-
isfy the null and weak energy conditions everywhere and everywhen [318, 319] in the framework

of modified gravity.

In fact, modified theories of gravity are an interesting avenue of research to explore traversable
wormholes, where these compact objects possess a richer geometrical structure than their gen-
eral relativistic counterparts. In this context, it has been shown that the NEC can be satisfied
for normal matter threading the wormhole throat, where it is the higher order curvature terms
that sustain the wormhole [320, 321, 322, 323, 324, 325, 326, 327, 328]. For this reason, in this
chapter we are going to study this framework for an example of modified gravity, the so-called

action-dependent Lagrangian theories, which are presented throughout the next section.
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5.1 Action-dependent Lagrangian theories

These sort of theories have recently been proposed arising from a non-conservative gravitational
theory, and tentatively denoted as action-dependent Lagrangian theories [329]. They emerge
from the question: what would happen if the Lagrangian (from which the action is built up)
were a function of the action? Herglotz tried to solve this question by generalizing the Action
Principle [330, 331]. The Action Principle starts from the action S which is defined as the

integral of the Lagrangian L£(t, x(t), x(¢)) as follows:
123
S = / dtL(t,x(t),x(t)), with x:R—RY, (5.5)
ta

where x = (21, z9, ..., ) represents the N generalized coordinates as functions of time. Then,
the Action Principle postulates that the path taken by the system between times t, and t, and
configurations x(t,) and x(t,) is the one for which the action is stationary (no change) to first

order, 1.e.
0§ =0, (5.6)

which can be compared with the GR action in an analogous way. Note that stationary action
is not always a minimum, but only for sufficiently short, finite segments in the path. Applying

variations in the one-dimensional case:

tp

fo oL ) fo oL docL oL
one obtains the classic Euler-Lagrange equation:
oL doL
= _ 2= ). 5.8
Jx  dt Oz 0 (5:8)
However, the proposed problem here is different and reads:
S(t) = Lit,o(t), i), S®),  t€[ab, (5.9)
S(ty) = Sa, (ta) =xa, x(ty) =T, Sa,Ta,Tp € R. (5.10)

For this case the application of variations returns us:

0S(t, z(t), (1), S(t)) = g—i&p + g—g&t + g—gés : (5.11)
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where we have suppressed the dependence on ¢ of dz, d and 9.5 to simplify notation, and whose

solution is [332]:

A(t)0S(ty) — 88(ty) = / L AA(D) lg—ﬁ&c—kg—i&v] , (5.12)
where:
A(t) = exp {— /tdfagg)} . (5.13)

Taking into account that 6S(¢,) = 0S(#,) = 0 and integrating by parts the second term of Eq.
(5.12), one obtains:

/tt dt [A(t)g—f _ % ()\( )gi)} 5z 4+ At )g—i&p

Since 0z is an arbitrary function and dz(t,) = dz(t,) = 0, one can eliminate the last term.

tp
=0. (5.14)

ta

In addition, because the function \(¢) is differentiable and different from zero, the generalized

Euler-Lagrange equation for this case is:

g_i_%g_é+g_§g_§:0’ (5.15)
which encompasses the classical case for a non action-dependent Lagrangian, by vanishing
the last term. In addition, this new term usually introduces the dissipative phenomenology.
Once we have presented the point of view of classical mechanics, we are going to focus on the
gravitational framework, where the Lagrangian will depend on several independent variables

zt 22 ..., 2% and we will consider a curved spacetime with an associated metric g,4 defined on

a domain © C R? and a boundary 6€2. Then, the classical and usual gravitational action is:

/ e/ =GL (2", Gus, Duas) (5.16)

which we want to generalize toward the Herglotz problem. For this purpose, firstly one can
suppose that there is a differentiable vector field s*, and that {2 is an orientable Jordan surface

with normal n* such that:

S((SQ):/ddas\/ gL(z", gap, Opugap) = /ddx\/—gv,,s”:/6 dzr/|hny,s” , (5.17)
Q Q

where h is the determinant of the induced metric over 6{2 by Stokes’ theorem, and V,s" =

L(2*, g, Ougas). Now, in view of these previous ideas, and following the previous steps for
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classical mechanics, we will generalize it as follows:

VZISV = £(x“,ga5, auga,é’a 3#) ; ' e Q 5

5:/ dtav/|h|n, s, (5.18)
60

which generalizes the Action Principle. As in Eq. (5.15), there will be a dissipative effect. The
novel feature when comparing with previous implementations of dissipative effects in grav-
ity is the possible arising of such phenomena from a least action principle, so that they are of a
purely geometric nature. Applications to this model have also been explored, namely, in cosmol-
ogy [333], braneworld gravity [334], cosmic string configurations [335], the late-time cosmic
accelerated expansion and large scale structure [336], and static spherically symmetric stellar
solutions [337], amongst others.

As an example, we will study the complete set of field equations considered in the action-
dependent Lagrangian theory proposed by Matheus J. Lazo in [329] which is based on the fol-

lowing total Lagrangian
L=Ly+Ly=(R—N\s")+ L, , (5.19)

where the Einstein-Hilbert Lagrangian is extended with the geometrical sector dealing with the
additional dissipative term A, s*, while £,, is the Lagrangian of the matter fields. As we already
said, the field s* is an action-density field, which disappears after the variation of the action
such that the modification to the GR counterpart is given by the four-vector \* only. Note that
A may be considered as a background four-vector that plays the role of a coupling parameter
associated with the dependence of the gravitational Lagrangian upon the action. In the majority
of the works considered above, it is assumed to be constant, however, in a more general scenario,
one may assume it to be a coordinate-dependent four-vector.

In order to deduce the equations of motion for this specific case following [329], we will
introduce the relation: R = —(L — L) where L = g (re,, =17, ,)and L = gt(I7 Tt —

re, 17 ), where I'), are the Christoffel symbols following the definitions given in Eq. (1.5) and

Eq. (1.6). In addition, we can write the relation:

/ d%e\/—gL = 2/ d%x\/—gL + surface term (5.20)
Q Q
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so that one is able to write the effective Lagrangian equivalent to (5.19), from a point of view

of the action, as follows:
Lyy=—L—Ns"+ L, . (5.21)

However, although both — [, d*z\/=¢gL and [, d"x\/=gR are equivalent action functions
in the Hamilton variational principle sense, they are not equivalent for the Herglotz variational
problem, since their Lagrangian functionals differ by a total derivative term, and we will have
two different theories [338]: on the one hand the one given by Eq. (5.19), and on the other hand
the one written in Eq. (5.21). Along this chapter we will study the second one as historically it
was the first to appear.

Then, applying metric variations on the action associated with the Lagrangian of Eq. (5.21)

one obtains:
55 = /Q dx -5 (V=gL) — & (V—gus") + 6 (v=gLn)] - (5.22)

Using the identity 0,/—¢g = /—gI'%,, one gets (V,s")y/—g = 0,(s"/—g), and from Eq.

(5.17) the variation on the action also can be written as:
55 =16 /Q dx/—gV,s" = /Q d?x0,6(v/—gs”) . (5.23)
Consequently, writing together Eq. (5.22) and Eq. (5.23):
/Q de [0,5(v=g5") + 5 (V=gL) + A8 (V=g5") — 6 (vV=gLm)] =0,  (5.24)

where we have taken into account that A , is a four-vector that does not depend on the metric. This
equation should be satisfied independently of the domain, which together with the redefinition

0" = §(s”y/—g) lets us obtain the analogous differential equation to Eq. (5.11):
0,0" = —6(v/—gL) + 6(v/—gL) — \0", (5.25)
whose solution is:
0" (2", gaps Gaps 11, 8) = A (2, Gap, Gap, 1y 8" )e ™7 (5.26)

where

9, A" = [=6(v/=gL) + 6(v/=gLn)] M. (5.27)
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At this point, some considerations regarding the boundary need to be introduced. First of all, it
is necessary to think about the boundary condition, which means that the metric is fixed at the
extremes/boundary and therefore variations of it at the boundary vanish 6g,5(0¢2) = 0. On the
other hand, recalling Eq. (5.17):

68 =0= /ddlx |h|n,(65") , (5.28)

since the surface 0(2, and in consequence 4/ |h|, are independent of variations of the metric.

Therefore:
d(s")(02) =0. (5.29)

Following this with the boundary condition 6 g,5(02) = 0 and from the definition 6” = 6(s"y/—g),

one can say:
0" |50 = A" |sqe M =0. (5.30)

So, A" is identically zero over the boundary 6¢2 and using the Stokes’ theorem:

A
\/_

Rewriting this last equation with Eq. (5.27), one obtains:

0= / d?r0,A" = [ d¥'x |h| =0. (5.31)
Q 60

/Q z [=6(V=gL) + 6(V=9gLn)] " =0, (5.32)
and expanding this as we would do in GR, considering 6v/=gL,, = —k*/—¢T,, 0"
[ SV TS0
+ (LTS, — T30, ) 60 V/=9) + k2= g™ |
= /Qddx\/—_g {Rw — %g,wR + K, —
- /Q d*z [(T0,6(9"V=9) = T0,0(9"v=9)) "] .a =0, (5.33)

1
§gm/K - ’12Tul’} 6)‘79“59#1,

where K, = A\ I, — %(/\,,Fz‘a + A\, I'¢,). Once more, the last term vanishes by the boundary

condition and the equations of motion will be:

G+ 2, = k2T

s

(5.34)
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where x* = 8 along this chapter, since we will take G = ¢ = 1 in order to simplify the results
interpretation, GG,,, is the Einstein tensor, and we have grouped the new phenomenology in 7,
defined as:

1
Zyw =K — 9wk . (5.35)

2
The quantity K, (and its trace K) represents the geometric structure behind the dissipative
nature of the theory. Note that the limit of a vanishing A, restores the dissipationless feature of
GR.

Thus, motivated by the existence of static spherically-symmetric compact objects analysed
in [337], we extend this analysis to the context of wormhole physics, for which, firstly we are
going to present the most general restrictions on static and spherically symmetric wormhole
geometries imposed by the geometrical structure of the action-dependent Lagrangian theory,
to end up considering a plethora of specific solutions of action-dependent Lagrangian induced

wormhole geometries.

5.2 General restrictions on wormhole geometries

Now, rather than to write out the full gravitational field equations (5.34) for the metric (5.3),
let us note that the only non-zero components of the Einstein and the stress-energy tensor are
the diagonal terms. Then, the non-diagonal part of the additional tensor Z,,, defined by Eq.
(5.35), also provides additional information on the geometrical structure of the solutions of the
theory, namely, that Z,,,, = 0 for u # v. More specifically, the non-diagonal components of the
symmetric tensor Z,,,, place restrictions on the form of the four-vector \,,.

The independent components of the tensor Z# = K# — %65‘[( are given by

)\ / _ / _ 4 / )\
A Afg'R 4?(;;2) el ”, Zv = R—ZcotG, (5.36)
" No(fg) A u Ao(f9)
29 = —W - @ Cot9, Z¢ = — 4f92 5 (537)
MNo(Rf 4+ 2fR
Zy = 7= ( T ), (5.38)
720 = 2% coth 70—~ ot 5.39
6 = 2_R2CO , : = _2_R2 coto, ( . )
AR A
Zl = +2Lcots, 7L =0. (5.40)

gR R?
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From Zg = Z{ = 0 one readily extracts the restrictions Ay = \; = 0. Taking into account
the assumption of the static and spherically symmetric character of the spacetime, the field equa-
tions should only depend on the radial coordinate, so that from the diagonal Z;' component, one
readily verifies that Ay o (cotf)~!, or more specifically Ay = A(u)/(cotf) (one may consider
the simple case A\(u) = Ay = const). We emphasize that this result was also obtained in [337].
Note that if one were to consider \yp = 0, then the condition Z; = 0 would impose that \,, = 0,
taking us trivially back to GR. Analogously, in order for Z! to only depend on the radial coor-
dinate, from Zj = 0 this imposes that A\, = 0 and consequently places a further constraint on
the metric functions, namely, (fg)’ = 0.

Thus, the additional information on the geometrical structure of the theory, which imposes
that the non-diagonal components of the symmetric tensor Z,,, vanish, imposes the following
condition on the four-vector \,:

A, = <o,o,M 0) : (5.41)

cotf’

and the additional geometric tensor Z* takes the diagonal form Z# = (\(u)/R?) diag(1, 1,0,0).
Furthermore, from the constraint on the metric functions (fg)’ = 0, we can consider, without a

loss of generality, the following choice:

flu) =g " (u) = A(u). (5.42)

5.3 Specific solutions of action-dependent Lagrangian induced

wormhole geometries

The analysis outlined in the previous section imposes that the static and spherically symmetric

configuration of metric Eq. (5.3) in the theory given by Eq. (5.21), can be written as
ds® = —A(u)dt* + A~ (u)du® + R?*(u)dQ? (5.43)

where, as before, the wormhole throat is defined as Ry = min{ R(u)} = R(0), and, in order to
avoid event horizons and singularities throughout the spacetime, one imposes that the function
A(u) is positive and regular everywhere. These restrictions impose the flaring-out conditions,

translated as Eq. (5.4).
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As the metric function A(u) is positive and regular for Vu, it is useful to analyse its deriva-
tives at the throat u = 0. In particular, the sign of A{j determines the type of extrema of A(u),
i.e., it is a minimum if A > 0 and a maximum if Aj < 0. The maximum (minimum) of A(u)
corresponds to a maximum (minimum) of the gravitational potential, so that in the vicinity of
a maximum (minimum) the gravitational force is repulsive (attractive). Thus, the wormhole
throat possesses a repulsive or an attractive nature that depends on the sign of Aj.

Now, taking into account the modified Einstein equation (5.34), the spacetime metric (5.43),

and the stress-energy tensor (5.1), the gravitational field equations are finally given by:

_ 2ARR" + AR? + A'RR' — 1 A

8mp = 22 R2 (5.44)
AR? + ARR' —1 A u

8mp, = 72 + }(%2) , (5.45)
A"R+2AR" +2A'R’

8mpr = + R i . (5.46)

Adding Eqgs. (5.44) and (5.45), yields the following relation

4R

R”|R0 = _T(p +pr>|Ro ) (5.47)

and using the condition at the throat R{, > 0, one verifies that in these specific action-dependent
Lagrangian theories the NEC is generically violated at the throat, i.e., (p + p;)|r, < 0.

Taking into account the field equations (5.44)—(5.46), one has three independent equations
with six unknown functions of the radial coordinate u, namely, p(u), p,(u), pi(u), A(u), R(u)
and A(u). There are several strategies that one may now follow. More specifically, one may
consider specific choices for the components of the stress-energy tensor, and then solve the field
equations to determine the metric functions and A(u); one may also take into account a plausible
stress-energy tensor profile by imposing equations of state p, = p.(p) and p, = p(p), and
close the system by adequately choosing the energy density, or any of the metric functions. In
alternative to this approach, one may use the reverse philosophy usually adopted in wormhole
physics by simple choosing specific choices for the metric functions and A(u), and through
the field equations determine the stress-energy profile responsible for sustaining the wormhole
geometry. In the following, we will adopt several of the strategies outlined above, and a mixture
thereof, to obtain specific exact solutions of wormhole spacetimes induced by these action-

dependent Lagrangian theories.
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5.3.1 Specific wormhole solutions: Ellis-Bronnikov solution
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Figure 5.1: The plots depict the specific case of the Ellis-Bronnikov wormhole configuration with a = 1, for convenience,
and for different choices of the function A(u). Depending on the sign of A(u), one obtains a plethora of specific symmetric
or asymmetric solutions. Note that for A(u) ~ Zu, one obtains asymmetric solutions, where the energy density is negative at
the throat and in the positive (negative) branch of u, but becomes positive in the negative (positive) branch; the radial pressure
exhibits the inverse qualitative behavior.

Using an appropriate parametrization, we can present a solution by taking into account the
reverse philosophy of solving the modified field equations. It means that firstly we build the

spacetime and only after the kind of matter which sustains it is discovered, as follows [339]:

R(u) = e~ *®\/u2 + a2, Alu) = e?®), (5.48)
with the factor a(u) defined as
m u
alu) = (Z) arctan <E> : (5.49)

where m and a are two free parameters. Thus, the spacetime metric is given by
ds® = —e*dt* + 7> [du® + (u® + a*)dQ?] . (5.50)

Following the previous definition of the wormhole throat, which is situated at ug = 0, we

readily obtain R'(0) = —m/a, so that the condition R'(0) = 0 imposes m = 0. Note that
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these conditions imply that the solution reduces to the well-known Ellis-Bronnikov wormhole
spacetime [340, 341, 342]. It was proposed and constructed in 1973 by Ellis [343] and Bron-
nikov [344] independently. Both used a phantom scalar field source in GR which gives a static,
spherically symmetric, geodesically complete, horizonless spacetime and with the peculiarity of
a throat (called a “drainhole” by Ellis) connecting two asymptotically flat regions.! This does

indeed simplify the analysis, such that a(u) = 0, A(u) = 1, and

/! 1
R (ug) = >0 (5.52)

In addition to this, Eqgs. (5.44)-(5.46) yield the following stress-energy profile:

2 2 )\ 2

o) = ;‘TZ‘GL(ZZ;@ , (5.53)
2 4 u2) A\ 2

prlw) = - 87T1(La3 +(Z)2>2a 7 (39

a?

pi(u) = m : (5.55)

For the specific case of A = 0, where the four-vector \* vanishes, this solution simply reduces
to the general relativistic Ellis-Bronnikov stress-energy components. However, for the general
case, one still needs to impose one more condition to close the system, and in the following
we consider specific choices for the function A(u). Equations (5.53)—(5.54) yield the following

relation:

CL2

Ar (a? 4+ u2)?’
which states that the NEC is violated throughout the entire spacetime, and is independent of the

p(u) + pp(u) = — (5.56)

function A(u). Therefore, one could take the specific case of A(u) = 0 which corresponds to
GR and Eq. (5.56) would still hold true. Consequently, this kind of modified gravity in the case
of Ellis-Bronnikov wormhole does not improve the violation of NEC.

We are only interested in asymptotically flat solutions, so taking into account the limit of

Eq. (5.53), one finds

: . Mu
lim p(u) ~ — lim <2) . (5.57)
U—00 u—o00 U
I'The usual form of the Ellis-Bronnikov wormhole is:
2
ds? = —at® + 9" A’ (5.51)
-z

T

under the reparametrization: 7% = u? + a.



110 CHAPTER 5. WORMHOLES IN MODIFIED GRAVITY

For instance, assuming a power law solution for A\(u) ~ u®, the asymptotic flatness condition
imposes that o < 2, and from the regularity of the stress-energy components we have o« > 0,
so that the parameter lies in the range 0 < o < 2. One may perform a similar analysis with the
radial pressure p,.(u), but with a change in the sign for the limit. Note that the tangential pressure,
pi(u), is independent of \(u), possesses a maximum value at the throat, p;(u = 0) = (87a?)™!,
and tends to zero with increasing u.

Several choices for the function A(u) are depicted in Fig. 5.1. Depending on the sign of A(u),
one obtains a plethora of specific symmetric or asymmetric solutions. More specifically, for the
case of A\(u) ~ Fu, one obtains asymmetric solutions where the energy density is negative at the
throat and in the positive (negative) branch of u, but becomes positive in the negative (positive)
branch, while the radial pressure possesses the inverse qualitative behavior, as is transparent
from Fig. 5.1. Thus, it is possible to alleviate the negative energy densities needed to thread this

wormhole configurations, relative to GR. The wormhole solutions obtained with A\ # 0 possess

a richer structure than their general relativistic counterparts.

5.3.2 Specific stress-energy profile

We now consider the strategy of specifying the profile of the energy density and radial pressure

given by:

a? 4+ u?

2 «
p(u) = po (a—) , (5.58)

2 a
pr(u) = po (a—> : (5.59)

a? + u?

with a > 0, so that both components tend to zero at spatial infinity. In addition to this, we close

the system by considering the specific choice for the metric function
R(u) = vVa?+u?. (5.60)

Note that Egs. (5.58) and (5.59) can be written as p, = wp, with w = pg/po. Thus, this case
is formally equivalent to choosing Eq. (5.60), one of Egs. (5.58) or (5.59), and the equation of

state p,.(u) = wp(u).
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Figure 5.2: Results for the specific stress-energy profile given by (5.58) and (5.59) with a® = —1/(4mpo(1 + w)) and o = 2.

The upper plots are for the case pg = 1 (w < —1), and the lower plots for pg = —1 (w > —1).

The gravitational field equations (5.44)-(5.46) provide the following solutions:

CL2 a—2
Alu) = —dwa® D ——— 5.61
(u) mapy(w + 1) (a2 —|—u2) : (5.61)
CL2 a—1
Mu) = 1+4dnp, [20°w — (200 — B)u? D] | —— : 5.62
W) = 1+ gy [20% - (20 =5+ 1) (5 (5:62)
As before, one should impose the asymptotic flatness condition, namely,

lim A(u) — 1, (5.63)

u—=100
and taking into account that A(u) should be positive and regular Vu, implies the following two

stringent restrictions:

a=2, and dra’po(l +w) = —1, (5.64)

where the second condition imposes:

<0.

po(l +w) (5.65)

This implies two specific cases depicted in Fig. 5.2: (i) pp > 0 and w < —1, so that, taking into

account the equation of state w = py/po, implies a negative radial pressure at the throat; or (ii)
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po < 0and w > —1,sothat pg > 0 for —1 < w < 0, and pg < 0 for w > 0. Therefore, for the

throat in both cases:

(p+Pr)lu=o = (1 +w)po <0, (5.66)

violating the NEC. Relative to the analysis at the throat, note that the wormhole conditions are
satisfied, namely, R'(up) = 0 and R”(0) = 1/|a] > 0. In addition to this, for the imposition
of the asymptotic flatness condition, namely, « = 2, we readily obtain A(u) = 1, so that

A'(ug) = A (ug) = 0.

5.3.3 Black bounce solutions

Recently, a number of novel regular “black-bounce” spacetimes were explored [345, 346]. These
are specific geometries where the “area radius” always remains non-zero, thereby leading to a
“throat” that is either timelike (corresponding to a traversable wormhole), spacelike (correspond-
ing to a “bounce” into a future Universe), or null (corresponding to a “one-way wormhole”).
The regularity, the energy conditions, and the causal structure of these models were analysed
in detail in Refs. [345, 346]. The main results are several new geometries with two or more
horizons, with the possibility of an extremal case. Motivated by these novel solutions, in this
subsection we shall analyse specific generalized “black-bounce” wormhole geometries induced

by action-dependent Lagrangian theories.

Simpson—Visser black-bounce spacetime

In this section, we consider a specific black bounce geometry, which is denoted as the Simpson-
Visser solution [346, 314, 345]. Consider the following parameters, which were presented in

Ref. [345]:

Ru) = vVl +a2,  Alw)=1- \/% (5.67)

Note that the Schwarzschild solution is recovered if we take the limit a — 0.
This spacetime possesses several interesting properties [345]. First, for a > 0 the ge-
ometry is everywhere regular, which can be verified as R(u) is never zero, and is regular,

as is A(u). Now, one has several cases: (i) if 0 < a < 2m, two horizons exist, namely,
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Figure 5.3: The plots depict the Simpson-Visser black bounce solution, for the specific choices m = 1,a = 3. Note that one
may obtain wormhole configurations with an entirely positive energy density throughout the spacetime, for negative values of
the function A(u), and positive radial pressures in the negative branch of the u-axis. As before, it is transparent from the plots
that these compact objects possess a richer geometrical structure than their general relativistic counterparts. See main text for

more details.

Ug = i\/m, where . is positive and u_ is negative; this solution corresponds to
a regular black hole spacetime, where the core consists of a bounce located at v = 0; (i1) if
a = 2m, a wormhole exists with a throat located at © = 0; this is an extremal null throat,
which can only be crossed from one region to another, so that the wormhole is only one-way
traversable; (ii1) finally, if @ > 2m, a two-way traversable wormhole exists, that possesses a
timelike throat located at w = 0. Thus, only the case (ii1) for a > 2m interests us here. For
specific details about these three cases, see Refs. [345, 346].

Taking into account the choices for the metric functions (5.67), the field equations (5.44)-

(5.46) provide the following stress-energy profile:

() 7_1 a2(\/a2—|—u2—4m)+ Au) (5.68)
P T e (a2 + u?)*? a?+u? |’ '

2 2y \(1) — a2
iy = (69

a? (\/a2 +u? — m)
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respectively. The asymptotic limits of the energy density and the radial pressure are given by:

- . . Au)
ugfinoo/)(u)sv ~ —ugllloopr(u)sv ~— lim @2+ a2

(5.71)

As before, if we assume a power law for A(u) ~ u®, the asymptotic flatness condition and
the regularity of the stress-energy components impose that 0 < o < 2; note that the tangential
pressure p;(u) — 0 for u — F00, and possesses a maximum at the wormhole throat, i.e., p;(u =
0) = (a —m) /(8ma?), and is positive throughout the spacetime as we are only considering the
condition a > 2m.

Several choices for the function are depicted in Fig. 5.3. Depending on the sign of A(u),
one obtains a plethora of specific symmetric or asymmetric solutions. Note that these compact
objects possess a richer geometrical structure than their general relativistic counterparts. It is
transparent from Fig. 5.3 that one may obtain wormhole configurations with an entirely positive
energy density throughout the spacetime, for negative values of the function \(u). In addition,
for A = —u, it is also possible to obtain positive radial pressures in the negative branch of the

u-axis. However, the NEC is always violated at the wormhole throat and everywhere, as can be

checked:

a? (—2m + Va2 + u?
p(u)sy + pr(u)sy = — ( 572 ) <0, VYu, when a>2m. (5.72)
A7 (a? 4 u?)

Black bounce 11

Another black bounce spacetime that exhibits interesting properties is given by the following

specific metric functions [346]:

2

R(u) = Va2 1 a2, Afw)=1— ="

Note that by solving for the roots of the function A(u) = 0, we have that: (i) for a < ey =
4m/(3v/3), there are four real solutions, namely, (v, uc, —uc, —u, ), which are symmetrical
to each other, where u corresponds to the event horizon and u¢ to a Cauchy horizon; (i1) for
@ = ey, We have two real solutions (u,, —u, ); and (iii) for a > aey, no real value exists. See
[346] for more details. Thus, in order to have a traversable wormhole solution, where A(u) > 0,

only the specific case for a > a.y interests us here.
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Figure 5.4: The plots depict the stress-energy profile for the black bounce II solution, given by the metric function (5.73), where

for numerical convenience we have assumed the following choices for the parameters: m = 1, a = 1. Recall that the parameters

are restricted by the condition @ > 4m/(3v/3). As before these wormhole configurations possess a far richer internal structure

than their general relativistic counterparts, and depending on the sign of A(u), specific symmetric or asymmetric solutions are

obtained. However, here the tangential pressure at the wormhole throat, p; (u = 0) = (a — 2m) /(8ma®), takes negative values

for the parameter range 4m/(3v/3) < a < 2m, and positive values for a > 2m.

For this case, the gravitational field equations (5.44)-(5.46) yield the stress-energy profile,

given by the following relations:

1 |a?(a®+ u? 32 _ Smau? AMu
plu) = —— ( ) 73 + = ( )2 : (5.74)
m (a? + u?) as+tu
1 a? (a? + u? 3/2 + dma’u? Mu
pr(u) = sl ( ) 7/2 T : )2 ) (5.75)
m (a? 4+ u?) as+tu
a’u?® (Va2 +u? +5m) + a* (Va2 +u?2 —2m
pi(u) = ( ) ( ) , (5.76)

87 (a2 + u2)"/?
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respectively, which are depicted in Fig. 5.4 for specific choices of the model parameters.
Assuming, once again, a power law for A(u) ~ u®, we have that 0 < a < 2 by the asymp-
totic flatness condition and the regularity of the stress-energy components, as before. Also, as
before, these wormhole geometries induced by action-dependent Lagrangian theories possess
a far richer internal structure than their general relativistic counterparts, and depending on the
sign of A(u), specific symmetric or asymmetric solutions are obtained. Let us refer the reader to
Fig. 5.4 for a qualitative behaviour of the stress-energy profile; recall that taking into account
the parameter range, the condition a > 4m/(3/3) is considered. Here the tangential pressure
at the wormhole throat is given by p;(u = 0) = (a — 2m) /(87a?), and takes negative values
for 4m/(3v/3) < a < 2m, possessing a minimum at the throat, and positive values for a > 2m;
note that p;(u) — 0 for u — F00 and from the plot it is easy to check that the NEC is violated at
the throat. In fact, the value of p(u) + p,(u) does not depend on the chosen A(u), thus obtaining

the same value that for GR.

Black bounce 111

Finally, we consider another black bounce solution explored in [346], that also exhibits interest-
ing properties, given by

R(u) = vVu? 4 a?, (5.77)

and the mass function:

M(u) =m (Ri“)> <%)narctann (%) , (5.78)

so that the metric function A(u) is given by

Alu)=1- 2;\{4(5)&) =1- 27m (%)narctan” (g) : (5.79)

In the limit (a,n) — 0 we regain the Schwarzschild solution. However, one can fix n and
regulate the presence of horizons by adjusting a. For instance, consider n = 1, where the
extreme case is given by ae = 4m /7 [346].

The causal structure, for the specific case of n = 1, is the following: (i) for a > aex,
we obtain the traditional two-way traversable wormhole; (ii) for a = a.y, we have a one-way

wormhole geometry with an extremal null throat; (iii) for a < a.y, we have one horizon located



117

p(u) o)
‘ T
0010F T — A=0(GR) --- A=u 4 oo1sf - . ]
Pid 0 O e
.-t \ A=ju| ™ ce A=ju|? )
0005 _._.-*" \ 1 el 7
0.000 000t e 1
-0.005 ]
0.000 '
I'| —2A=0(GR) ---A=-u
-0.010[ ] N j
—0.005F el i Ae—ful™®  -es Am—jup®? ]
~— ;
\‘\ J A= U]
-0.010 L el ‘ ‘
-10 -5 0 5 10
Pr(u)
0010¢ — A=0(GR) -—- A=-u ,
PRGN
.-t A=—|u|1B  eee A=—|u |32
0.005 T \‘\ lul lul
''''''' \ A= 1ul
p 0.000
f
/
) ; -0.005]
i
SN 4
k‘" ~0.010f+eoo__ ) 1
h =/ ~0.015]
\ /" A=+ U]
-0.015[ . 1
. . . . . A _go20ba . ‘ ‘ ‘ ‘
-15 -10 -5 [ 5 10 15 15 -10 5 0 5 10 =
pi(u)
0.006
0.005
0.004 ]
0.003
0.002
0.001}
0.000 L w . ‘ ‘ ‘
-1 -0 -5 0 5 10 15

Figure 5.5: The plots depict the stress-energy profile for the black bounce III solution, given by the functions (5.77) and (5.79),
for the case n = 1, where @ > aex, S0 that there are no event horizons. We have chosen the following values for the parameters:
m = 1 and a = 2. Note that for these solutions, the negative energy densities are improved, and one may also obtain positive

radial pressures for positive values of the function A(u).

in each Universe, where one may propagate through this event horizon, located at u = u, in
order to reach the spacelike “bounce” hypersurface at u = 0, before “bouncing” into a future
version of our own Universe. Thus, we are only interested in the case a > aey, for n = 1, where

there are no event horizons.

Taking into account the metric functions (5.77) and (5.79), the gravitational field equations
Au)

a? + u? } ’
(5.80)

(5.44)-(5.46) provide the following stress-energy components:

o) = —o- {<+> 12 (2 (ot (2)) " (wrean () )| +
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pelw) = o {(271) (2)" (aetan (4))" aaretan (2) =] + (e * ;;“’Rjg); <

(5

pe(u) = 877(a2a42—u2)2 {1 — % <72T>n (arctan <g>>n_2 X (5.82)
X [2 (a3 + 2au2) (arctan (g))z — 2nu (a2 + u2) arctan <%> +a(n — 1)nu2} } .

respectively. Here, we will only consider, for simplicity, the specific case of n = 1 and @ > ay;.

If we consider, as before, a power law for \(u) ~ u®, the asymptotic flatness and regularity
conditions impose 0 < « < 2. Once again, one obtains a wide variety of solutions, both
symmetric and asymmetric, which are depicted in Fig. 5.5. The advantage of these solutions
consists essentially in that they ameliorate the negative energy densities for negative values of the
function A\(u). However, positive values of the function A(u) allow positive radial pressures, as
is transparent in Fig. 5.5. The tangential pressure tends to zero at spatial infinity, i.e., p;(u) — 0
for v — 00, and possesses a maximum at the throat, as depicted in Fig. 5.5. Also as before,

the NEC condition is violated and does not depend on the chosen \(u).

5.4 Conclusions

Along this chapter, we have explored wormhole geometries in the recently proposed action-
dependent Lagrangian theories [329], that are obtained through an action principle for action-
dependent Lagrangians by generalizing the Herglotz variational problem for several independent
variables. In this way, two new frameworks have been introduced: on the one hand, wormholes
as an important kind of spacetime, and on the other hand, action-dependent Lagrangian theo-
ries as another example of modified gravity theories. An interesting feature of these theories as
compared with previous implementations of dissipative effects in gravity is the possible arising
of such phenomena from a least action principle, so they are of a purely geometric nature. It
was shown that the generalized gravitational field equation essentially depends on a background
four-vector A", that plays the role of a coupling parameter associated with the dependence of the
gravitational Lagrangian upon the action, and may generically depend on the spacetime coor-

dinates. In the context of wormhole configurations, we have used the “Buchdahl coordinates”,

and found that the four-vector is given generically by A\, = (0, 0, 2 O). In addition to this

’ coth?

3

81)
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restriction, the spacetime geometry is also severely constrained by the condition g;g,, = —1,
where u is the radial coordinate.

More specifically, the field equations (5.44)—(5.46) impose a system of three independent
equations with six unknown functions of the radial coordinate u, namely, p(u), p.(u), pi(u),
A(u), R(u) and A\(u). Thus, one possesses several strategies to solve the system of equations.
For instance, one may consider a plausible stress-energy tensor profile by imposing equations
of state p, = p,(p) and p; = p(p), and close the system by adequately choosing the energy
density, or a specific metric function. However, one may also adopt the reverse philosophy
approach usually used in wormhole physics, by simply choosing specific metric functions and
A(u), and, through the field equations, determine the stress-energy profile responsible for sus-
taining the wormhole geometry. Here, we have found a plethora of specific asymptotically
flat, symmetric and asymmetric, solutions with power law choices for the function A(u), for
instance, by generalizing the Ellis-Bronnikov solutions and the recently proposed black bounce
geometries, amongst other solutions. We have checked that these compact objects possess a far
richer geometrical structure than their general relativistic counterparts. Unfortunately, we have
not been able to find no-violation of the NEC condition for these spacetimes in the proposed
action-dependent Lagrangian. It would be interesting to investigate time-dependent spacetimes
as outlined in [318, 319] in order to explore the energy conditions. To this effect, one could
consider that the metric functions in the line element (5.3) are now also time-dependent. This
would imply a non-zero Einstein tensor G, component, which would consequently yield the
presence of flux terms. Using the modified Einstein filed (5.34), one could then expect that
Z! # 0, which would modify the structure of ),, implying a non-zero time-component, i.e.,
At # 0.

In addition, let us recall that we have studied the action given by Eq. (5.21) (£.y) and not
by Eq. (5.19) (£), which would be equivalent in absence of the term ), s", but are different in
the Herglotz variational problem. The case with L5 is interesting because of the advantage of
taking a Lagrangian that depends only on first-order derivatives of the metric, but it also has
the disadvantage that L4 is not a scalar density, which will result in a set of equations valid
for specific referential frames fixed a priory. This is the reason why the geometrical term K,
is not covariant. Consequently, a new different theory arises by studying Eq. (5.19) (£) as an

actual scalar density that will end up giving truly tensorial equations that do not require us to
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fix the coordinate system. The problem in this second case, studied in [338], is the necessity
of imposing new boundary conditions for the variational problem as a consequence of second

order derivatives of the metric.



Chapter 6

From the theory to observations: MCMC

Until now, this work has been essentially theoretical. However, as physicists, it is impossible
to look for new theories without looking at Nature, i.e. at observations. For this reason, in
this chapter we are going to focus on this point, introducing the Statistical Inference and the
Markov Chain Monte Carlo (MCMC) which will be useful tools to fit the free parameters of a

cosmological model and compare its probability of existing in opposite to other ones.

6.1 Statistical Analysis

We will start the chapter reviewing some notions about probability. It is usual to find two differ-
ent approaches: On the one hand, there is the classical and usually called “frequentist” approach,
based on the reproducibility of an experiment, and where the probability of an event is defined
from its frequency as an outcome after many; on the other hand, there is the Bayesian approach,
in which probability expresses a degree of belief in a proposition, from the available knowledge
of the experimenter.

In Cosmology, where there is a unique (enormous) sample (such that it is not possible to
“repeat” an experiment) the second statistical approach will be much more successful.

Some definitions will be needed in this chapter:
» P(A): probability that the proposition A is true;

* P(A, B) - joint probability: probability that both propositions, A and B, are true;
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» P(A|B) - conditional probability: probability that A is true given the proposition B is

already true.

These three concepts are related by Bayes’ theorem:
P(A|B)P(B) = P(A,B) = P(B|A)P(A) . (6.1)

In cosmology, when a model is studied, there are two types of “propositions”: the set of ex-
perimental data, d; and the set of free theoretical parameters to be adjusted, 8. Consequently,
Bayes’ theorem is translated into:

P(d|6)r(6)

(6.2)
where:

« P(0]d) is the so-called the posterior probability which tells us the probability that a spe-

cific set of values for 0 are realized given the collected data d;

» P(d|0) is generally called the likelihood probability, and it is the conditional probability of
obtaining a specific data set d when the free parameters of the model are fixed at the value
0. 1t is more commonly written as L(d|@) or simply L(8) to stress that it is a function of

the model parameters;

« P(0) is the probability of having specific (set of) value(s) of 8 and which will be called

the prior distribution.
 P(d) is the probability of having the data d, denoted as the evidence.

Then, it is generally verified that measurements follow a normal distribution around their
actual values since one must take into account that, from an experimental point of view, one
measures data with mistakes and interference caused by uncontrollable phenomena.

Our next step will be the introduction of the Maximum Likelihood Principle (MLP) which
tells us that given the likelihood L(8), in order to fit the parameters 6, one must choose the
values of @ that maximise L(8), since they are the most likely ones for the observational data d.
In order to exemplify this, we are going to suppose that our measurements {1, xs, ..., T, } have

a Gaussian (or normal) distribution around the actual values. Then, the unknown parameters in
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the distribution would be the mean of the distribution x, and the standard deviation o, and the

likelihood function takes the form:

1 (2 — p)?
L(z|p, o) H — exp(—é%), (6.3)

where each factor is clearly the Gaussian probability of obtaining a specific x; given a ;o and a

o. It is usual to find this likelihood written as:

L(aljs, 0) o exp (—%%) (6.4)

where x? is the chi-square and is defined as:

Mz

xX° = —2log L(x|u, o) (6.5)

i=1
Now, we are going to think about a cosmological model. On the one hand, we have the measure-
ments z; and the standard deviation, which is usually given by the observational or experimental
error (note that a smaller o is translated into a tighter Gaussian around the true value). On the
other hand, we have the value of the parameter ; which we want to fit. Following the MLP, one

should maximize £(z|u, o), or equivalently minimize x? i.e:
N N
ox? 2 S
— O — _ €T; — N = O — = = s 6.6

o > Z i— Nu p==5 (6.6)
which obviously is the mean of the distribution (as one could anticipate by the name). Sor-
rowfully, this is the simplest case which is one-dimensional and with the same ¢ for all mea-
surements, and real life is more complex with various parameters to fit. In order to give an
idea about this, imagine a function which depends on the several parameters which we want to
fit d(@) = d(x,y, ..., z), and in addition we have several experimental measurements of that
function with different errors. Then the definition of the 2 is:

X0 =) (db_—bd@> : (6.7)

i i

and if we have different magnitudes measured that, in addition, are usually correlated among

each other by the covariance matrix C we find:

2(0) = [d* —d(9)]" C ' [a™ —d(0)] , (6.8)
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where T means transpose. If the parameters are uncorrelated, then the covariance matrix will
be diagonal with the form C;; = §,;07. Therefore, minimizing Eq. (6.8), we have a way to find
the parameters @ that best reproduce the observational data sample.

Coming back to Eq. (6.2), we have defined P(8) as the probability of having certain values
of 8. 1t is called the prior distribution, and usually written as I1(#). Then, the prior distribution
introduces our previous knowledge about the parameters to fit, with the possibility of giving
more probability to some values, or prohibiting other ones. Thus, we are able to introduce
physical, mathematical or previous experimental information. It can also be useful to define a
specific range of the free parameters.

Last but not least in Eq. (6.2), we have the term P(d) which is the probability of having the
data d, i.e. this term gives us an idea about how likely it is to obtain the data d from a model. In
other words, this term quantifies how much the model is capable of yielding the experimentally
measured data and consequently it will be a very important tool in order to compare different
models. To calculate this, we should resort to Bayes’ theorem once again, taking into account

that:

/ P(6|d)do =1, (6.9)

since the sum or integral of the conditional distribution for all possible values of 8 has to be

normalized to 1. Consequently:
P(d)=£&(d) = /P(d|9)P(9)d0 = /L(d\@)H(O)dO , (6.10)

which is usually called the Evidence. Indeed, we can also learn about the reliability of the model
by invoking the evidence &, also dubbed marginal likelihood or integrated likelihood, since it
estimates the support of the (measured) data d for a given model M, once all possible values
for the parameters @ have been considered. The evidence is generally recognized as the most
reliable statistical tool for model comparison in cosmology [347], provided that wide-enough
priors are chosen.

Consequently, after the redefinitions made in this section, we can translate Bayes’ theorem
as:

L(d|0)11(0)

POl = =55

(6.11)
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6.2 MCMC

In the previous section, we have presented a short theoretical and statistical introduction of
fundamental concepts that we will use. Yet we need to ascertain how to translate them in practice
when the system is complex, with several parameters and measurements that, in addition, are
correlated with each other. Even though there are several methods to minimize the x2, we are
going to focus on the Markov Chain Monte Carlo algorithm (MCMC).

The starting idea is that one could build an n-dimensional grid in the space of the n free
parameters, evaluating the x? at each point and finding the point corresponding to its minimum.
However, then the result would depend on the resolution of the grid (separation between points).
Additionally, the number of the total points grows enormously with the dimension of the grid
following the rule: resolution™ (where the resolution is the number of points for each parameter,
considering it is the same for all). Therefore, although the idea is not negligible, it has to be
improved to get a real and valid method. It is at this point that MCMCs come to rescue us. The
purpose of this algorithm is to build a sequence of points in the space of parameters (instead of
a grid) whose distribution will depend on the posterior probability distribution function (pdf).
This way the parameter space is explored in a more efficient way. A MCMC is composed of
two separated pieces: On the one hand the Markov Chain, and on the other hand, a Monte Carlo
method.

In order to define a Markov Chain, one should imagine a sequence of random variables
{60,064, ...,0,}. We will say that this is a Markov Chain if the probability of the (¢ + 1)-th
element depends only on the value of its predecessor element, i.e. the (¢)-th element, and not on
the previous ones. Its main property is that a Markov chain converges to a stationary state, which
will not change again with ¢ and consequently the elements, from this state, will be samples from
the target distribution P(6|d)

The jump from one point to another has a probabilistic nature, and consequently, to define
a Markov Chain, one must define the transition probabilities 7°(6", 8""') which provide the
probability of going to point 8" from point 8. A sufficient condition to build a Markov Chain

is the detailed balance condition [348]:
P(6'd)T(0",6') = P(O"|d)T(6",8") . (6.12)

On the other hand, Monte Carlo methods are computational techniques that make use of
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random numbers [349], or with other words, they are a broad class of computational algorithms
that rely on repeated random sampling in order to obtain numerical results.

At this point, we are going to combine both procedures in the Metropolis-Hastings algorithm,
which will be used in our following work. Let us expose it following [348] and explain each

step of the algorithm:
« We need a starting point 8°, with its associated posterior probability P(6°|d).

« Define a proposal distribution ¢(8°, 8") which will propose the next candidate point 6"
of the Markov Chain.

* Define the function:

_ . (P(0'd)q(6",6")
o = min (P(00|d)q(00,01)’1) . (6.13)

« We generate a random value v from the uniform distribution [0, 1).

« If u < a, we will accept the new candidate point 8, add it to the chain and move to this
point which will be the new 8°, (and reject it in the opposite case and going back to define

a new proposal point).

« Repeat the process from the second item as many times as one wishes, where 8° — 6"

and 0! — @',

We are going to focus on the case in which the distribution ¢ satisfies the symmetry condition,

i.e. ¢(x,y) = q(y, z) and consequently:

1

« = min (%, 1) . (6.14)
This particular case is that of the Metropolis algorithm. Let us analyze the logic behind it. It is
clear that if the new candidate point is more likely, then P(8'|d) > P(6°|d), and consequently
o = 1, u < « and we will accept the point. Otherwise, « = P(6'|d)/P(6°|d) which gets
smaller as the difference P(8'|d) < P(68°|d) gets bigger and therefore the probability of taking
this as a new point will decrease. However, one may wonder why there is the possibility of taking
a point such that P(8"|d) < P(8°|d). The reason is to allow the algorithm some of freedom to

explore new points in the parameter space and analyze a bigger sample. Otherwise we might
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find ourselves “stuck’ in a minimum too early in the chain, and not explore the parameter space

truthfully. The transition probability for the Metropolis algorithm is given by:
T(6,0"") =q(6,0"") (6", 6" (6.15)

which satisfies the detailed balance condition (6.12).

6.2.1 Model selection

Hitherto, we have seen how we can choose the free parameters of a model, i.e. we have spoken
about different values always for the same model. However, the most important part of this
study is to compare different models and have enough tools to choose between all them. In
other words, the essential task of this subsection will be to provide a way to assess which model
(with its constraints) is the most probable one to support the observations. However, there is not
a unique criterion, and we have different approaches, but they provide similar conclusions.

As a first approach, one could consider the comparison of the minimum value of x? obtained
for each model. This seems logical because the lower x? the better the model to fit the data, and
consequently the more likely to be generating the observations. However, this approach is only
suitable to compare models with the same number of degrees of freedom, i.e. with the same
number of parameters to fit. Of course, if we take a model with infinite free parameters, we
will able to reproduce exactly observations due to the freedom of the model, but that does not
mean to have a good model. In order to solve this caveat, and to be able to compare models with
different number of parameters, the reduced y? is defined as:

X X

DoF  Nyy—k—1"

Xred = (6.16)

where N4, is the number of points in the data and £ is the number of free parameters. Con-
sequently, for a same x?, the lower k the lower X2, and vice-versa. A normal value for x2,,
should be around 1. If 2, << 1 the model fits the data too easily and a possible reason is that
the errors overestimated.

The other approach which will be presented here is the Evidence, which was introduced in
Eq. (6.10). The advantage of this approach is that this quantity does not need to be compared

with other models, i.e. it estimates the power of a model and the goodness of fit. For model
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comparison, one can define the Bayes factor as the ratio of the evidences of two different models:
B ==L, (6.17)

where the sub-index denotes the evidence of each model. In gross terms if B;- > 1,1.e& > &
for the measured data d, then the model M; is preferred over model M.

However, it is difficult to quantify how much better (or worse) is one scenario as compared to
the other. Jeffreys’ Scale [350] is typically adduced in this regard. According to that criterion,
if InB; < 1, the evidence in favor of the model M; is not significant; if 1 < InB; < 2.5,
the evidence is substantial; if 2.5 < In B; < b, it is strong; and if In B;- > b, it is decisive.
Nevertheless, Jeffreys’ scale is not completely flawless, as discussed in [347].

From a practical point of view, the computation of the Evidences, Eq. (6.10), in this work has
been performed with the nested sampling algorithm [351]. This algorithm is based on breaking
up the prior volume into a large number of “equal mass” points, and ordering them by increasing
likelihood. Then, one is able to calculate the Evidence as a one-dimensional integral, in which

the integrand is positive and decreasing.

6.3 Observational data and cosmological observables

In this section we have a double task in mind. On the one hand, we are going to speak about
the samples of data which we will use for the MCMC, and on the other hand, we will look at
some cosmological observables, which are essential to understand the samples of data. In order
to make this as pedagogical as possible, we will focus on every sample and from there we will
see which parameters are needed.

In this work we will use 4 kinds of data:
* Type Ia Supernovae with Pantheon data;

* The expansion rate data from early-type galaxies as cosmic chronometers with Hubble

data;
» Cosmic Microwave Background shift parameters from Planck 2018;

* Baryon Acoustic Oscillations data.
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However, before proceeding to the characterization of these samples, we introduce important

definitions about the distances which will be useful for all them.

6.3.1 Distances in Cosmology

The metric shown in (1.18) can be expressed in hyperspherical coordinates under the change:

dr?
dy’ = —— 6.18
X =152 (6.18)
with the form:
ds® = —c2dt* + a®(t) [dx® + S2(x)d?] | (6.19)
where 52 is defined depending on the value of x:
sin(x) for k=1
S: = X for k=0 . (6.20)

sinh() for k=—1

Take into account that in this chapter we are concerned with observable measurements, and
we do not normalize the speed of light in order to analyze the actual measured parameter. Then,
from metric (6.19), the definition of the distance of the path followed by a photon is defined by
ds? = 0 without radial deviation, d©2 = 0, and consequently: cdt = —a(t)dy. Performing the

integration:

DCEX:c/tOd—t/, (6.21)

tr a(t’)

one is able to calculate the distance x followed by the photon from ¢, to ¢;. This distance is the

so-called comoving distance, because it does not change in time due to the expansion, since an

a(t) term has been factored out of the definition. However, the physical distance will be given

byl = \/W, in which obviously the expansion of the Universe plays an important role.
In addition, recall that the conformal time is defined as dn = d¢/a(t), which transforms the

FLRW metric into its conformal representation:

ds? = a®(n) [=2dn® + dx® + SE(x)dQ?] . (6.22)
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So we get a coordinate system in which the expansion of the Universe is a common factor of the
coordinates and consequently this does not affect their relation. Consequently, we can guarantee

that in the conformal mesh two time lapses of an emitted pulse are equivalent:

dno = dn. , (6.23)

which is translated into:

dt, dt.

(6.24)

and if we think of a photon flux and associate this time lapse with its frequency, ¢, with the

reception and ¢, with the emission, we obtain:

A t
ve _alto) (6.25)
IZ0) Cl(te)
This same procedure can be applied with the wavelength A:
A Ae
dyo = dy. — 0 — . (6.26)

Considering a(ty) as the scale factor at the present time, which from now on we normalize

a(ty) = 1, we define the redshift as:

oA 1
Y _a(te)

2 —1, (6.27)

which can be used as a variable to study the evolution of the Universe, analogously to ¢ or the
scale factor a(t), with the important property of being much easier to measure. At this point,

one could redefine the comoving distance using the redshift!:

7 dz
D.=x=c . 6.28
X=e), 16 €2

Alternatively, we can define a luminosity distance in the following way: imagine for example
a light bulb in a room with luminosity L, which is the total energy emitted per unit time, and

that, from our position, we measure a flux F'. Then, taking into account that the emitted energy

'A good reader could say that there is an error of the sing, but this is because  as defined in (6.21) is x; — xo0 Where xo is
the starting point of the photon and X s is the receptor point, however we are interested into the modulus distance so in (6.28),

where we are the receptor at x y = 0, we can eliminate this sing
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is always the same, but that it must be spread over the area of a sphere that gets bigger as the

distance from the source increase, we conclude that:

L

where d is the distance from us to the light bulb. Then one can apply this same reasoning for a
star, defining the luminosity distance as:

L\ 2
Dp=|-—= 6.30
= (o7) (6:30)

but, from a cosmological point of view (and for a Universe which is expanding), we should
think that d or Dy, is a little more difficult to calculate due to the expansion. For this purpose
we are going to think that a star, at » = r; and ¢ = ¢, emitted an energy pulse during dt; and
we, observers at r = 0, t = t, measurement it during the lapse time dt, (all this in the FLRW

metric). Then, the total energy for a sphere of radius r; will be:

Ldtl a(tl)
Y 6.31
dto Cl(to) ’ ( )
and consequently, the flux F:

dty a(ty) 4m(ria(te))?  4r((1+ 2)ry)?

where once again we have taken a(ty) = 1, the definition of the redshift 1 + =z = 1/a(t) and
dto/a(to) = dt1/a(ty). Therefore, the conclusion is that the distance d or Dy, is defined as:

D,=1+z2)r, (6.33)

where 7 1s the so-called transverse comoving distance, which takes into account the spatial cur-
vature k and which can be written in terms of comoving distance y using Eq. (6.20). As an
example, the simplest case in which k£ = 0, which implies » = x, gets the following definition

of the luminosity distance:

* edd
Dp=(1+z2 ——, for k=0, 6.34
L ( ) 0 H(Z/) f ( )

Another possible cosmological ruler is the angular diameter distance D,4. In this case, it

is supposed to know about the physical transverse size of the object [ and the angular size «
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occupied by it in the sky. Then, using trigonometry and considering a small « it is possible to

define the angular diameter distance as:

Dy = (6.35)

[
S
In addition, from the metric (1.18), the physical length of a distance when all coordinates remain

constant except for the angle 6 is:
l=ardb, (6.36)

where a corresponds to the scale factor at the redshift of the observed object, and the variation

of the angle 6 corresponds to the sized angle o. Consequently, D 4 reads:

T DL
= = ) 6.37
I1+2z  (1+42)? (6.37)

Dy

Take into account that all these distances depend on the model via H(z) and consequently
on their free parameters 6, such that it is possible to write explicitly this dependence H(z) =
H(z,0), which will be remarked during the next subsection where the samples of data are in-

troduced.

6.3.2 Pantheon Supernovae data

The idea here is to use the Type la Supernovaes (SNela) as standard candles. This is because we
are able to know their intrinsic brightness and consequently one can estimate their distance. Let
us remark that this, which could seem very simple, is sometimes a hard task to calibrate and must
be supported by closer standard candles, developing a cosmic distance builder. Consequently,
errors in a closer object are propagated to a farther object. In this case, SNelA are calibrated
using Cepheids, that are calibrated using parallax distance measurements [352, 353]. This last
one is the main method of measurements for the closest objects.

Therefore like we already said, for SNela the important observable from which information
is extracted is brightness, which can be mathematized with the magnitudes. The apparent mag-
nitude m is the received flux F' by an observer of a celestial body compared with a zero-point

as follows:

F
0
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where historically the reference zero-point is the flux of the star Vega®. The absolute magnitude
M 1is defined analogously but using the intrinsic luminosity L of the object (and consequently it

does not depend on the position of the observer):

L
M = —2.5log,, (L_> , (6.39)
0

where in this case L is defined so that M = m if the object were located at a distance of 10
pc. This allows us to introduce the distance modulus p defined as the difference between the
apparent and the absolute magnitude:

Dy (pe)
10pc

p=m— M =5log,, ( ) = 5log,, Dr(Mpc) + 25 . (6.40)

From a practical point of view, we will express this as:

where D, is the Hubble-constant free luminosity distance and M is the nuisance parameter
which represents some combination of M of a fiducial SNela and the Hubble constant. Then,
one can construct Am = Mypeo(0) — Mops, Where mype,(80) is the theoretical apparent magnitude
of a star for a specific model with parameters 6. At this point it may be thought that a possible
X i

Xay = (Am)" - COgh-Am (6.42)

where Cgyy is the total covariance matrix. However, the latter would contain the nuisance pa-
rameter M, which in turn is a function of the Hubble constant, the speed of light ¢ and the SNela
absolute magnitude. In order to circumvent this dependency, Y%, is marginalized analytically

with respect to M as in [354], thus obtaining a new Y sy estimator of the form:

~ S K
Xiy = (Am)" - Cgh- Am + In_— -, (6.43)

where S is the sum of all entries of Cgy, which gives an estimation of the precision of the data

and is independent of 6, and % is Am but weighed by a covariance matrix as follows:
k= (Am)" - Cg) . (6.44)

In this case, we will consider one of the latest Type Ia Supernovae (SNela) compilations

[355], which contains the observational values of m for 1048 SNela at redshift 0.01 < z < 2.26.

2Consequently, this star has an apparent magnitude mm = 0. A negative magnitude corresponds to a brighter object (for an
observer on the Earth), and a positive magnitude to a less bright object.
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6.3.3 Hubble data

Early time passively evolving galaxies have some peculiar features in their spectra which have
been shown to correlate with their evolving stage. Thus, direct astrophysical measurements can
estimate their differential ages at different redshifts and this can finally be related to the Hubble
parameter [356, 357, 358]. Then, this sample is essentially a compilation of 31 values of H(z)
for 0.07 < z < 1.965[359, 360] to assist us in fitting the free parameters of a possible theoretical

setting through the construction of a x% as follows:

31 2
Z A (2,0 H”bs( i) , (6.45)

where H,(z;) is the observed value at z;, oy (z;) are the observational errors, and H (z;, 0) is

the value of a theoretical H for the same z; with the specific parameter vector 6.

6.3.4 Cosmic Microwave Background data

It is common practice to condense Cosmic Microwave Background (CMB) data into the so-
called shift parameters [361] when examining the evolution of the cosmological background.
This set of three quantities basically informs us about the position of the first peak in the tem-
perature angular power spectrum through the ratio between its position in the model one wants
to analyze and that of an SCDM model (Standard Cold Dark Matter). The set of shift parame-
ters is formed by the exact expression of that quadrature ratio (an approximate yet quite accurate

expression) and the normalized density fraction of baryons:

r(24, 0 r(24,0
R(0) = QmH(%%, 1.(6) = WT((Z—O)), wy = Qh2, (6.46)

recalling that r(z, 8) is the transverse comoving distance to z, and r4(2., ) is the comoving

sound horizon, defined as:

(6.47)

s(24,0

H

where ¢, is the sound speed, and z, means the redshift at which the last scattering occurs [362],

i.e. the redshift at the photon-decoupling. It is given by the expression:

2 = 1048 [1 + 0.00124(21%) 70 ™%] [1 4 g1 (nh®)%] |
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where

g1 = 0.0783(Qbh2)*0'238 [1 + 39'5(Qbh2>—0.763] -1 ’

g2 = 0.560 [1 4 21.1(Q,h?)51] .

In addition, the sound speed c; is defined by the expression [363]:
co(2) = < , (6.48)
\/3(1 + Ry(1+2)71)

which obviously depends on the baryon density and its temperature as:

. T —4
Ry, = 31500012 ( ;A;B) . (6.49)
where h = H,/100.

Finally, we are able to construct the xZ,,5 estimator for these three parameters like:
Xears = (AFONT Coppp AFNY, (6.50)

where AF“MB is a vector formed by the difference between experimental data and theoretical-
model predictions of those three quantities mentioned above [361]. In this case, we will use for
the experimental data the sample provided by Planck 2018 data release [364].

Let us recall that the shift parameters depend on the position of the CMB acoustic peaks,
which are functions of the geometry of the model considered. For that reason, they can be used
to discriminate between different models or different values of the free parameters 6, which
include €, in this case. A complete and detailed description of these parameters and those that

follow can be found in [364, 365].

6.3.5 Baryon Acoustic Oscillations data

The last set of data addresses Baryon Acoustic Oscillations (BAO), which are fluctuations in the
density of visible baryonic matter as a consequence of acoustic density waves in the primordial
plasma. Accordingly, there is a distance associated with the maximum distance that acoustic
waves could travel through this medium until the plasma cooled at the recombination moment,
where it became a soup of neutral atoms and the expansion of plasma density waves stopped

and they got frozen. That being so, the mentioned distance can be used as a standard ruler.
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We will use five sets of data, collected by different observational missions. Let us give now

relevant details.

» WiggleZ: these are data coming from the WiggleZ Dark Energy survey [366], which are
evaluated at redshifts z, = (0.44,0.66,0.73) as shown in Table 1 of [367]. Following

that work, we will consider two quantities: the acoustic parameter given by

Az, 0) = 100/ 2220 (6.51)
(694

and the Alcock-Paczynski distortion parameter:

F(2,0) = (1+ z)DA(Z’HZH(Z’e) : (6.52)

where D 4 is the angular diameter distance, and Dy is the geometric mean of the longitu-
dinal (D,) and radial (¢/ H(z)) BAO modes, defined as

1/3
Ccz /

Dy(z,0) = |(1+ 2)2D%(z, H)M

(6.53)

Consequently, we have two observational parameters, i.e. A(z,) and F(z,), which can
be compared with the theoretical value drawn from the model under study with a specific

0, allowing us to construct a new AF,,. In this case we define x? as
Xo = (AF)T-CL-AF,, (6.54)
where C ! is a matrix given in Table 2 of [367].

* BOSS: in this case, we consider the data from the SDSS-III Baryon Oscillation Spec-
troscopy Survey (BOSS) DR12 described in [368]. We proceed analogously to the Wig-

gleZ case but now we have zp = (0.38,0.51,0.61), whereas the fundamental parameters

are
rfd(zy) rs(z4,0)
Dz, 0) L H(z, 0) 220 2) 6.55
M( )TS(ZCh 0) ( ) Tgld<2d) ( )

where Dy (z) = r(z), rs(2q4, @) denotes the sound horizon defined as Eq. (6.47) but eval-
uated at the dragging redshift 2,4, and r/%(z,;) is the same parameter but calculated for

a given fiducial cosmological model and it is equal to 147.78 Mpc in this specific case.
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Clearly, the first step involves calculating the redshift of the drag epoch z,, which can be
done considering the following approximation, like in [369]:

1925(th2)0.251

ba
"~ 1+ 0.659(92,,h%)05% [1+ b1 (2h%)7] (6.56)

Zd
where b; and by are factors calculated as follows:

by = 0.313(Q,h%) " [1+0.607(2,h%) 0™ (6.57)
by = 0.238(Q,,h?)%*23 (6.58)

Once more, we will define:
X5 = (AF)"-Cyt- AFp, (6.59)

where A Fj is the difference between the observational data and the resulting value for 0,

and C; ! is the inverse of the covariance matrix given in Table 8 of [368].
* ¢eBOSS: the extended Baryon Oscillation Spectroscopy Survey (eBOSS) gives us one
more data point [370]:

Tﬁ(zd)
rl(zq)

Dy (z = 1.52) = 3843 + 147 Mpc . (6.60)

Our function x?5 gets a simpler expression that in other cases, as the matrix notation is

not necessary, and we simply have

Xop = —522 , (6.61)
where o5 is the error in the datum.

* BOSS-Lyman a: another set of data is Quasar-Lyman « Forest from SDSS-III BOSS

DR11 [371], which contributes two new data points to the analysis:

rs(zq, 0)
c

H(z=2.34,0)r,z4,0)

= 36.98713% (6.62)

=9.007533 (6.63)

and its x? is defined as: x%; = (AFp) O AFpy.
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* Finally, we consider the voids-galaxy cross-correlation data from [372]. This set gives us

two new data points at z = 0.57 which are

Da(z = 0.
A(z=057.0) _ g0 0077 (6.64)
Ts(zcb 0)
10°k
H(z = 0.57,0)r.(20, 0) — (14.05 + 0.14) 2 S . (6.65)

and the same usual definition applies to x2, = (AF,y)" C, ) AF,,.

6.4 Summary

In this section we have presented the statistical analysis needed to study a cosmological model
focusing on the MCMC methodology. In addition, we have featured some tools for a correct
model selection (among the vast expanse of possibilities) which are the most usual ones without
great differences between them. In this way, some important concepts are the likelihood L(6)
related with the chi-squared x?, the priors I1(¢), the evidence £(d), and the Bayes factor 5.
From a practical viewpoint, we have also shown the specific Monte Carlo method we use, based
on the Metropolis-Hastings algorithm.

Besides, we have exposed several samples of data based on SNela, cosmic chronometers,
CMB and BAO and the methodology to build the important x? in order to be able to fit the free
parameters of a cosmological model through the MCMC.

Hence, with all this information, we are now able to study the proposed cosmological mod-
els. In fact, this will be the main purpose of the next section, where we will study some examples

of cosmological models based on modified gravitational theories.



Chapter 7

f(Q) theories and their observational

constraints.

Until now, we have considered modified theories of gravity that change or add terms to the
gravitational action. However, another more ambitious approach from a mathematical and ge-
ometrical point of view is to treat the connection as a new degree of freedom. As a matter of
fact a spacetime can be built from its metric tensor g,,,,, that provides the prescription to measure
distances, and its affine structure determined by the connection 1", that governs how objects

move about the manifold. As we will see, this consideration in GR does not lead to any new

phenomenology, but on the contrary it does so in the cases of modified gravity theories.

In this chapter, among the different starting points considered in the vast literature on mod-
ified gravity theories, we will embrace that of the metric-affine geometry, that generalizes the

Riemannian geometry approach adopted in GR.

The connection then becomes a non-standard free variable at the same level as the metric, and
hence it is not necessarily of the Levi-Civita type. Broadly speaking, this freedom in the features
of the connection brings a rich phenomenology related to the transformations that objects of

physico-mathematical nature undergo in a displacement [373, 374].

This will be translated into the study of some cosmological models based on the non-metricity
scalar [375], a quantity that measures how the length of a vector changes when it is transported,
and which will be defined shortly. The motivation behind this chapter is that in recent years a lot

of interest has been gathered by f () theories, which are new candidates to replace Einstein’s
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prescription for gravity. In addition, these theories give us a particularly illustrative framework
to apply the knowledge acquired in the previous chapter. This will eventually be translated into
observational constraints and fittings for some examples we shall address here. So, we will re-
sort to observational tests to draw conclusions about the (statistical and physical) reliability of

some specific models.

7.1 Introduction

As we anticipated, our final purpose of this section will be the study of f((Q) theories. However,
it is not possible to delve into these theories without a brief previous study of the connection, and
of its role both in GR and in modified gravity theories. Provided that the connection will not be
(so to speak) geometrically trivial, we must define two further fundamental objects conveying
additional information about it which is relevant [376]. The first one is the torsion, which stems
from the antisymmetric part of the connection:

7%, =19, -T2 (7.1)

v o

and which obviously vanishes for any symmetric connection, i.e. I'j,, = I'} . From a pictorical

vu*

point of view, it can be seen as the following diagram:

I

Concretely, the torsion measures the difference between the parallel transport of the blue
vector along the green vector and the parallel transport of the green vector along the blue vector.
If there is no torsion, we will say that this is a torsionless connection, i.e. Ty, (I') = 0 and
consequently, the parallelogram will be closed.

The second fundamental object will be the non-metricity tensor:

Qapw = Vagu (7.2)
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which informs us about the failure of the connection to be metric, and which can be represented

as:

since non-metricity informs us about the change of the length of vectors when they are parallel
transported. Thus, if the connection is metric compatible, i.e. Qq,. (L', g) = 0, the length of
vectors is conserved, and we will say that this is a metric space.

Both objects allow us to define the proper decomposition of any general connection [376,

373] as:
e, ={wr+ K%, +1L°%, , (7.3)

where {,;, } is the usual Christoffel symbol, K¢, is called the contortion, and L, is the disfor-

pv

mation. The last two are built from the torsion and the non-metricity respectively as follows:

(0% 1 (6% (6%

Ko = 51w + 105 (7.4)
« 1 (0% «

L wo 5@ 72 Q(M V) * (75)

The disformation will be the relevant quantity for this chapter, as it measures how much the
symmetric part of the (general) connection deviates from the Levi-Civita connection {,., }.

Let us remark an important change of notation to be in agreement with the literature: when
we are not in the framework of metric-affine theories, it is usual to express the Christoffel sym-

bols as I'®

s and in fact this is true because the contortion and disformation vanish; however,

when we wish to study the connection as a free parameter we must distinguish the Christoffel
symbols from the general connection. Summarizing, the definitions of the Riemann tensor in
Eq. (1.4) and the Ricci tensor in (1.5) tensors are still valid, but, Eq. (1.7) will no longer be

valid, i.e:

1 o
P # 597 (OvGpa + OpuGar — Oaguw) = {/w} - (7.6)
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In addition, it is also possible to have a connection whose Riemann tensor vanishes, (R, (I') =
0). In this case we will say that the connection is not curved or, in others words, that the spacetime
is flat. The curvature measures the change of direction of a vector which has undergone parallel
transport along a closed curve.

In order to show this concept, we will use the famous example of a sphere, like the Earth,
where if we consider a tangent vector at, say, the upper pole, and we parallel transport it along

the closed triangle path whose sides are maximum circles, and hence geodesics of the sphere,

we will obtain a change in direction between the start and end vector, as illustrated below.

In flat spaces, vectors do not rotate when they are parallel transported and one gets a better
notion of parallelism at a distance. The theories formulated in these frameworks are referred to
as teleparallel due to a well-defined notion of parallelism' as a consequence of the vanishing of
total curvature [381, 382, 373].

Equipped with this information, we write the Einstein-Hilbert action as:

1

= [ dev=gR()), a7

Sar

where R({}) is the curvature scalar that results from a specific choice of the Levi-Civita con-
nection in the definition of the Riemann tensor of Eq. (1.4), which follows from considering a
Riemannian geometry. It is usual to find in many works that this action has the special property
of producing the same equations of motion when it is promoted to the metric-affine formalism.
However, this sentence is only true under some assumptions that will be explained here.

For this purpose, we recast Eq. (7.7) in terms of the general scalar of curvature R(I"), instead

of R({}), and we study this “alternative action” in the metric-affine formalism for other possible

' As a bonus, this formulation can be regarded as a “translational gauge theory” [377, 378, 379, 380].
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kinds of geometries, together with the matter content:

. 1 4 — 4
5= 1org [ SoVTIRD) + [ delu (0.0, 0) (7.8)

Consequently, we should define similar tensors to the metric formalism for variations with

respect to the connection. For the gravitational sector it is:

as_ 1 0(V/=gR)
P, = N (7.9)

which is the Palatini tensor with 64 components and 60 of them are independent components

(because it is identically traceless P, = 0). For the matter sector it is:

1 oL
AP — - (7.10)
1 —gor .,
which is usually called hypermomentum tensor. Then, the equations of motion read:
Gy = 81GT,, (7.11)
aB af
P, = 81GA,™, (7.12)

where TW has to be defined at constant I'. In the Palatini approach, a simpler case when we
consider that matter is only coupled to the metric and not to the connection, the hypermomen-
tum vanishes (A uaﬁ = 0), and Eq. (7.12) gives us 60 constraints among the 64 independent
components of the connection. In fact, these constraints can be summarized by the following

form of the connection, which is a result of P, o8 = ([383, 35]*:

o, ={ds) — %ngawéﬂﬁ = {ag} + %T%ﬁg : (7.13)

Then, there are 4 additional degrees of freedom which cannot be determined by the field

equations but they can be related with either Q*,, or Tﬁﬂa. Consequently, imposing one of

these two terms to vanish is enough to produce a consistent theory where the connection will be
defined by the Christoffel symbols, recovering the usual GR.

Summarizing, if GR is our gravitational theory, both formalisms are able to provide the

same equations of motion after some constraints to close the system. Nevertheless, this is but an

exception of GR, it will not be true for theories of modified gravity in general, and yet it can be

Notice the important change in the definition of the Riemann tensor of these works which induces some changes in Eq.
(7.13)
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used to our advantage. Indeed, incorporating the connection as a new d.o.f. on the framework
of modified gravity opens a complete new range of theoretical paths to explore.

Coming back to the case of flat spaces or to the notion of teleparllelism, one is able to relate
the three components of the decomposition of the connection. This fact will have important
consequences as it allows the possibility of rewriting General Relativity as a theory based on
the torsion, or on the non-metricity when we take either the contortion or the disformation to
vanish respectively. Because the purpose of this chapter is the study of theories based on the
non-metricity, along the next section, we will analyze the latter case, which is the so-called
Symmetric Teleparallel Gravity. It is characterised by the fact that the connection is torsionless,
and consequently symmetric. In any case the underlying reasoning is exactly the same as for

the other case based on the torsion, and with a vanishing non-metricity.

7.2 Symmetric Teleparallel Gravity

As we anticipated, Symmetric Teleparallel Gravity encompasses all theories where there is nei-
ther torsion 7%, = 0, nor curvature R%;  (I') = 0. Our immediate goal is to construct an
equivalent theory to General Relativity, but based on the non-metricity. Such a theory is denoted
as Symmetric Teleparallel Equivalent General Relativity (STEGR) [373]. For this purpose, we
need to ascertain how the Riemann tensor is transformed by a general shift of the connection of
the form fo‘ﬁ = 1%, +Q°, where Q% is an arbitrary tensor which encodes the transforma-

tion. Specifically

~ A

R%,, () = R%,, () + T

Buv pv

0% + 2V, 0% )5 + 20,0 QY5 (7.14)

where V is the covariant derivative associated to I'. Upon inspection of the latter, one ends up
realising the existence of a theory that is fully equivalent to GR (as obtained from the Levi-
Civita connection), but otherwise coming only from the disformation (i.e., from the part of the
connection related to the non-metricity)®. This requirement translates into I' = {}, T' ’\W =0

and Q°,, = L% . If we replace those expressions in Eq. (7.14) it becomes

e N _ pa {}ra e A
R 6yy(r) =R ﬁ,ul/({}) + 2V[NL VB + 2L [,u|)\|L VB> (715)

3Note that in this theory the torsion plays no role whatsoever.
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where the super-index in V) specifies the covariant derivative defined from the Levi-Civita
connection.
At this step, we resort to the parallel condition of a flat spacetime that is given by the con-

A

straint R, (I') = 0, which reduces the connection to the Weitzenbdck form [384, 385]. Con-
sequently, in this symmetric teleparallel framework [386], it is possible to write the Riemann
tensor based on the Levi-Civita connection through the non-metricity tensor, (), Casting fur-
ther light into this, one may perform a contraction of Eq. (7.15), which can be used to rewrite

R({}) (the piece we eventually need to show the equivalence at the Lagrangian level):
{3 a_ Do 1 afy 1 ya L o L=,
0=R({})+V, (Q -Q >+1Q Qapy = 5@ Qarp = 70°Qu + 5Q°Qa , (7.16)

where Q, = @, *, and Qo = Q" o
It is convenient now to simplify the latter expression by defining the non-metricity scalar )

as*:

1 « 1 « 1 @ 1 Ao
Q = _Q B’YQOLB’Y - _Q’y ﬁQoz'yﬁ - _Q Qa + _Q Qa . (718)
4 2 4 2
Therefore, for symmetric (torsionless) and flat constraints we get:

R({}) =-Q-VIHQ*-Q"), (7.19)

where VY is a total divergence term. Continuing with this lengthy scheme we can verify that, if
we take the scalar of curvature obtained from the Levi-Civita connection appearing in Eq. (7.7)
and we replace it with Eq. (7.19), we do as a matter of fact build a theory that is equivalent to
GR up to a total derivative in the action, which, in any case, does not contribute to the equations
of motion:

1

16720 d4l’v —9Q = SSTEGR - (7.20)

Sen = 1o [ d'avIRUY) = -

Thus, the STEGR theory and GR are equivalent frameworks of gravity, but formulated with

R and @) respectively. Obviously, cosmological models following from these two settings are

“However, the most general even-parity second order quadratic form of the non-metricity is:

Q= %QaquauV - %QLWVQWXU - %QGQQ + %QaQa + (C5 - 1)QaQa ’ (7'17)

which is a generalisation of Eq. (7.18) that gets recovered by setting c1 = c2 =c3 =c4 = c¢5 = 1.
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completely identical, and cosmological observations would not offer any hints as to which is the
underlying theory. However, we are now in a position that allows us to go one step beyond, and
build f(Q) models close enough to GR to make sense, but at the same time, different enough so
that small modifications could ideally be spotted. In this sense we want to stress that theories
stemming from actions based on () have only began to be explored in what regards observations.
For instance, previous works like [387] adopted a more phenomenological perspective by putting
forward expressions for f(()) directly as functions of the redshift with some parameters which
cannot be readily associated to a specific matter/energy content. Of course, both routes are
complementary, and for this reason, we feel that continuing to explore statistical examinations
of the free parameters of f(Q)) cosmologies in the light of astrophysical data could help us

discuss the suitability of f(() in general.

7.3  f(Q) cosmologies

Following the justification offered in the previous sections, and similarly to f(R) theories, we

are able to generalize the STEGR action to rise it to the modified gravity field with the action:

5= [atev=g [—%f(@) ; ﬁM} | (7.21)

where STEGR is directly recovered for f(Q)) = QQ/87G. Analogously to [388], we can work in
the coincident gauge as the preferred reference system, which allows us to use a null connection,

Le.
cgrzl, =0 — vag/ﬂ/ = aag;w . (722)

Besides and as usual, we will consider a spatially flat FLRW spacetime (1.18), as the ho-
mogeneous and isotropic standard spacetime to describe the Universe at large scales. However,
because we have already chosen the coincident gauge, we should not forget the lapse function
N(t), since the diffeomorphism gauge symmetry is lost when we choose the coincident gauge
(7.22), and consequently the time parametrization cannot be chosen arbitrarily [389]. Explicitly

the metric will read:

ds® = —N*(t)dt* + a?(t) [da?® + dy? + d2?] . (7.23)
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Using the definition of the non-metricity scalar (7.18), we are going to calculate it term by term.
For this purpose it is important to remark that metric terms only depend on time and consequently

aag,uzz — 5287&9“1/:

1
Qap, Q™" = ga“gﬂ“’g””(aagm)(augw)Z—WQ[S“QW(@,:%W)(@QW)

— ]\1[6( INN)? — 3%%(2@ = —4% — 121\: >, (7.24)
Qupy @™ = 9799 (0a9py) (Opgn) = 9" 9" 9" (Or91) (Dr9) = —4% , (7.25)
QaQ” = g"0a(gru)9" 9" Oc(gur) = —% (901 (g.0)]”
— _$ (4%2 + 362—2 + 24%) : (7.26)
Q" = ¢"Qua = —%&(gm), (7.27)
QaQ” = 9" 0algru)g™ (—%) 0i(gse) = ;49“ 0r(97u)0e(ger)
_ _4%2_12%. (7.28)

Finally, putting together all these terms with the coefficients given in the definition of (), Eq.

(7.18):
2

Q= 6m . (7.29)

Note that the terms with time derivatives of the lapse function N(¢) cancel each other. In

addition, if we study the action of the linear case f(Q)) o @ and its equations of motion, we will

see that, for the specific definition of () with its coefficients given in (7.18), the lapse function

N (t) does not play any role, and the equations will be satisfied for any choice of it [389]. This

fact only occurs for the specific prescription of the non-metricity scalar given in (7.18) and this

will not always be true for the general expression of the non-metricity scalar Q, given in (7.17).

However, one wonders what happens to a general function of f(Q)? In order to answer this, let

us write the gravitational part of (7.21) with the result of Eq. (7.29):
2

S, = —% / BrdtN(t)ad(t) (6m> , (7.30)
)/x(t):

_ U pevna M) s LX) a()
5= 3 | e ws (6 () N2(1) Rt >> ’ (731

and we take the time reparameterization: ¢t — x(t), N(t) — N(t
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recovering the initial action of Eq. (7.30). Therefore, f(()) theories let us fix a particular lapse
function, because they retain this residual time-reparameterization invariance, despite having
already used diffeomorphisms to select the coincident gauge. Therefore, and for the sake of
simplicity, we will take this into our advantage and choose N (t) = 1. After this great simplifi-

cation, the cosmological equations become:

6foH ~ 3f = p. (7.32)

(120 faq + o) H = ~5(p+), (733)

where in this case the sub-index denotes derivatives with respect to (). Also, from now on the
presence or the absence of the cosmological constant is encoded in p which takes into account
all the matter species we wish to have, in a similar way to p,, and p, under the definition:
pa = Ac?/(87G). Examination of this system of equations shows that we can reproduce exactly

the GR background behaviour using its Friedmann equation HZ, = 87Gp/3 as in (1.21):

3Hgr, @
87G 167G

Qfg — %f = (7.34)

Solving this differential equation, one obtains an f (@) theory which mimics General Relativity:

1@ = oz (@4 MVQ). (739)

where M is a constant which can be interpreted as a mass scale [388]. The analogy between the
particular case with M = 0 and GR should not be surprising at all, because it corresponds to the
STEGR framework which was already discussed in the previous section. But the M # 0 case
represents a whole class of theories with the same background as GR, whose differences do not

show up at the background level, although they do at the perturbation level [390].

An alternative route is to put forward an ansatz for f(Q) that includes Eq. (7.35) as a partic-
ular case in the hope that this analytical extension will let us integrate Eq. (7.32) and Eq. (7.33),
but with some differences in the phenomenology at the background level. With this in mind,
we are going to propose some cosmological models created from different f(()) theories in the

next sections.
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7.4 Extended mimetic GR theory from f(Q)

In this section, we are going to study the model proposed in [388], which is characterized by:

f(Q) = # [Q — 6AM? (6]?42> ] : (7.36)

where A and « are dimensionless parameters and M # 0. Interestingly, different values of «
can be chosen to construct solutions depicting new early or late Universe behaviours. It is clear
that for the values o = 1/2 and A = —1/+/6 one recovers the exact function of the mimetic
General Relativity (7.35), and the case A = 0 will recover General Relativity at all levels. From
Eq. (7.36) and using Eq. (7.29), the Friedmann equation (7.32) can be integrated to yield

a—1
1+(1—2a)/\(H2) ] U (7.37)

H? S
M?2 3

Note that from this last expression of the Hubble function one is able to recognize an identical
background evolution to that of GR for either A = 0, or & = 1/2, as expected. In addition, the
case for a = 1 follows the same dynamics as GR after a redefinition of G.

In this section, though, we will follow [388] and set the focus on the &« = —1 case, which

leads to a solution with two possible branches:

A G 27TAM*
H?=—"—"p|1+,/1 - —"F— 7.38
+ 3 p < (47TGp)2> ) ( )

where p is the sum of all energy densities (as customary it will be regarded as positive). The
correction with respect to the GR case becomes larger as p decreases, so the new degree of
freedom plays the effective role of dark energy. Note the considerable level of non-linearity
at play in Eq. (7.38). As we already anticipated, in order to be able to exploit the predicting
capabilities of an assortment of cosmological data sets, we consider that our Universe’s evolution
is driven by the three usual kinds of matter-energy: cosmic dust, radiation and a cosmological
constant.

The explicit presence of a cosmological constant might seem redundant or unnecessary, as
we rather want to explore geometric corrections that mimic its effect. However, it will become
clear that, as far as statistical comparisons are concerned, the presence of such a term renders

the whole analysis far more palpable.



150 CHAPTER 7. F(Q) THEORIES AND THEIR OBSERVATIONAL CONSTRAINTS.

Additionally, the whole lot of standard matter-energy fields will satisfy the continuity equa-
tion (1.27):

p=—3H(p+p), (7.39)

With our choices of (barotropic) matter and additionally to the evolution of the energy densities
(1.28), one is able to express:
73(1+w¢)

pila) _ Q& _ 1
plan) ~ g~ qaran °

(7.40)

where a is the normalized scale factor at the present time, and a, is the scale factor at some time

t. In addition, using (1.23) we can define €, at the present time as:

G

Qi(ao) = 3—ngz'(ao) : (7.41)

In order to save notation, and as usual in the literature, from now on we do not write the argument
ap of ; when it is referred to at the present time, i.e. 2;(ag) = €2; (and this argument will be

explicitly written at a different a(t)). At the end of the day, we obtain the important definition:

3PIO2 3(1+w;)
pilay) = SWGQi(l + 2) 2 (7.42)

in which we can include the parametrization of the cosmological constant as we already said in

the previous section. Specifically, for the three components usually considered, namely dust-

matter (w,,, = 0), radiation (w,, = 1/3), and cosmological constant (wy = —1):
3H2Q,, , 3H2Q), \ 3H2,
m = 1 ) r = 1 ) = ’ 7.43
pm(z) = — == (1+2) pr(z) =~ = (1+2) =g (143)

with the sum of the three defining p:

3H2

[Qn 4+ Qo (1+2)° + Q. (1+ 2)"], (7.44)

where we let 5, €, and €2, stand for current values of the fractional densities of the three
cosmological fluids comprising our matter-energy lot. Under this whole set of prescriptions, the

way to recover the ACDM setting, for the positive branch, is to take

G
H—?—‘QQZO = H/2\CDM = TP(Z) ) (7.45)
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where (2o must encode all the new phenomenology. To calculate it, we can resort to usual “nor-
malization” of the Hubble parameter, which will also allow us to lighten the notation whenever

possible:
Ez=0)=——7—=1. (7.46)

This gives us the ligature

MAax 1 Qg
_ (1= Q= Q- Q) =9
H} 3( A ) 3

(7.47)

which can be seen to hold for both branches (obviously, the standard ACDM normalization
condition follows from choosing 2 = 0). Besides, we will say that €2, 2,,, and 2, are primary
parameters, in contrast to {2g which is a derived one.

In addition, let us remark a peculiarity from the previous normalization. When it is carried
out for the positive branch, one of the intermediate steps is:

12\ M4 2—Qp — Q- Q,
1— = : 48
\/ HY O+ O + )2 Qa4 + O (7.48)

Because the left hand side of this equation is positive, the right hand side must be positive as well.
Therefore, it is also necessary to impose the condition 0 < Q, +2,,+2,. < 2, and this condition
lets {2 take negative values. By contrast, a healthy behaviour enabling the normalization in the
negative branch would demand either 2y + 2, + Q, > 2 or Qy + ,,, + €2, < 0 (clearly the
second condition makes no sense physically).

After these convenient remarks, we can use Eq. (7.47) to rewrite the Hubble function as a

function of the free parameters that will be fitted at a later stage in this section:

H? 40
H2 = 2000, 40, 1+ 22+ 001+ 1+, /1+ 9 ,
1 5 [ A ( ) ( )] [QA+Qm(1+z)3—|—QT(1+2)4]2

(7.49)

recalling that {2 will be constrained by the ligature (7.47).

Up to this point, we have kept our discussion as general as possible, but in the remainder
we will consider the positive branch only, because the negative one depicts a Hubble parame-
ter which decreases as z increases, and therefore seems quite unlikely to match observational

evidences.



152 CHAPTER 7. F(Q) THEORIES AND THEIR OBSERVATIONAL CONSTRAINTS.

Obviously, at high redshifts the contribution of {2 becomes negligible and one recovers the

usual ACDM Hubble parameter, as we have already mentioned. However, at the asymptotic

, 1
lim H = S H [QA /02 4 494 , (7.50)

and for the extremal case without a cosmological constant, i.e. Q4 = 0, we have Hj, =

H2,/0.

It is clear that in order to guarantee the physicality of our expression in this particular regime,

future one rather has

we should impose more restrictive conditions (which are translated into priors), as for instance
the positivity of Q¢ for the case without cosmological constant, or 2% > —4€Q), for the general
case. This subject is related to the possible appearance of sudden cosmological singularities.
Interestingly, if such singularities were to occur, then the above physicality conditions would no
longer be necessary, as the singularity would happen earlier than the asymptotic future above
considered. Again, the parameter space could be restricted through priors to preclude such
singular behaviour. However, we will rather let data speak for themselves, and see whether ob-
servations end up favouring parameter values capable of causing trouble in the negative redshift
region (where they really offer no control).

From a wider perspective, one could also wonder about the particular case of the f(()) model
studied in this section that follows from setting {2, = 0, thus letting the effects of non-metricity
account entirely for the dark energy sector allowing us to waive the presence of a cosmological
constant or any other form of dark energy altogether. Although this scenario might seem too

optimistic, we will examine it too.

7.4.1 MCMC analysis and results

The connection between theory and observations arises from the possibility to write useful pre-
scriptions for cosmological applications. In this case, we have been able to compute the Hubble
parameter analytically for a class of non-metricity spacetime geometries [388], which we have
decided to call here the extended mimetic GR theory.

The main objective of this section is to perform a statistical analysis in order to obtain the
tightest possible constraints on the parameters of the f(()) model given in the positive branch

of (7.49) and under the previous assumptions of matter-energy content, to be able to describe
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the cosmological background. Results will shed some light as to whether non-metricity effects
are compatible with observations, thus opening a new window of interest on the possibility
of an underlying modified gravity description of our Universe. Interestingly, the GR limit of
the modified gravity framework will be easily recognisable, thus allowing for a neat statistical
analysis.

The tests will be implemented using an MCMC code [391, 392] (see Section 6), which, upon
minimization of a total y2, will produce proficient fits of the values of ,,,, h, Q4, Qg and (;
and, by the same token, this analysis will also produce selection criteria permitting us to draw
unimpaired conclusions. In order to narrow down our conclusions we will combine the different
background astrophysical probes of known statistical relevance exposed in Section 6.3.

However, we should refer some more statistical considerations before applying the MCMC.
Let us bring back the prior concept at this point. Recall that the prior distribution encodes the
previous knowledge about the probability that a free parameter takes a certain value. Therefore,
our results are forced to be obtained under the assumption of some priors, which give some room
to modified gravity features, enforce the choice of the right branch and preclude nonphysical
behaviour and pronounced departures from the well established standard evolution (the ACDM

golden pattern). For this case, the flat priors will be:
* 0<Q <y <Qpp,
c0<h<1,
* 0<Qy +00 +Q, <2,

Thus, we can appreciate that the first two priors have the purpose of obtaining a model close
to ACDM, whilst the last one is the mathematical condition to guarantee the physicality of the
Hubble parameter. We stress again that according to our earlier discussion, and in view of these
priors, {2 can be either positive or negative.

In addition, it seems logical that we prefer priors that have the least possible influence in
our results, i.e. we want to guarantee a certain framework but without forcing the fit of the
parameters to any given value. This is the reason why we have taken flat priors, where the
probability of a parameter is the same within a range of values, and zero outside of it.

Once we have laid the groundwork of the MCMC for this cosmological model, we will only
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have to apply the algorithm. The convergence of the results is checked by applying the MCMC
three times with 50.000, 100.000 and 200.000 iterations respectively, after which we check if
the jump factors are small enough and almost do not change in the last two chains, and if the
form of the posterior probability is sufficiently Gaussian.

We will also perform the same study (with the same previous knowledge, i.e. the same
priors, whenever possible) for the ACDM model and for the f(()) model but imposing 2, = 0
to check whether this scenario is capable of reproducing the observations without the need of a
cosmological constant. Of course, it is not possible to apply the last prior in the ACDM model
where €2, + (25 + Q. = 1, being this the only difference as far as the priors are concerned. The
scenario of f(Q) with 2, = 0 would be of interest as to avoid the problems associated with the
cosmological constant. Although some insight into this particular setting can be easily drawn
from the more general f(Q)) one, we treat it in full so that our conclusions are more complete
and precise.

Consequently, at the end of the day, we will able to compare the three models/cases and
say something about the preferred one. Recall that the cosmological data used in the MCMC
analysis for an observational scrutiny of both ACDM and the f(()) given by Eq. (7.49) are Type
Ia Supernovae with Pantheon data, the expansion rate data from early-type galaxies as cosmic
chronometers with Hubble data, Cosmic Microwave Background shift parameters from Planck
2018, and Baryon Acoustic Oscillations data. With the purpose of being as pedagogical as
possible, we will show the MCMC fittings for each set of data separately with their respective y2,
and the sum of all them which build the total x2. Then we will find the values of the parameters
which minimize each of those individual contributions (with the pertinent errors) in order to
appreciate the contribution of each data set, and after this we will repeat the procedure but using
the total 2.

However, strictly speaking, our “best fits” will be drawn from the median of the posterior, so
that we account for deviations from perfect Gaussianity, which will also be reflected in asym-
metrical errors. Thus, even though we will loosely talk about “best-fits”, the remark we just
made will have to be taken into account at all times. Our best fits report of the (three) models
are arranged in Table 7.1, so as to make the conclusions readier to be drawn. Let us emphasize
that ()¢, is a characteristic parameter of the f(()) scenario, a signature of it that does not appear

at all in the ACDM setting.
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Table 7.1: MCMC best fits and errors. Quantities in italic correspond to secondary parameters.

Pantheon Hubble CMB BAO Total
ACDM  0.208%9:922 () 39740966 () 316+0007  (.32070:01¢  (0.32370-95

Qo f(Q)ayzo 0337107 0.3417506  0.34675050  0.32370517  0.32555007
f(@)ay=o 040075551 0.3507073  0.238000¢  0.348%5055 028570004
ACDM — — 0.049175:0006 0.06375:922 0.049675-5004

L (O) T - 0.057%0012  0-08170535 0.0501%5:5010
f@ay=0 - —  0.0371%5g00s 0.0427005;  0.040755:0001
ACDM — 0.67810%1  0.675799% > 0.65  0.67075:9%

h F(Q)ayr0 — 0.67473%39  0.645755%9 > 0.62  0.66775907
F(@Q)ay—o — 0.70375:020  0.77770000 > 0.70  0.7307095]
ACDM  0.70110:921 0.67310:056 . 684097 0.680+0915  0.677+0:005

O f(@uayz0 0437555 064755 087555 LIITGE 0.701700%
[(Q)ay=o — — — — -
ACDM - - - - -

Qo f(@eaazo 023555 0.03%95  —0.2279%  —0.43%5%5 —0.027590%
f@)ay=o 0.599%575; 0.65070705;  0.76255506  0.6517551¢  0.715%4
ACDM  1035.77 14.49 0.001 16.55 1072.19

X* Qa0 103572 14.40 0.005 11.34 1072.01
f(@)a,—0 1036.48 14.53 0.003 51.34 1207.96
ACDM - - - - 0.98

Xrea  F(Q)ayzo0 —~ — —~ — 0.98
f(Q)ay=o — — — — 1.10
ACDM - — - - 1

Bj\CDM f(Q)QA;éo — — — — 0.76
f(@)ay=0 - - - - 3-107%
ACDM - - - - 0

In Bicp f(@)ay0 - - - - —0.27
f(@)a,=0 - - - - —68
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Figure 7.1: Contour plots for the ACDM model (left column) and the f(Q) model with 24 # 0 (right column) with the
following color scheme: green - SNela, yellow - Hubble data, orange - Planck 2018 CMB, blue - BAO data, black - all sets of
data. As SNela are (of course) unable to fix the value h, their contours are missing from those plots where constraints on A is

shown; for the same reason, both SNela and Hubble contours are absent from plots showing constraints on £25.
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Figure 7.2: Contour plots for the f(Q) model with Q4 # 0 with the following color scheme: green - SNela, yellow - Hubble
data, orange - Planck 2018 CMB, blue - BAO data, black - all sets of data.

For additional discernment, we present the marginalized confidence contours directly as
drawn from the MCMC procedure providing our best fits. This supplies visual hints of the com-
plementarity of different data sets, their constraining power, and correlation among parameters.
The comparison of the contour plots for ACDM and f(Q) with 2, # 0 can be found in Fig. 7.1,
while specific results of the f(()) model are presented separately in Fig. 7.2. Finally, results for
f(Q) with Q = 0 are shown in Fig. 7.3. For each individual data set or data set combination
we draw the contours by choosing two shades of a single colour, and we let the dark and light

hues represent the 10 and 20 regions respectively.

One of the main conclusions of the MCMC analysis is that in the case of f(Q) with Q) # 0
the combination of data sets yields a tiny negative value of (. Specifically it lies in a signif-
icantly wide uncertainty range that makes it compatible with a null value at the 1o level (see
Table 7.1 and the black contour in Fig. 7.2). This compatibility with a vanishing (2 applies
for all the separate data sets except for BAO, which not only bet on a larger negative value
only compatible with (2o = 0 at the 20 level, but also exhibit much lower errors (at least twice
smaller) than other probes. The large uncertainty in {2 can undoubtedly be associated to that
in (. It is visually manifest that the two parameters are mutually quite (anti)correlated for all
data sets, as the inclination of the contours is very close to —45°. This significant negative cor-
relation, expected from Eq. (7.47), makes the large degree of uncertainty in the €2, induce the

same behaviour on (). Interestingly, the negative best fit value of ()¢ hints at the interest of
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exploring and characterizing sudden future singularities in these models.

A second outcome is that, independently of the values of €2, and (2, the fits of the other
two parameters, (2, and h, are very similar in the f(Q)) and ACDM scenarios. This makes
sense considering previous arguments, since shifts in {2, are reabsorbed into {2 and vice-versa,
affecting quite little the rest of parameters. A reflection of this fact are the very similar x? values
displayed by both models in Table 7.1.

But we may also note that, although the ACDM and f(Q) with 2, # 0 models yield similar
best fits of €2, and (2, the distinctive feature encoded in () changes quite significantly the
correlations between those two parameters (see the bottom row of Fig. 7.1).

However the behaviour of €2,,, and h is approximately similar in both models (see top row
of Fig. 7.1) in a broad sense and in particular in what concerns the correlation among the two
parameters. Still there is a noticeable difference, which is the quite larger uncertainty on €2,,, as
associated with CMB data in the case of f(Q) with 2, # 0. We infer accordingly that the roles
of €2,,, and h seem to be quite similar at low redhifts, but the same does not apply at high redhifts
for what €2,,, is concerned.

Recalling the Bayes factors, the conclusion is (again) that, within the current data sets, we
are not able to distinguish one model from the other. This reasoning is obviously drawn from a
background examination, a perturbative one might propound more refined pieces of information
(some results along this route were sketched in [388]).

We now may come back to the possibility of imposing 2, = 0. Fig. 7.2 provides insight on
this matter as it shows that €2, is enormously correlated with 2¢; for that reason that parameter
could in principle take the role of the cosmological constant, and thus gives the same evolution.
In such case though the model would be irreducible to ACDM, as it can be seen inspecting
Eq. (7.49). However, a look at the contours of Fig. 7.2 that corresponds to {2y = 0 suggests that
this value is clearly disfavoured. Nevertheless, we perform a direct MCMC analysis to confirm
such concerns.

The strong tension among all single data sets in this restricted scenario becomes manifest
in Fig. 7.3. Paradoxically, the CMB constraints are much better than those derived in the f(Q)
case with 2y # 0, but they require an abnormally low value for €2, which is not consistent
with any of the other probes considered. Moreover, although the single x? are comparable with

those from other frameworks, we must note that BAO impose very poor constraints, and that
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Figure 7.3: Contour plots for the f(Q) model with Q4 = 0 using the following color scheme: green - SNela; yellow - Hubble
data; orange - Planck 2018 CMB; blue - BAO data; black - all sets of data.

the best x? fit coming from the joint use of all the probes is much larger. If we finally look at
the values of the Bayes factors, we can see how this scenario is frankly statistically disfavoured

with respect to the other cases.

7.4.2 Cosmographic parameters

It is useful to examine other quantities which offer a clearer picture of the evolutionary features
of the particular FLRW spacetime under study. In fact, once constraints on €2,,, h, 25, Q2o and

), are obtained through our MCMC procedure, we can also draw inferences on the well-known
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cosmographic parameters, which follow from the Taylor expansion of the scale factor:
a(t) = ag |1+ HoAt — DAL + L p3as 1 0pinst + 0 (ar)] (7.51)
’ ’ 20 310 4170 ' '

In the latter we have defined At = t — ¢, while qq, jo and s, are the so-called deceleration, jerk
and snap parameters respectively evaluated at ¢, (present time) [393, 394]. Explicit expressions

to evaluate them at any given ¢ (or refshift z) are:

q(t) = —Z—g — qz)=—-14+(1+ z)bEj,/((ZZ)) : (7.52)
N @ N 2 B (2) 2

-5 = i =a+rT ), (.53
(=T 5 =1+ 25 %), (54

where in this case the dot and the prime denote differentiation with respect to cosmic time and
z respectively.

Thus, following these expressions and using the results of the MCMC, we can compute
the cosmographic parameters deceleration ¢, jerk jo, and snap s, to add more elements to the
comparison between the kinematics of the two models, where the sub-index 0 means the value
at the present time. Table 7.2 summarizes our findings: All best fits share a small uncertainty
which is much larger in the f(Q)) case than in the ACDM case. In addition, the values for the
f(Q) model fall completely within the 1o region of their respective counterparts in the former
ones.

Table 7.2: Best fits of the cosmographic parameters.

qo Jo 50

ACDM  —0.515+3:997 1.0001867210°7 —0.45473:02}

f(Q)a,20 —0.49970030  0.97370:087  —0.4530:0%

Finally, to close the analysis of this model, we confront once again our modified gravity
scenario with the ACDM model by rewriting it as a model fuelled by dark matter, radiation and

dark energy following for instance [395, 396, 397, 398], by setting

Detf = WeffPeff , (7.55)
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and
G

H? = Hi [Qn(142)> + Q,.(1+2)*] + —5perr (7.56)
If we combine the last two expressions with the continuity equation, Eq. (7.39), we finally write

the general expression:

2(1 + z)(“nd—lj(z) — E2(2)Q(1+2)" -3

31— E72(2) [Qn (14 2)2 + Q.(1+ 2)4))

(7.57)

weff(Z ) =

The explicit expression of weer for our modified gravity model is too complicated for it to convey
readily usable information, so we resort to plot it as a function of a in Fig. 7.4, using the best fit
values coming from the MCMC analysis. In addition, we are able to calculate the value of weg

at the present day for the f(()) model consistent with the MCMC results:
Wef| —o = —0.98773932 (7.58)

Once again we find an indication that the best fit values of the parameters of our model are very

similar to those of ACDM, in fact, wesr = —1 is perfectly inside the 1o interval.

-0.95F
-0.96
-0.97

-0.98 |

Weft

-0.99 -

-1.00 -

-1.01F

—1.02 L . . . | . . . | . . . | . \ \ ! \ \ \ !

Figure 7.4: Evolution of wegr as function of a. The solid line is the value as drawn from the best fit, whilst the dashed lines
mark the boundaries of the confidence interval.



162 CHAPTER 7. F(Q) THEORIES AND THEIR OBSERVATIONAL CONSTRAINTS.

7.4.3 Conclusions about the extended mimetic GR theory from f(()) model

Recent works in the field have been inspired by the realization that, in the symmetric teleparal-
lel framework, the GR Lagrangian density can be written® by basically replacing the scalar of
curvature built from the Levi-Civita connection with the non-metricity ().

The former framework can be generalized upon replacement of () with a specific f(Q) given
by Eq. (7.35), which reproduces the GR background behavior (and the ACDM model when we
consider dust, radiation and the cosmological constant). Interestingly, the fact that this new
setup is not exactly that of GR might have implications at the perturbative level, which is (also)
beyond our specific concerns.

The particular action considered at this level allows us to make progress towards yet another
form for f(Q)) that becomes the core of this section. We present it in Eq. (7.36) and it lets
us derive an exact expression for the Hubble parameter under some parameter specifications.
The grand picture is then that it resembles the standard evolution and therefore is worthing to
be observationally tested. To that end we resort to the MCMC method to constraint the free
parameters in the theory, and compare the values obtained with those of the ACDM scenario.

Our main conclusion is that the parameter which encodes the difference between the two
evolutions at the background level is very close to zero when all data sets are combined. This
parameter, which we have dubbed (), gets positive best fit values for some data sets while it is
negative for others, but in all cases the errors make the best fit perfectly compatible with a null
value; thus an overall smaller best fit (almost zero value) is the most admissible consequence.
The same conclusion follows from the Bayesian evidence: According to the Jeffreys’ scale no
model is preferred over the other.

A complementary study of the cosmographic parameters yields values which, once more,
only reflect the striking similarity of the best fits between ACDM and our f(Q). Notice in this
respect that, for the modified gravity model, these parameters are more poorly constrained as
their complexity penalizes error propagation. Finally, and for the sake of further interpretation
of the kind of evolution our best fit scenario depicts, we have computed the corresponding w,gr.
As expected, the value is very close to —1.

For all these reasons we have seen that a yet another (promising/intriguing) cosmological

>Up to small details which are not really relevant at a summary level of discussion
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candidate to become an alternative to ACDM cannot be considered a real challenger, at least at

the background level.

7.5 Building up modified gravity models based on f(Q))

One of the great features of the Friedmann equation (7.32) is that it allows us to write the energy

density p as a function of () to mimic some models of modified gravity as follows:

Qo 3 =HQ). (7.59

So, we can propose generic b(()) functions so that the latter equation can be integrated, similarly
to the case where we mimicked the background of General Relativity (7.34) showed in the
previous section. As Eq. (7.59) is a first order non-homogeneous ordinary differential equation,

it is not difficult to reduce its solution to a quadrature for any ansétz:
b(Q)

Although this formal result may in principle serve as a guidance to propose other ansétze, we

(7.60)

just regard it as anecdotal information, because only judicious choices of f((), combined with
(7.32), render results which are invertible, and thus lead to expressions of H? as explicit func-
tions of p.

This strategy sets off by proposing a form of b(()) which, upon integration of Eq. (7.59),
produces an explicit expression of f(()) that we insert back into (7.32). Then, using Eq. (7.29)
we finally can relate H? to p through an implicit equation. In general these equations will not
be solvable for H, thus making it very complicated to significantly progress, as we already
discussed. Fortunately, an array of cases can be found where this difficulty is overcome.

In this section, we are going to present two new such scenarios based on DGP models of
modified gravity, and examine them. Those two cases will be found by putting forward ansitze
for f(() which include the General Relativity as a particular case (b(Q)) = @Q/167(G), and assess
whether this may prove a promising route.

However, let us briefly introduce at this point the DGP models independently of the f(Q)
bodywork to understand them in the framework of modified gravity. These models are based

on one of the extensions of gravity that we have not yet analyzed in depth: extra-dimensions.
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We should start this brief introduction by saying that DGP refers to the authors of this model:

G. Dvali, G. Gabadadze, and M. Porrati, who introduced the theory in [399] with the action:

g ! d5X\/5R(5)—%/d4x\/\g\3+/d5)(\/§£m, (7.61)
7]

2K2
fora D = (4 + 1) dimensional theory with a 3-brane embedded in the total 5-dimensional
spacetime, and where k* = 87G ), u? = 87G (4) being G 5 and G4y the gravitational coupling
constants, G 4p is the 5D metric with the 5D scalar of curvature R sy, and where capital letters
run from 0 to 5, and g,,,, is the induced metric on the brane with the scalar of curvature 2.

In addition, we will introduce the 5D metric:

ds? = gupdz?da?® = Gudatdz” 4 b2dy?

= —N2(t,y)dt* + a®(t,y)ydr'da? + b*(t,y)dy?® , (7.62)

where y i1s the new coordinate of the fifth dimension and ;; i1s a maximally symmetric 3-
dimensional metric where £ = —1, 0, 1 parametrizes the spatial curvature as in the FLRW metric
(1.18). Moreover, we will assume that the brane is the hypersurface defined by y = 0. Then,

the 5D Einstein equations read:

1
Rap — 53(5)9/&3 = Kk*San , (7.63)

where S 4 1s the combination of the stress-energy tensor 14 5 from £,,, with the scalar of curva-
ture of the brane (the second term in (7.61)). The stress-energy tensor 745 can be decomposed
into two parts: one from the bulk content and another one from the brane. Assuming that the

stress-energy tensor of the bulk is that of a cosmological constant, we can write:

T ‘bulk = diag(—pp, —pB, —PB; —PB, —PB) ; (7.64)
4] :
TAB ‘brane - %dlag (_pb7 Pbv; Pb, Po, O) ) (765)

where pg is a constant and p;, and p, depend only on time. In addition, it is usual to assume that
there is no flow of matter along the fifth dimension, i.e. To5 = 0. Then, using Israel’s junction
conditions [400, 401] which relate the jump of the derivative of the metric across the brane to the
stress-energy tensor inside the brane to be continuous, and using for that the extrinsic curvature

tensor. Then, we obtain the generalized Friedmann equation [402]:

K2 C k K2 k K2
H2 — _ — H?+ —— ) - 7.66
6\/ 67" aly=0) aly=0p 22 ( e 0)) g (700
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where e = £1 is the sign of the jump of the function da/dy across y = 0, corresponding to the
two possibilities with different embeddings of the brane into the bulk spacetime, C is a constant
of integration, and the Hubble parameter [ has to be defined as:
g ay=0
a(y = 0)N(y = 0)

Then, if we take C = 0, and consider that the bulk cosmological constant pp vanishes, we

(7.67)

get

k 2 k 2
H2 + _ _6\/]—12 + a—(y — M_pb , (768)

which, for the flat case £ = 0, simplifies into:

G(4) H— 87TG(4)

H? -2 .
“Go) 3 7

(7.69)

This equation for the Hubble parameter will be one of the fundamental pieces throughout the

next section.

7.5.1 DGP cosmologies from f(()) actions

Coming back to (7.59), the choice b(Q)) x ) would be responsible for the appearance of the
prescriptive H? term in the left hand side (lhs) of the Friedmann equation [388, 403]. For this
reason it may be expected that adding a term proportional to /() will make an H term appear
alonsgide H?, thus leading to the sort of modified Friedmann equation characterizing several
modified gravity scenarios.

Let us show this is indeed the case by proposing

b(Q) = ﬁ (a\/@ + 5@) (7.70)

in Eq. (7.59), where « and (3 are arbitrary constants. This equation can be integrated to give:

1
167G

f@) (av/@1ogQ +25Q) . (7.71)

where we have set to zero an integration constant, that would give us a term proportional to /()
as in General Relativity again, which really does not induce any background dynamics. Using

the form that the Friedman equation takes for this f(()) setting, and translating the non-metricity
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scalar into the Hubble factor through the (above mentioned and) known relation Q = 6 H?, we

arrive at
H <\/6a v 65H) — 167G . (1.72)

Alternatively, if we opt for a more enlightening rendering of the same relation, we can write

H? + H= 0. (7.73)

An exact GR framework is recovered for the simultaneous choice « = 0, § = 1. In addi-
tion, we obtain the solution proposed by the DGP model in Eq. (7.69) if 5 = 1, and o =
—26\/6G(4) /G 5). So we have just connected two theories, independent in principle, based on
extra dimensions and on the non-metricity scalar. The av < 0 case is self accelerated, i.e accel-
eration will occur even if its only matter content would not produce acceleration on its own, for
instance cosmic dust [404]. In opposite, the o > 0 case is not self-accelerated, but needs dark
energy on the brane. We will try to explore both models simultaneously, as long as it is possible
while fixing S = 1, and to study both theories (with the same H parameter) together following
a way similar to that of Section (7.4).

With this purpose, we solve either of the former two expressions for A and select the branch

that corresponds to an expanding Universe (H > 0) to conclude:

o Vo (x/oﬂ Y 64nCp — a) . (7.74)

12

Let us now make the same typical assumption for the matter-energy content of the previous
section, in which it is described by a sum of the barotropic fluids of cosmic dust, cosmological
constant and radiation (p = p,, + p» + pa), and where each one of them satisfies separately the
standard conservation equation: p; + 3H (1 + w;)p; = 0, where the additional assumption of
simple equations of state mediated by constant w; parameters has been made as well.

In addition, we are able to draw some easy conclusions about the behaviour of the model,
following [404], and assuming the physical condition p,,, p., pa > 0, since upon differentiation

of Eq. (7.73), we obtain:

. 4G «
H=——03p, +4p,) | 1 — , 7.75
3 (39 r) ( 042+647TGp) ( )

from where it is clear that H < 0 regardless of the sign of a.
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As the Universe expands the linear term in H appearing in Eq. (7.73) ceases to be negligible
as compared to the quadratic one, and the f(()) effects cannot be waived any longer. Actually,
a screening of the cosmological constant arises, and an effective dark energy turns out to offer a
good description. For this, we will use Eq. (7.56) or its equivalent equation expressed in terms
of p:

8rG
H2 = T (pm +pr+ peff) ) (776)

which allows us to define:

V6aH
167G

Peft = PA — (7.77)

Here p.r offers a convenient way to encode the modification in a general relativistic fashion,

together with an effective equation of state parameter we:
Pett + 3H (1 + Wer) pess = 0 . (7.78)

Combining Eq. (7.78) and Eq. (7.77) we arrive at

\/éozH
1+ we) = — ot 7.79
(1 terr) 487G peH (7.79)

which can be evaluated using the reformulation

Peff = PA T a (a —va?+ 647er> . (7.80)

327G

It can be seen that for « < 0 a phantom behaviour is excluded (as a consequence of p.¢ being

positive, which gets translated into weg > —1), whereas for o > 0 there is no such guarantee.
The following necessary step consists in recasting our expressions as functions of redshift,

thus paving the way for an observational analysis. Using the definition of p as a function of the

redshift expressed in Eq. (7.44), as well as®

(e
Oy = : 7.81
2= 5 o (7.81)
we arrive at the expression
BE(z) = \/QA+Qm(1+z)3+QT(1+z)4+Q§2 —Qo, (7.82)

8 Alternative definitions of this parameter so that dimensionally/aesthetically would stand on the same grounds as, say, Q2
will force the need to consider sign duplicities and square roots which will induce less transparency in the geometry of the space

of parameters and will complicate unnecessarily the codes to perform observational tests.
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recalling the prescription H(z) = HoFE(z). It is obvious then that the following applies for H
as given by Eq. (7.82):

lim H? = H [Qn + Qn(1+2)° + Q,.(1+2)"] | (7.83)
Qgo—0

recovering then the ACDM case. Furthermore, from Eq. (7.82) it can be seen that the non-
metricity features encoded in the parameter () are somewhat screened: explicitly, the choice
Q,, = Qp = Q, = 0 gives anull H function for any value of {q,.

On the other hand, the customary normalization condition F(z = 0) = 1 enforces an extra

condition;
1
Qg = §(Qm + O +Q,.—1). (7.84)

Note that (from Eq. (7.82) once again) a positive {2¢ value will slow down the expansion
as compared to the ACDM case, whereas a negative one will exert the contrary effect. An
alternative way to see this is to check that for o < 0 the effective dark energy term is bigger than
a bare cosmological constant, as Eq. (7.77) suggests. In any case, an observational inference of a
large absolute value of {2 would be extremely unexpected if we take into account the mounting

evidence of a Universe extremely agreeable with the ACDM behaviour.

7.5.2 DGPish cosmologies from f(()) actions

We may explore other routes compatible with a b(Q)) o< ) behaviour in an appropriate limit and
thus leading to the standard H? term on the left hand side of the Friedmann equations, while
reproducing a different behaviour in other regimes. We propose now a new case inspired by our

first case, which explicitly stems from the assumption:

VR + B2Q%, (7.85)

where v and f3 are, in principle, two arbitrary constants, even though from early lessons we may

MQ) = 156

anticipate that we will have to fix § = 1 along the road. Upon integration of Eq. (7.59) we

arrive at:

Qv/u(Q) (\/U(Q) — /7 arctanh ( \%“”))

(@)= ENTI(e)] ) (7.86)
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where u(Q) = v + 5Q. Keeping our discussion general for the time being, and following the

same recipe as before, we obtain

167G
H/~ + 632H? = %p : (7.87)
whose solution for the positive branch of H? is:

_ VP +(327GBp)? — o

H? 7.88
Besides, if the physical branch is chosen, we can go further and write:
\/ V2 + (321G Bp)? —
H= . (7.89)

2V/3 3

We can follow the same sequence of steps as for the previous case so as to shed some light
on the evolution of this model, where once again we assume p = p,, + p, + pp and 5 = 1.
Under this assumption and upon differentiation of Eq. (7.88) we obtain

B 12872G?(3py, + 4pr)p

H= ,
32 + 1024m2G2p?

(7.90)

which is definite negative under our hypotheses on the positivity of the various densities, regard-
less of the sign of 7. In this case, finding the explicit expression of pg is not so straightforward,

but we can find that it reads

Peft = PA + —— \/6

81G
We then process our definitions and equations and eventually get:

341 (H——WGHQ) . (7.91)

6 [\/72 (327G — 327er}

1 + Wepr) = , (7.92)
( ) 487 GpurH A/~ + GH?
which can be evaluated using the reformulation:
24+ (321G)2p? —
peff:pA—va\/7 ( V'r T (7.93)

327G

It is clear from Eq. (7.91) that for positive py and H we can guarantee perr > 0 if v < 0 (for
the case with v > 0 it is not possible to conclude the sign of pesr), and whatever the sign of -y it

follows that H < 0. Consequently, we can conclude that 1 + wegr < 0 for v < 0 necessarily.
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Let us go on building from Eq. (7.89) by choosing again Eq. (7.44) as our expression for p

as a function of redshift. For this case the normalized Hubble function reads:

&G 2
E(z) = \/(QA + 3—H3(pm + pr)) +Q3 - Qg , (7.94)
where now
"
Qg = —12H§ , (7.95)

and from the normalization, we obtain

Qo= [+ +20)°—1] . (7.96)

N[ —

Again, for our new expression describing H? we see that the limit of Eq. (7.83) also happens

to recover GR for v = 0.

7.5.3 MCMUC analysis and results

We apply a MCMC for these two new cases as in the previous section to fit the free parameters
of both f(@)) models and the ACDM case. Once again, we will find the values of the free
parameters which maximize the posterior (probability density) produced by combining a prior
(probability density) with hypothetical Gaussian likelihoods associated with a x? function built
for each dataset and then a combined one through the product of likelihoods or the sum of >
(of course, priors can be combined as well). The only thing we should change here with respect

the previous section is the respective flat priors:
¢ 0<Q, + Q) +Q,,
* 0< (Qn, %, h) <1,
o O, > Q> Q.

Take into account that the MCMC analysis for the ACDM is repeated because it should be
done in the same statistical background in order to be compared to the new cases. This lets
us draw conclusions about the statistical admissibility of our proposals. We can check that the

specific constraint of ACDM, 2, + €2, + Q = 1, does not violate any of the priors.
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Therefore, having presented the statistical course of action and having chosen the astrophys-
ical probes, we can set forth the results of our analysis. Throughout the discussion we will often
compare our findings to those in the ACDM case. The corresponding best fits along with those
of our two f((Q) models are shown on Table 7.3. Recall that the (2 parameter is a signature of
the f(Q)) scenarios alone.

As in the previous model, the reason why we will explore individual x? values and their best
fits is that of the possibility of estimating the contribution of each data set to the final result and
conclusions. Besides, let us remember that our fits will be drawn from the median of the posterior
probability to better expose deviations from perfect Gaussianity, and complementary and very
relevant information will be provided through confidence contours addressing again the separate
and joint data set analyses. They give us visual indications on data set complementarity, tightness
of constraints, and parameter correlation. As in the previous section, in the corresponding plots
(Figs. 7.5-7.6) we choose two different hues of several single colours to represent the 1o (dark)
and 20 (light) regions, and then we associate each single colour to an individual data set or data
set combination (see figure captions).

For the most standard parameters, that is, £2,,, {2, and h, we conclude (mainly from Table 7.3
and Fig. 7.5) that best fits, uncertainty and data set complementarity are very much the same in
the three scenarios (ACDM, DGP and DGPish) . The most noticeable discrepancies arise when
CMB data are considered alone, but for the combination of data sets differences are minimal.
Stronger disagreements arise (mainly in the size of errors) in €2, due to its blurring with the
new parameter {2g. In any case, it would be worth exploring the effects of generalizations of
our models with additional parameters, in particular if the generalizations give non-phantom
models; but we leave this for future prospects.

Now, even though 2, belongs in the classical category of parameters, we must consider it
separately due to its non-trivial mixing with the new parameter. From the third row of Fig. 7.5
we notice that 2, displays more uncertainty in the modified gravity models than in ACDM,
which again, we put down to the fact that €2 acts as 24 somehow, which is otherwise obvious
from the Hubble function. In the DGPish case the uncertainty is way bigger than in the other two
cases, there is practical no correlation whatsoever among 2, and €2,,, as shown in the contours,
and the huge size of the errors makes us declare that €2, is basically unconstrained in this case .

Along the same vein, the upper row on Fig. 7.6 tells us there is indeed a high correlation
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Table 7.3: MCMC best fits and errors along with other statistical estimators for ACDM, DGP, and DGPish models. Quantities
in italic correspond to secondary parameters.

CHAPTER 7. F(Q) THEORIES AND THEIR OBSERVATIONAL CONSTRAINTS.

Pantheon Hubble CMB BAO Total
ACDM  0.297+0023 (0 328%9:96> (3169907 0.32079:916  (.323+0:005
Qn  DGP  0.27770038 03167557 0.358T005T  0.3017001  0.32675:99¢
DGPish  0.307+3927 0.32679:9%  0.3107999%  0.32079:916  (.32270-005
ACDM - — 0.049070:00%¢  0.057F9933  0.049670:000
Q%  DGP - — 0.055770:955  0.06670 05 0.05175:951
DGPish - — 0.0483700090  0.05675938  0.0494700003
ACDM - 0.677T0051  0.675005%  0.70701%  0.67075 053
h DGP — 0.67310030  0.63475032  0.697018  0.6657000
DGPish - 0.682700%2  0.6817000:  0.707018  0.6717000;
ACDM  0.70273922 0.6727005¢  0.68475:507  0.68075:515  0.6777595
Qr DGP  0.58%037 0537050 0437052 0.381018  0.62910:047
DGPish  0.53753% 0507932 0.511939 0.647015 0.64757
ACDM - — - - —
Qo  DGP  —0.077015 —0.087047  —0.1070%  —0.161705%5 —0.0227062
DGPish —0.16%070 —0.16703 —0.161035  —0.04703%  —0.0473"
ACDM  1035.77 14.49 0.0013 16.55 1072.19
x>  DGP  1035.75 14.50 0.0022 13.58 1071.20
DGPish  1035.77 14.33 0.016 16.55 1072.22
ACDM - - - - 0.98
Xws  DGP — — —~ -~ 0.98
DGPish - - - - 0.98
ACDM - — - - 1
B;  DGP — — — — 1.16
DGPish - — - - 0.83
ACDM - - - - 0
InB; DGP — - — — 0.15
DGPish - - - - —0.18
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Figure 7.5: Contour plots for the ACDM model (left column) DG P model (center column) and DG Pish model (right column)
with the following color scheme: green - SNela, yellow - Hubble data, orange - Planck 2018 CMB, blue - BAO data, black - all
sets of data. As SNela are not (of course) able to fix the value h their contours are missing from those plots where constraints
on h are represented; for the same rationality, both SNela and Hubble contours are absent from plots showing constraints on
Q.
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Figure 7.6: Contour plots of the constraints on the parameter Q2 for the DG P model (left column) and DG Pish model (right
column) with the following color scheme: green - SNela, yellow - Hubble data, orange - Planck 2018 CMB, blue - BAO data,
black - all sets of data.
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between g and 25. Note, however that the combination of all data sets gives a far smaller
contour in the DGP case, and therefore, as we have already stated, () is better fitted.

The conclusions on constraints on {2 and its role in relation to €2, are strengthened by the
contour which confronts €2y with ,,, (see Fig. 7.6 again). In the DGPish case we get a very
large almost vertical contour, that is, a very narrow fit in €2,,, is compatible with a very wide
range of (g values, that is the modified gravity parameter () is almost blind to the matter

density. In contrast in the DGP case constraints are much more significant.

7.5.4 Cosmographic parameters and cosmodiagrams

Determining the values of parameters in the so-to-say “cosmographic spectrum” is quite a rel-
evant task given their implications for the evolution and final fate of the Universe as shown in
Sec. 7.4.2. For instance, we know that if (in the ACDM model) the cosmological constant had
become dominant earlier than it seems to have then structures would not have formed. Insights
into these matters may put us on the track of a solution of puzzles like the coincidence problem,
in the sense that it would be good to find some physical mechanism associating the beginning
of the dark ages with the onset of non-linear structures.

Our first task will go back to the previous discussion in which an effective dark energy
density per and corresponding equation of state wegr were defined. The explicit expressions for
the two cases considered are formidable and they really do not add readily usable information to
the discussion. For this reason we just rely on graphical representations of weg drawn from its
best fit and errors (see Table 7.4). The plots we thus obtain confirm our earlier conclusions for all
redshifts that in the DGP case (with o < 0) we are to expect a non-phantom behavior, whereas
in the DGPish case (with v < 0) we have exactly the opposite, a purely phantom evolution.

Next we will determine numerically the redshift value signaling the beginning of dark energy
domination: z.,. To this end we rest on our earlier definition of psr and we then define z,

implicitly as:

Pefi(Zeq) = Pm(Zeq) - (7.97)

As discussed in [405], evidences of considerable dark energy proportions at z ~ 1 or larger
would favor some scalar field based models, as for those redshifts the contribution of a cosmo-

logical constant to the matter-energy budget would be negligible. On the contrary, and according
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Figure 7.7: Evolution of wefr as a function of the scale factor a for DG P (left panel) and DG Pish (right panel) model. The
solid line is the value as drawn from the best fit, whilst the dashed lines mark the boundaries of the confidence interval.
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Figure 7.8: Contours for the different redshift of the different models. ACDM (orange), DGP (blue) and DGPish (purple),
all them resulting from the values of the MCMC. The red line is the theoretical behaviour of the ACDM model, i.e. zqce =
—1 4 2Y3(1 + 2eq).
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to [405] again, a beginning of dark energy domination occurring at z ~ 0.2 or lower seems to
indicate phantom dark energy. These assertions depend of course on the value of (2,,, and, in
general, the discussion may branch out into the specifics of the effects of the various parameters
entering our dark energy description.

Likewise, it might be interesting to learn not only when does dark energy domination begin,
but also when do its effects become manifest, that is, which is the redshift value for which

acceleration begins (z,..). This occurs when the so called deceleration parameter ¢ vanishes:

Q(zacc) =0. (798)

For ACDM, and provided that the contribution from radiation is considered to be negligi-
ble(at z., and z,..), the pertinent expressions for the beginning of the acceleration ¢(z,..) = 0
(which implies 2. = —1 + (204 /,,)"/3) and the condition of the onset of dark energy dom-
ination Q5 = (1 + 2.,)3(2,, can be combined to conclude that z,.. = —1 + 21/3(1 + 2,). In
addition, we will able to calculate the deceleration parameter ¢ and the jerk j following equations
(7.52) and (7.53) respectively. Sadly, once more for the f(Q)) models, the explicit expressions
are too lengthy and convoluted to be worth presenting here, and again we report our findings
numerically and graphically.

In addition, it is customary to evaluate ¢ and j at z = 0 along with equivalent values of the
other parameters in the (standard) cosmographic cascade. For this, we take into account that the
normalization condition can be used to eliminate from expressions the parameters that are less
convenient/important for our discussion. In the case of the effect of the f(()) correction on the
deceleration factor and the jerk of each model we choose to eliminate {2,. More specifically at

z=0:

3
5(3Qm +49,)00 + 0(Q?) for the DGP model,
go = giePM — (7.99)

1
7 (32 +49,) Qf +0(Q*)  for the DGPish model,

1
where ¢ PM = —1 + 5 (3Q,, +49,) ,
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1
1 249 + (3Q, +4€,)%] Qo + O(Q*)  for the DGP model,
jO — j[/)\CDM -
1
5 29, — (30, + 49,)%] Q3 + O(Q?) for the DGPish model,

(7.100)

where j3PM =14 20, .

Using the latter expression we can compare analytically the deceleration factor for both
modified gravity models and a ACDM one with the same values of the parameters 2, and
2,. As it can be noticed, for the DGP model with negative (g, the deceleration parameter
gets bigger, i.e. qo > ¢)}“PM and consequently the acceleration is smaller. However, for the
DGPish model the sign of €y does not matter any more, the deceleration parameter will always

be smaller than in ACDM which gives comparably a more pronounced acceleration.

All the previous results are summarized in Table 7.4.

Table 7.4: Best fits and errors of the cosmographic parameters.

qo0 jO S0 Wefsr Zac Zeq

ACDM  —0.515%3997 1.000186*219¢ —0.455+0:022 ~1 0.612+9:912 0.28070:999

—2x10—6

DGP —0.499%3018 099470906 _(.48010:033 —0.98910:012 (059340022 (1. 278+0-010

DGPish —0.523t301%  1.00079929  _0.46379:92 _1.004+9:9% 0.614+3912 0.2790:010

7.5.5 Conclusions obout DGP and DGPish models

In this section we have analyzed two cosmological models stemming from modified gravity
proposals in the f(()) arena. One of them has an evolution which is identical to that of the DGP

models, although the different Lagrangians they are derived from point out in the direction of
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differences at the level of perturbations, which are beyond our scope. The second model bears a
considerable resemblance to the former, and for that reason we have branded it as DGPish. We
offer some details regarding the prescription to generate new f(()) cosmological models from
a few simple assumptions with some physical guidance.

Through the MCMC best fits of their free parameters, encoding the new features of the
models into a single parameter dubbed as (), and using selection criteria in a analogous way to
previous Section (7.4), we are able to discern whether these models can be viewed as contenders
to the ACDM evolution.

Results indicate a statistical preference of negligible values of (2 of both f(()) models, so
much so for individual data as for data set combined. The only case in which (2 seems to be
most confortable a little away from zero is when the analysis is performed with BAO data for
the DGP model. All in all, the possible new phenomenology associated with the f(() features
finds room between possible evolutions for our Universe but does not seem to be preferred, at
least along the two routes we have explored. This fact gets reinforced by values we obtain for
the Bayesian evidence, which according to Jeffreys’ scale, tell us again these models are not
preferred over the ACDM one.

However the mildly better agreement on §2,,,, €2, and h values between the DGPish and the
ACDM suggests that perhaps a generalization with extra parameters could offer an even better
agreement while retaining some modified gravity character.

In addition, we have performed a cosmographic study with similar results which reflect the
striking similarity of the best fits between ACDM and our f(()) models once more, with similar
or bigger errors due to their complexity, which penalizes error propagation.

Therefore, at the end of the day, both models are as good as ACDM at the background
level, but only when they fall upon ACDM, which is obvious but does not turn on the new
phenomenology. In other words, this new phenomenology is not necessary. Hence, neither
of these f(() models can be considered as better models, at least as far as the background

considerations.
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Chapter 8

General Conclusions

In this final chapter we present the major conclusions of our work. The main concern of the
present work are the possible benefits of considering modifications (or equivalently extensions)
of Einstein’s Theory of General Relativity. The study of extensions of the theory was addressed
soon after GR was put forward, and was originally devoted to the search of a unification of gravi-
tation and electromagnetism; this endeavour was based on an aesthetic goal of also geometrising
electromagnetic forces, and was later extended to include the weak and strong nuclear forces as

well.

In this thesis we have investigated theoretical and observational issues of extensions of GR in
order to foster a better understanding of questions that should be addressed when we go beyond
GR. For instance, in the framework of GR the coupling between the geometry and matter is
conveyed by the Newton gravitational constant, and hence it does make a sense to ask ourselves
how this coupling became not only constant, but acquired the sign and value we measure. In fact,
if we consider scalar-tensor gravity the aforementioned endeavour finds a natural theoretical
framework to be addressed, as these theories are characterised by a dynamical evolution of the

coupling between geometry and matter.

In the literature it is not uncommon to find the idea that GR fails. However, from our view-
point this is a wrong approach, since almost all the extended gravity theories share the framework
of metric theories, that is the paradigm introduced by GR. Then, why do we find this idea of
failure in gravitational physics? Is it because we need to resort to two dark components in as-

trophysics and cosmology? Should we consider these dark components, as a problem with GR,

181
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or should we rather consider it as a problem with our understanding of the types of energy that
gravitate? The only actual argument is about the existence of singularities, which in general are
also not resolved in other metric theories. Moreover don’t we have singularities or infinities
throughout physics? For example: what happens at the location of charges?

Summing up, the simple goal of pushing the limits of the geometrization of physics (that
is the trademark of Einstein’s GR) is a sufficiently reasonable argument. This goal leads us to
a better understanding of the limits of GR, and also to ascertain whether any of its extensions
provides a better fit to some observational issues. What is done in this thesis is the tackling of
questions in this line of research.

Briefly recapping what we have done in this thesis, we recall that we started classifying the
possible forms of modifying gravity in possible 5 ways, most of them motivated by the Lovelock
theorem. In this thesis we have sought to supply a wide analysis of almost all these ways,
covering several topics from theoretical issues (including extremal objects) to observational
tests.

One of the paths to go beyond GR involves the consideration of extra fields which are added
to the theory of gravity in different ways. In this class of theories we find the Brans-Dicke
theory, and more generally the Scalar-Tensor theories which we have studied in Chapters 2, 3,
and 4.

The first question we have addressed was the inspection of scalar-tensor theories starting out
with the possibility of a dynamical gravitational coupling instead of the usual “constant” G. It
is clear that this dynamics in the coupling gives us a whole new phenomenology that may con-
tribute to explain some problems as, for instance, the early inflation. However there is no doubt
that the coupling should end up with a positive value to reproduce gravity at human and solar
system scales. In Chapter 2 we obtained a simple mechanism to enforce this positiveness, which
consists in the introduction of a quadratic potential. Therefore, this potential attracts the grav-
itational coupling towards a positive value, with some exceptions that maintain an oscillatory
behaviour, but with a lower probability than without the potential.

Then, in Chapter 3 we have considered a more general kind of scalar-tensor theories charac-
terised by the generalization of the coupling between the scalar field, and the curvature scalar,
using a function of them J(p, R) in the action. We have introduced the study of this kind of

theories, and their representation both on the Einstein Frame and on the Jordan Frame in order
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to analyse how the coupling with the matter is presented. The spectrum of this theory contains
two scalar degrees of freedom, together with a massless spin-2 state. The two scalar degrees of
freedom come from the introduction of a scalar field ¢ with a non-linear coupling to the Ricci
scalar (in the original Jordan Frame), whereas the massless spin-2 state can be related to the
standard mediator of Einstein gravity, and couples to matter like the standard GR graviton. The
scalar degree of freedom associated with the conformal factor couples to the trace of the stress-
energy tensor, and, as this parameterizes general scale transformations, it can be identified to
be a dilaton. However, the coupling of the other scalar field is model dependent and we should
specify the form of the function J (¢, R) to get conclusions.

In addition, in Chapter 3 we introduced the f(R) theory, more specifically in Section 3.2.
This class of gravity can also be framed as a theory with higher derivatives which is another
way of going beyond GR motivated by Lovelock’s theorem. However, for this specific theory
the Ostrogradsky’s instability is not present, since we showed that the f(R) theory is equivalent
to a specific scalar-tensor theory which is included in the Horndeski theory. In Section 3.3.2
we have studied this sort of theory including a scalar potential U (). After a conformal trans-
formation based on a new scalar field ¢ in order to get the Einstein Frame, the conclusion was
that, in general, the resulting potential cannot be written as the sum of two individual potentials
associated with each of the fields. This fact means that the mass eigenstates cannot be identified
with ¢ or with .

To finish our study of scalar-tensor theories, in Chapter 4 we have presented the Horndeski
theory, which is characterized by being the most general theory with an unique additional scalar
field without Ostrogradsky’s instability. We have applied this theory to black holes and more
specifically to the Nariai spacetime to observe whether the antievaporation effect occurs. We
have found solutions for some of the Horndeski terms, and we have focused on the cases for
which the speed of gravitational waves is equal to the speed of light. The perturbations of the
scalar field induce time dependent perturbations on the metric. However, these perturbations
just create a slight modification on the horizon radius, keeping it constant, which is translated
into the vanishing of the anti-evaporation effect.

Another theoretical scenario beyond GR are the Action-dependent Lagrangian theories stud-
ied in Chapter 5. These theories have been considered to study the impact of new theories of

gravity in what concerns wormholes, and the possibility of a modification of the energy con-
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ditions that are required. The effective theory studied here is characterized by the Lagrangian:
Loy = —L — \;s* + L,,, , where s* is a differentiable vector field or an action-density field
and L = g"(I'7, 10, — ', T'7 ), where '], are the Christoffel symbols. The main result for
this kind of theories in wormholes is that the generalized gravitational field equation essentially
depends on the background four-vector A, which is given generically by A\, = (O, 0, %, 0).
With respect to the energy conditions, unfortunately, we have not been able to find examples
with the non-violation of the NEC.

In the last chapters of the thesis, we have addressed the observational impact of modified
gravity theories introducing a statistical analysis, and the so-called MCMC machinery in Chap-
ter 6. The corresponding methods and tools were used to test three models based on the non-
metricity scalar (), denoted f(()) models, which introduce changes in the geometry correspond-
ing to yet another way of modifying gravity from Lovelock’s theorem. In this sense we have
studied changes in the connection in Chapter 7. On the one hand, we have shown that there is
an equivalent theory to GR at all levels (STEGR), and also an equivalent theory to GR, but just
at the background level (mimetic GR). On the other hand, we have studied some models with
new phenomenology associated with (), in particular: extended mimetic GR, DGP, and DGPish
models. However, we found that the best fits of the latter models impose the vanishing of the
new phenomenology, and hence recover the background of GR.

In addition, we have also considered the case of the DGP theory in Section 7.5.1 based on
an extra-dimensional theory. This is yet another form of modifying gravity from Lovelock’s
theorem. In this section we have shown how the Hubble parameter of the DGP theory can be
obtained from a f(()) model. The main characteristic of this class of theories is how the 3-brane
is embedded in a n-dimensional spacetime with the need of junction conditions in the border of
the brane.

Therefore, this thesis arises from the necessity of assessing the implications of going beyond
General Relativity. In this sense, we have studied and explored several (and different) theories
to better understand the phenomenology of some case studies representative of the main classes
of modifications. In other words, we have analyzed different approaches to Lovelock’s theorem
in order to improve the knowledge of fundamental, and mathematical aspects or objects, while
providing general view of the state of the art in gravity. To assess how extensions of gravity

may bring improvements with respect to GR, we have studied some of these theories in extreme
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frameworks such as wormholes and black holes.

But besides the investigation of theoretical issues, we kept in sight that the success of models,
is gauged by their success in fitting observations. With the purpose of obtaining observational
tests, we have used the MCMC machinery, and have found models that are as good as GR, but
not better, from a statistical point of view.

However, as a new generation of observational missions, namely the Euclid and the Lisa
missions, as well as new ground breaking telescopes like the James Webb and the Extremely
Large Telescope (ELT), will come soon into play, this brings new auspicious prospects to im-
prove our current observations, and thus present a real possibility of better scrutinising modified

gravity theories.
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